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LINEAR COMBINATIONS OF REGULAR FUNCTIONS

OF ORDER ALPHA WITH NEGATIVE COEFFICIENTS

M. K. Aouf

Abstract. Let f(z) = apz
p �
P
1

n=1 an+kz
n+k, k � p � 1, with ap > 0, an+k � 0 be

regular in U = fz : jzj < 1g and F (z) = (1 � �)f(z) + �p�1zf 0(z), z 2 U , where � � 0.

The radius of p-valent starlikeness of order Æ, 0 � Æ < p, of F (z) as f(z)
varies over a certain subclass of p-valent regular functions of order �, 0 � � < p,
in U is determined. All the results are sharp.

1. Introduction. Let U = fz : jzj < 1g be the unit disc and H = fw : w
is regular in U such that w(0) = 0, jw(z)j < 1, z 2 Ug. Let Pp(A;B; �) denote the
class of functions regular in U which are of the form

p+ [pB + (A�B)(p� �)]w(z)

1 +Bw(z)
; �1 � A < B � 1; 0 � � < p; w 2 H:

Let Tp be the class of functions f(z) = apz
p �

P
1

n=1 an+kz
n+k, k � p � 1, ap > 0

and an+k � 0, regular in U . Let

S�p(A;B; �) =
�
f 2 Tp : zf

0(z)=f(z) 2 Pp(A;B; �)
	

and

Kp(A;B; �) =
�
f 2 Tp : 1 + zf 00(z)=f 0(z) 2 Pp(A;B; �)

	
:

We note that S�p(A;B; �) and Kp(A;B; �) are subclasses of Tp consisting of p-
valently starlike functions of order �, and p-valently convex functions of order �,
0 � � < p, respectively. Further if f(z) 2 S�p(A;B; �) and z = rei� , r < 1,

1

2�

Z 2�

0

Re
zf 0(z)

f(z)
d� =

(p� �)

2�

Z 2�

0

Re
1 +Aw(z)

1 +Bw(z)
d� +

�

2�

Z 2�

0

d� = p;
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since Re
1 +Aw(z)

1 +Bw(z)
is a harmonic function in U with w(0) = 0. This argument

shows the p-valence of f(z) in S�p(A;B; �). Similarly f(z) 2 Kp(A;B; �) is p-

valently convex of order �, 0 � � < p in U . De�ne P �(A;B; �) =
�
f 2 T1 :

f 0(z) 2 P1(A;B; �); a1 = 1
	
.

In this paper we determine the radius of p-valence of the function F (z) +
(1� �)f(z) + �p�1zf 0(z), � � 0, under the assumption that 0 < B � 1, when f(z)
is in S�p(A;B; �), Kp(A;B; �) and P �(A;B; �).

Throughout this paper we assume that 0 < B � 1 and � � 0.

2. Main Results. We use the following notations for the sake of brevity.
n+ k = m, (m� p)(B + 1) + (B �A)(p� �) = Cm and

P
1

m=k+1 =
P
. We begin

by proving the following:

LEMMA 1. Let f(z) 2 Tp. Then f(z) 2 S�p(A;B; �) if and only ifX
Cmam � (B �A)(p� �)ap: (2.1)

Proof . Suppose f(z) 2 S�p(A;B; �). Then

zf 0(z)

f(z)
=
p+ [pB + (A�B)(p� �)]w(z)

1 +Bw(z)
;

�1 � A < B � 1; 0 < B � 1; 0 � � < p; w(z) 2 H; z 2 U:

That is,

w(z) =
p� zf 0(z)=f(z)

Bzf 0(z)=f(z)� [pB + (A�B)(p� �)]
; w(0) = 0

and

jw(z)j =

���� zf 0(z)� pf(z)

Bzf 0(z)� [pB + (A�B)(p� �)f(z)]

����
=

�����
P
(m� p)amz

m

(B �A)(p� �)apzp �
P
[(m� p)B + (B �A)(p� �)]amzm

����� < 1:

Thus

Re

( P
(m� p)amz

m

(B �A)(p� �)apzp �
P
[(m� p)B + (B �A)(p� �)]amzm

)
< 1: (2.2)

Take z = r with 0 < r < 1. Then, for suÆciently small r, the denominator of
the left-hand member of (2.2) is positive and so it is positive for all r, 0 < r < 1,
since w(z) is regular for jzj < 1. Then (2.2) givesX

(m� p)amr
m < (B �A)(p� �)apr

p �
X

[(m� p)B + (B �A)(p� �)]amr
m;
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that is,X
[(m� p)(B + 1) + (B �A)(p� �)]amr

m < (B �A)(p� �)apr
p;

that is
P

Cmamr
m < (B �A)(p � �)apr

p, and (2.1) follows on letting r ! 1.

Conversely, for jzj = r, 0 < r < 1, since rm < rp, by (2.1) we haveP
Cmamr

m < rp
P

Cmam < (B �A)(p� �)apr
p. Using this inequality we have��X(m� p)amz

m
�� �X

(m� p)amr
m

< (B �A)(p� �)apr
p �

X
[(m� p)B + (B �A)(p� �)]amr

m

�
�� (B �A)(p� �)apz

p �
X

[(m� p)B + (B �A)(p� �)amz
m]
��:

This proves that zf 0(z)=f(z) is of the form

p+ [pB + (A�B)(p� �)]w(z)

1 +Bw(z)
; w 2 H:

Therefore f(z) 2 S�p(A;B; �) and the proof is complete.

Remark on Lemma 1. For � = 0, Lemma 1 reduces to Lemma 1 in [3].

COROLLARY 1. Let f(z) 2 Tp. Then f(z) 2 S�p(�1; 1; �) = S�p(�), the class

of p-valent starlike functions of order �, 0 � � < p, if and only if
P
(m� �)am �

(p� �)ap.

Remarks on Corollary 1. (1) For k = p = 1, Corollary 1 reduces to Corollary
1 in [3]. (2) For k = p = 1 and a1 = 1, Corollary 1 reduces to Theorem 1 in [5].

THEOREM 1. Let f(z) 2 S�p(A;B; �) and F (z) = (1 � �)f(z) + �p�1zf 0(z),
z 2 U . Then F (z) is p-valently starlike of order Æ, 0 � Æ < p, for

jzj < r1 = inf
m

�
p(p� Æ)

(m� Æ)(p+ �(m� p))
�

Cm

(B �A)(p� �)

�1=(m�p)
;

m = k + 1; k + 2; . . . :

The result is sharp.

Proof . We have

F (z) = (1� �)f(z) + �p�1zf 0(z)

= apz
p �

X
p�1

�
p+ �(m� p)

�
amz

m;

zF 0(z)

F (z)
=
papz

p �
P

mp�1
�
p+ �(m� p)

�
amz

m

apzp �
P

p�1
�
p+ �(m� p)

�
amzm

:

Now it suÆcies to show that jzF 0(z)=F (z)� pj � (p� Æ) for jzj < r1. Now����zF 0(z)F (z)
� p

���� =
������

P
(m� p)p�1

�
p+ �(m� p)

�
amz

m

apzp �
P

p�1
�
p+ �(m� p)

�
amzm

�����
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�

P
(m� p)p�1

�
p+ �(m � p)

�
amjzj

m�p��ap �P p�1
�
p+ �(m� p)

�
amjzjm�p

�� : (2.3)

Consider the values of z for which jzj < r1, so that

jzjm�p �
p(p� Æ)

(m� Æ)
�
p+ �(m� p)

� � Cm

(B �A)(p� �)

holds. ThenX�
p+ �(m� p)

p

�
amjzj

m�p �
X (p� Æ)

(m� Æ)
�

Cm

(B �A)(p� �)
am

�
Cm

(B �A)(p� �)
am < ap;

which is true by (2.1). Thus, the expression within the modulus sign in the denom-
inator of the right hand side of (2.3) for the considered values of z is positive and
so we have����zF 0(z)F (z)

� p

���� �
P
(m� p)p�1

�
p+ �(m� p)

�
amjzj

m�p

ap �
P

p�1
�
p+ �(m� p)

�
amjzjm�p

� (p� Æ)

if X
(m� Æ)p�1

�
p+ �(m� p)

�
amjzj

m�p � (p� Æ)ap;

that is, if X (m� Æ)p�1
�
p+ �(m� p)

�
amjzj

m�p

(p� Æ)ap
� 1: (2.4)

By Lemma 1, we have f(z) 2 S�p(A;B; �) if and only if
P Cmam

(B �A)(p� �)ap
� 1.

Hence (2.4) is true if

(m� Æ)p�1
�
p+ �(m� p)

�
(p� Æ)

jzjm�p �
Cm

(B �A)(p� �)
;

that is, if

jzj �

�
p(p� Æ)

(m� Æ)
�
p+ �(m � p)

� � Cm

(B �A)(p � �)

�1=(m�p)
:

To see the p-valence of F (z) in jzj < r1, we observe that zF 0(z)=F (z) is regular
in jzj < r1 and hence Re

�
zF 0(z)=F (z)

�
is harmonic in that disc. For r < r1 and

z = rei�,
1

2�

Z 2�

0

Re
zF 0(z)

F (z)
d� = p;

showing that F (z) is p-valent in jzj < r1. Hence the proof follows. The extremal
function is given by

f(z) = apz
p � (B �A)(p� �)apC

�1
m zm; m = k + 1; k + 2; . . . :
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Remarks on Theorem 1. (1) For k = p = 1, A = �1, B = 1 and a1 = 1,
Theorem 1 reduces to Theorem 2 in [1]. (2) For � = 0, m = n+ p, n = 1; 2; 3; . . . ,
ap = 1 and Æ = pÆ0, Theorem 1 reduces to Theorem 2 in [2].

COROLLARY 2. If f(z) 2 S�p(A;B; �), then f(z) is p-valently starlike of order

Æ, 0 � Æ < p, in

jzj < inf
m

�
(p� Æ)

(m� Æ)
�

Cm

(B �A)(p� �)

�1=(m�p)
; m = k + 1; k + 2; . . . :

The result is sharp.

Proof . Put � = 0 in Theorem 1.

COROLLARY 3. If f(z) 2 S�p(A;B; �), then f(z) is p-valently convex of order

Æ, 0 � Æ < p, in

jzj < inf
m

�
p

m
�
(p� Æ)

(m� Æ)
�

Cm

(B �A)(p� �)

�1=(m�p)
; m = k + 1; k + 2; . . . :

The result is sharp.

Proof . Put � = 1 in Theorem 1 and note that zf 0(z)=p 2 S�p(A;B; �) if and
only if f(z) 2 Kp(A;B; �).

COROLLARY 4. If f(z) 2 S�p(A;B; �) and c > �p, then F (z) =
�
zcf(z)

�
0

�

z�(c�1)=(p+ c), for z 2 U , is p-valently starlike of order Æ, 0 � Æ < p, in

jzj < inf
m

�
(p� Æ)(p+ c)

(m� Æ)(m+ c)
�

Cm

(B �A)(p� �)

�1=(m�p)
; m = k + 1; k + 2; . . . :

The result is sharp.

Proof . Put � = p=(p+ c), c > �p, in Theorem 1.

THEOREM 2. Let f(z) 2 Kp(A;B; �) and F (z) = (1��)f(z)+�p�1zf 0(z) for
z 2 U . Then F (z) is p-valently close-to-convex of order zero and type �, 0 � � < p,

in U if � <
p(1 +B)

(B �A)(p� �)
and F (z) is p-valently convex of order Æ, 0 � Æ < p,

in jzj < r1, where r1 is as in Theorem 1. The result is sharp.

Proof . We have F 0(z) = (1� �)f 0(z) + �p�1fzf 0(z)g0. Therefore

Re

�
F 0(z)

f 0(z)

�
= 1� �+

�

p
Re

�
1 +

zf 00(z)

f 0(z)

�
: (2.5)

Since f(z) 2 Kp(A;B; �), we can easily prove

Re

�
1 +

zf 00(z)

f 0(z)

�
�
p+ [pB + (A�B)(p� �)]

1 +B
: (2.6)



66 Aouf

By using (2.6) in (2.5) we have

Re

�
F 0(z)

f 0(z)

�
� 1� �+

�

p

p+ [pB + (A�B)(p� �)]

1 +B
� 1� �

(B �A)(p� �)

p(1 +B)
:

Now,

Re

�
F 0(z)

f 0(z)

�
> 0 if 1� �

(B �A)(p� �)

p(1 +B)
> 0 or if � <

p(1 +B)

(B �A)(p� �)
:

Hence F (z) is p-valently close-to-convex of order zero and type �, 0 � � < p, in U

if � <
p(1 +B)

(B �A)(p� �)
.

We now prove that F (z) is p-valently convex of order Æ, 0 � Æ < p, in jzj < r1,
where r1 is as given in Theorem 1. We have

zF 0(z)

p
= (1� �)

zf 0(z)

p
+
�

p
z

�
zf 0(z)

p

�
0

for z 2 U . (2.7)

Since f(z) 2 Kp(A;B; �), it follows that zf
0(z)=p 2 S�p(A;B; �).

Applying Theorem 1 with zf 0(z)=p in place of f(z), it follows from (2.7) that
zF 0(z)=p is p-valently starlike of order Æ, 0 � Æ < p, in jzj < r1, equivalently, F (z)
is p-valently convex of order Æ, 0 � Æ < p, in jzj < r1. The extremal function is
given by

f(z) = apz
p �

p(B �A)(p� �)ap
mCm

zm; m = k + 1; k + 2; . . . :

Remarks on Theorem 2. (1) For k = p = 1, A = �1, B = 1 and a1 = 1,
Theorem 2 reduces to Theorem 3 in [1]. (2) For � = 0, m = n+ p, n = 1; 2; 3; . . . ,
ap = 1 and taking Æ = pÆ0, 0 � Æ0 < 1, Theorem 2 reduces to theorem 3 in [2].

LEMMA 2. Let f(z) 2 T1, a1 = 1. Then f(z) 2 P �(A;B; �) if and only if

1X
m=2

m(B + 1)am � (B �A)(1� �): (2.8)

Proof . Proof of Lemma 2 is similar to the proof of Lemma 1 and is hence
omitted.

Remarks on Lemma 2. (1) For � = 0, Lemma 2 reduces to Lemma 2 in [3].
(2) For A = �1, B = 1, Lemma 2 reduces to Theorem 1 (ii) in [4].

THEOREM 3. Let f(z) 2 P �(A;B; �) and F (z) = (1 � �)f(z) + �zf 0(z) for

z 2 U . Then ReF 0(z) > Æ, 0 � Æ < 1, for

jzj < r2 = inf
m

�
(1� Æ)

1 + (m� 1)�
�

B + 1

(B �A)(1� �)

�1=(m�1)
; m � 2:

The result is sharp.



Linear combinations of regular functions of order alpha with negative coeÆcients 67

Proof . It suÆces to show that jF 0(z) � 1j � 1 � Æ for jzj < r2. Since
f(z) 2 P �(A;B; �), using Lemma 2, we see that (2.8) holds. Since F 0(z) =
1 �

P
1

m=2m
�
1 + (m � 1)�

�
amz

m�1, using (2.8), we see that jF 0(z) � 1j �P
1

m=2m
�
1 + (m� 1)�

�
amjzj

m�1 � 1� Æ provided

m(1 + (m� 1)�)

1� Æ
jzjm�1 �

m(B + 1)

(B �A)(1� �)
: (2.9)

Now (2.9) holds if

jzj �

�
1� Æ

1 + (m� 1)�
�

(B + 1)

(B �A)(1� �)

�1=(m�1)
; m � 2

and the proof follows. The extremal function is

f(z) = z �
(B �A)(1� �)

m(B + 1)
zm; m = 2; 3; . . . :

Remarks on Theorem 3. (1) For � = 0, Theorem 3 reduces to Theorem 3 in
[3]. (2) For A = �1, B = 1, Theorem 3 reduces to Theorem 4 in [1].
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