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GENERALIZED RANDOM PROCESSES
ON THE ZEMANIAN SPACE A

Z. Lozanov-Crvenkovié¢ and S. Pilipovié

Abstract. We give several representation theorems for the generalized random processes
whose sample functions are generalized functions from Zemanian space A’. Using these repre-
sentations we give the characterizations of a sequence of generalized random processes on A that
converges almost surely (A’).

1. Introduction

The generalized random processes (g.r.p.) were studied by several authors
[1,3,4,5,7,8,10,11,12,13] and a variety of different viewpoints have been taken
to define g.r.p.. In this paper we follow the aproach of [1,4,7,10,12,13]. In
[1,3,7,8,12,13] spaces D and K{M,} were taken to be the spaces of test func-
tions and in [1,7,8,12,13] representation theorems for g.r.p. were given. In [7,8]
several types of convergences of g.r.p. were defined and investigated, and represen-
tation theorems for expectation and conditional expectation of g.r.p. were given as
well.

For a space of test functions we take the space A, whose elements have or-
thonormal expansions. The space A and its dual space A’ were introduced in [14].
Our construction of the spaces A and A4’ is different from [14], and details are given
in [11].

Since elements from A and A’ have orthonormal expansions we are able to
give several representation theorems for g.r.p. on A. In Theorem 3.1 we give the
representation of a g.r.p. as an infinite series on a set of arbitrary large probability.
In Theorem 3.2 we give the conditions under which this representation is valid on
a set of probability one. In Theorems 3.3, 3.4, 3.5, we use generalized diferential
self-adjoint operator to represent a g.r.p..

In Section 4 we investigate almost sure convergence of g.r.p. on A. In Theo-
rem 4.1 we give the necessary and sufficient conditions for almost sure convergence
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of a sequence of g.r.p., and in Theorems 4.2, 4.3 and 4.4 we give the characteriza-
tion of such convergence using the representations obtained in Theorems 3.1, 3.4
and 3.5.

Our approach to the notion of almost sure convergence is motivated by the
papers of Kitchens [7,8].

2. Spaces A and A’

We shall use the notation from [14]. Let I be an open interval of the real line
R and L*(I) be the space of the equivalence classes of square integrable functions
with values in the set of complex numbers C with the usual norm. Denote by
C*(I) the set of infinitely differentiable (smooth) functions, by N the set {1,2,...}
and let Ng = N U {0}. Let R be a linear differential self-adjoint operator of the
form R = 6,D™80,...D™@, where D = d/dz, n, € Ny, k = 1,2,...,v; O,
k=0,1,...,v, are smooth functions without zeros on I. We suppose that there
exists a sequence of real numbers {\,,n € Ny}, and a sequence of smooth functions
{tn,n € Npo} such that Ry, = Ay, n € Np. Furthermore, suppose that the
sequence {|\,|,n € Ny} monotonically tends to infinity and that {¢,,n € Ny}
is a complete orthonormal system (o.n.s.). We can enumerate v, and A, so that
Mol < M| < Xo] € .ooo Put Ay = A if Ay # 0, and X, = 1if A\, = 0,
n € Ny. The sequence {,,n € No} is nondecreasing and |\,| — 0o, n — co. Let
REFL = R(RF), k € No, R® = S, S is the identity operator. In [11] the scale of
spaces Ay, k € Ny is defined in the following way.

o0

A = {go (D) o= amtm gl = 3 laml?X2 < oo}, ke N,

m=0 m=0

Put

A=) A = {np €L’ o= amtm, Yk EN, Y |an*XF < oo}.

k=0 m=0 m=0

The set S, = {¢ = >0 _o(@m +ibp)thm : 5 € No, am,bm € Q, m € No}, (Q
is the set of rational numbers), is a countable dense set in each Ay, k € Ny, and
hence in A.

Let A’, (A}) be the dual space of the space A, (A;). We have A’ = (J;2, A}

From [14, ch. 9.3. and 9.6.] it follows that (R¥9.,, ) = (¥m, RFe), n,k €
No, ¢ € A, where for p € A, f € A', (f, ) = (f, ).

3. Generalized random processes on () x A

Let (2, F, P) be a probability space and P a complete measure. Throughout
the paper we shall assume that (Q, F, P) is fixed.
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Definition 3.1. A generalized random process is a mapping £ : Q@ x A - C
such that: (i) Yo € A, &(-,¢) is a random variable; (ii) Vw € Q, {(w, -) is an
element from A’.

THeEOREM 3.1. Let & be a g.r.p. on Q x A. Then for every e € (0,1) there
exists a non-negative integer k = k(e), a set B € F with P(B) > 1—¢, and a
sequence {cp,n € No} of random variables, such that

(W, p) =D cnl@)(n,9), wEB, peA
n=0

o0

(>

n=0

1/2
|cn(w)|2X;2k> <k, weB.

Proof. The proof is similar to the proof of Lemma 4 and Theorem 1 of [13].
See also [1,12,10]. For every wy € Q we have that &(wy, -) € A’. So, there exist
C(wo) and k(wp) such that

60, )| < CEl@llyury @ € A

Put

By (p) ={w € Q:[§(w,9)] < Nllglly, N € No, ¢ € A},

By = () Bn(p), NeNo.
peA

We have that

By = () Bn(p), N€No.
PES:

Since S, is a denumerable dense set in A it follows that By is a measurable set.
Furthermore, By C Byt+1, N € Ng and 2 = U(I)VO:O By. Hence, for a given € > 0
there exists k € Ny such that P(By) > 1 —e. If we put B = By we obtain that
lE(w, @) < Ellell,, ¢ € A, w € B. For ¢ € A, define

(w,p), weB

) o P

Put, for w € Q,

R(w) = sup{|& (w,9)|, ¢ € A, llell, <1}
= sup{|& (w,9)|, ¢ € S, lloll, <1}

We have that R(-) is a measurable function, R(-) < k, and

[G1(w, )| < R(W)llell,,  p€A weB.
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According to the probabilistic Hahn-Banach theorem, [4], & can be extended to
Apk. Denote this extension by & . It follows that |& (w, )| < R(w)|lell,, ¢ € Ak,
w € Q. A mapping from Q x A, to Q x [? defined by

i: (w,<p) ( {>‘ an} Y = Zanz/}n €A,

n=0

is an isometry of the spaces Q x A and © =i(Q2 x Ay) C QA x 1% A gr.p. & on ©
is defined by _ _

62((“}7 {AITCLG’”}) = gl(watp)) w e Q) ®Y € Ak:
where (w, {A\£a,}) = i(w, ) and

o0

60w, (Mean})] < R<w>(z

n=0

N1/
|an|2)\%k> ) w € .

According to the probabilistic Hahn-Banach theorem ¢ can be extended to
Q2 x I2. Denote this extension by &,. We have that

&(w, {Man}) = &(w, {Man}),  (w,{Man}) €0,
E2(w, {ba})| < R@)IH{bu}lle,  {bu} €12, we.

For every w € €2, &(w, -) is a continuous linear functional on 2. Therefore, there
exists a sequence {¢,(w),n € No} such that

Y ) <oo, and &(w,{bp}) = Ewn,  {ba} €’ we
n=0 n=0

In an obivous way we define, and denote by the same letters,
~ ~ ~ [ee]
§2: QX LQ(Q) - C, 62(“‘);(10) = 62((4‘}7 {bn})) $ = X_:Obn"/)ny {bn} € 1%

Since &(-,¢p) is ‘a random variable for every ¢ € L3(I), it follows, putting
© = 1y, that ¢, (w) = &(w, ¥y,) are random variables. Moreover, for the dual norm

we have
_ 1/2
B, o) = (Z G@P) =A@, wen

We have for w € B, p € A,
E(w,9) = &1(w,9) = &1(w,9) = Ea(w, {MEan)}) = &(w, {Man))

- ch Aea, = Zzn(w)ii(wmso)-

n=0

Define ¢, (w) = &, (w)Ak, n € Ny and the assertion follows.
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THEOREM 3.2. Let & be a g.r.p. on Q x A. Suppose there exist a random
variable v, a set Z € F with P(Z) = 0, and a non-negative integer k, such that
lE(w, )| < r(w)llell, forw e Q\ Z, ¢ € A. Then there exists a sequence {c,,n €
No} of random variables, such that

o0

Ewp) =Y @ Wnp) weEQ\Z peA
n=0
00 ~ 1/2
(Z |cn(w)|2/\n2k> < r(w), weN\Z.

n=0
The proof is similar to the proof of Theorem 3.1, putting Q \ Z instead of B
n (3.1).
We define the differential operator ﬁk, k € Ny, on the set of g.r.p.’s by
ﬁk&(w7¢) = g(w)Rk(p)) we Q: p e A:
R =ZR(RY), keNy, R°=S.
We shall denote R by R.

Next, we shall give representation theorems of a g.r.p. that are analogous to
the Theorem 9.6.2 from [14, Ch. 9.6]. Put A ={n € N : A\, =0}, A°=Np \ A.

THEOREM 3.3. Let € be a g.r.p. on Q x A. For every ¢ € (0,1) there exist

B € F with P(B) > 1 — ¢, a non-negative integer ko = ko(e), a g.r.p. & on
Q x L*(I), and random variables c,, n € A, such that

Ew,p) = R¥&(w,0) + Y en(w)(¥n,9), wEB, peA

neA

Proof. From Theorem 3.1 it follows that there exist B C 2 with P(B) > 1—¢,
and ko = ko(e) such that

ch J(Wn,9),  wEB, pEA,

where ¢, (w) are random variables with

1/2
<Z|cn N 2k0> <ky, wEB.

Put

[ caw)/ X, weB
bul) = { 0, w ¢ B.
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We have that

Zb ), 0

is a gr.p. on Q x L2(I). Namely & is determined by the function Xg(w,t) =
> o bn(w)ihn(t), on © x I, where, for fixed w € Q, X, is in L?(I). We have that,
forwe Q, p € A,

R¥&y(w, ) = &o(w, R p) = Z bn(w)AfLO (tn, ) = Z cn (W) (¥n, ¢)-
n=0 neAe

So,
6( ) Rko&)(w ‘P +ch "/}n; )

neA

Remark 3.1. From the proof of Theorem 3.3 we can conclude that instead
of ky and & Theorem 3.3 holds for every k > ko and the corresponding g.r.p. on
QxL? (I)7 gk:-

Remark 3.2. The representation of {(w, ¢) in Theeorem 3.3 means that

f(w,gg):/Xg(w,t)R dt+ch ) (Vn, ), weB, pe A
1 neA

In the same way as in Theorems 3.2 and 3.3 we can prove the following

THEOREM 3.4. Let & be a g.r.p. on Q x A. Suppose there exist a random
variable r such that E(r) < oo, a set Z € F such that P(Z) = 0, a non-negative
integer ko such that |{(w, p)| < r(w)llell,, w € @\ Z, ¢ € A. Then for every
k > ko there exist a g.r.p. on Q x L*(I), & (w, ), and random variables c,, n € A,
idependent of k, such that

E(w, ) = RE&(w, ) + D en(w)(¥n, 9)

neA

/katha dt+ch Y(Un, @), weN\Z, pe A,

neA

where Xy, is the function on Q2 x I which determines .

Next we shall give a similar representation where X, is a continuous random
process. By continuous stohastic process on € x I we shall mean the process which
for almost every w € Q is a continuous function on I. In our next theorem we
shall suppose that sequences {¢,,n € No} and {A,,n € Ny} satisfy the following
conditions:

(*) there exist so € No and a constant K, such that sup{|t, (¢ )/As| 2 n € No,
tel} <K,
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(xx) there exists py € No such that for p > po, >, cpe An < 0.

Conditions (*) and (x*) are not too restrictive. For example, Hermite, Fourier
and Laguerre complete orthonormal suystems satisfy these conditions. For other
o.n.s. which satisfy these conditions we refer to [14, ch. 9.8] and [2, ch. 10.18].

THEOREM 3.5. Let & be a g.r.p. on Q x A. Suppose that there exist a random
variable v such that E(r) < oo, a set Z € F, such that P(Z) = 0, a non-negative
integer ko, such that [§(w, )| < r(w)lell,, for w € Q\ Z, p € A. Then, for
k > ko, there exist a continuous random process Xi(w,t) on Q x I, and random
variables ¢, n € A, such that

&(w,p) /Xk w, tYRIFTPT o dt—l—ch (Yn,p), YweQ\Z, pe A,
neA
where s > sg, So is from (x), and p > po, po is from (xx).
Proof. From Theorem 3.2 it follows that there exists a sequence of random
variables {c,,n € Ng} such that

o0

jz: ¢n: ’ we (2\‘Z7 pE A

n=0

(Zlcn )X 2k>1/2§7“(w), weN\ Z

Let k > kg. Define

Xp(w,t) = D ea(@ A, ¥y (1), we, tel
neAc

We have that for every w € Q\ Z, t € I,

Z |en (w k+p+s ) <K Z |(en(w YA

neAe neAe
1/2 1/2
< K( Z len (w)] )\_2k> ( Z /\;2”) < 0.
neAe neAe

It follows that for every w € Q\ Z, Xj(w, -) is a continuous function. Since
X (-,t), t € I, is measurable it follows that X} is jointly measurable on Q x I. For
o =307 antn € A we have that

o0

Z |an |2 A2FHPH9) = 0 < o0,

n=0

Also,

1/2
<Z len (w 2(’”+p+s)> <rw), we.

neAe
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Hence,

/Q\z/z|Xk(w’t)Rk+p+S<p(t)|dtdp(w)

<[ \Z{ (/ |Xk<w,t>|2dt)1/2 (/ |R’“+p+w<t>|2dt)l/z}dm)

1/2 1/2
< [ tprzzam) TS jaa o) Lape)
o\Z

neAe neAe

<C |r(w)] dP(w) < oo.
V4

It follows from Fubini’s theorem that Xj (-, -)RFTP+5p(-) € LY((2\ Z) x I)
and, again, from the Fubini theorem that

(1) = / X (- R (1) di

is a random variable for every ¢ € A and hence a g.r.p. It is obvious that for every
w €N\ Z and every p € A,

Ee(w,0) = D en(@)A, BT (g, RFFPT0) = N (w) (4o, ).
nehe neAe
So, finally we have

W, 9) = &(w,0) + Y nlw)n, @)

neA

_ /Xk(w,t)nk+p+s¢(t) dt+ S cn(@) (G g), wEN\Z, pe A
I neA

4. Almost sure convergence of a sequence of g.r.p. on A

Definition 4.1. A sequence {&,,n € N} of g.r.p. on A’ converges to a g.r.p. £
almost surely (A’) if there exists a set Z € F such that P(Z) = 0 and for w € Q\ Z,
&n(w, +) converges to £(w, -) in A'.

Since &, — £ iff £, — & — 0 we shall consider the case &, — 0.

THEOREM 4.1. Let {&,,n € N} be a sequence of g.r.p. on A. The following
conditions are equivalent:
A. The sequence {&,} converges to zero almost surely (A').

B. (i) For every p € A, &.(-,¢) = 0 almost surely, n — o0;

(ii) There exist a set Z € F such that P(Z) = 0, and for every w € Q\ Z,
{&(w, -),n € N} is bounded in A’
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C. (i) For every p € A, &.(-,9) = 0 almost surely, n — o0
(ii) For every e € (0,1) there ezist a set B € F, a non-negative integer k,
both independent of n, such that P(B) > 1 — ¢, and for every w € B,
4 € -A7 |£n(w7(p)| S k“(p“k

Proof. The proof is similar to the proof of Theorem 2.2 [7]. We shall prove
A= (C = B = A

A = (C. Assume that &, — 0 almost surely (A’), then C (i) follows
immediately. We have that for each w € 2\ Z the sequence &, (w, +) is bounded, and
since A" = (g Aj, it follows that there exists a non-negative integer k = k(w),
independent of n, such that [£, (w, )| < k(w)ll¢lly,), ¢ € A. Now, as in Theorem
3.1, put

An(p) ={w e Q: & (w, )| < Nllolly}, ¢€A NeN,
AN: ﬂ An(‘ﬁ)

PES;
We have that Ay € F, and that @\ Z C Uy_; An, An C Any1, N € N.
Thus, we obtain that for a given ¢ € (0,1) there exist k € Ny such that P(Ag) >
1 —e€. Put B = A and C(ii) follows.

C = B. The conditions C (i) and B (i) are the same, and to show that
C (i) = B (ii), choose e = 1/p, p € N. Then there exist B, and k, with P(B,) >
1 —1/p such that for w € By, [ (w,9)| < kyll¢lly,» ¢ € A. Let Z = Q\UpZ, By.
Then P(Z) =0 and B (ii) follows.

B = A. From B (i) it follows that for each ¢ € S, there exists a set
Z, € F such that P(Z,) = 0 and for each w € Q\ Z,, &, (w,) — 0. Let
Z'=7ZU (UnpeST Z,), (where Z is from B (ii)). Then P(Z’) = 0. For each ¢ € S,
and w € Q\ 7', &,(w, ) — 0. Since from B (ii) we have that for each w € Q\ Z'
{&n(w, )} is bounded on A, it follows by the Banach-Steinhaus theorem that for
every w € Q\ 7', &, (w, -) — 0, that is, &, converges almost surely (A4'). O

THEOREM 4.2. Let {£,} be a sequence of g.r.p.’s on A. Then &, — 0 almost
surely (A") iff for every € € (0,1) there exist a set A € F, with P(A) > 1 —¢, and
a non-negative integer ko such that for k > kg and w € A

(4.1) sup |&n(w, )| =0, n— oo.
llell, <1

Proof. From Theorem 4.1, part C (ii) it follows that for a given € € (0,1)
there exist B € F, P(B) > 1 — ¢, and a non-negative integer ko such that, for
weB,pe A neN, W) < kllell,  Then, from Theorem 3.1 it follows
that for every n € N there exists a sequence of random variables {cy, , : m € No}
such that for every w € B, ¢ € A,

(4.2) n(w,p) = Z Cm,n(w)(z/}ma ®),
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and, for every n € N,
1/2
(4.3) <Z|cmn >\2’“> <C, k>ky, weq.

Since &, — 0 almost surely (A’), there exists Z € F, P(Z) = 0, such that for
weN\Z &(w,p) =0, for every p € A. Put A =B\ Z. Then P(4) >1—¢
since P(-) is a complete measure. Putting ¢ = ¢,,,, m € Np, in (4.2) we obtain for
weN

(44) En(w/‘/}m) = cm,n(w) — 0, n — o0, me€ Np.

Let k > ko be fixed. We have (¢ =37 amthm € A)

(45) enlior )] = Zcmn (om0

1/2
Z Cmn |>\ | k|>\m|kam‘ = <Z |cmn | >\_2k> ||90||k

Further,
Z |cm,n(w)] >‘_2k Z |cm,n( >‘ 4 >\m0+1 Z |cm7n(w)|2X;2(k_1),
m=mo+1

where my is chosen so that for C' from (4.3)
>\’r_n0+1

From (4.4) it follows that there exists ng = no(e) such that

<e?/20°.

Z lemn(@)PA2F < €2/2, n > ny.

Thus, we have that, w € A, p € A, k > ko,

[En(w, )| < elloll,;

o (4.1) follows.
Conversely, C (ii) follows immediately. For each integer p choose ¢ = 1/p.
There exist A, and k, with P(4,) > 1 —1/p, such that

sup |£n(w7 (p)| — 0) we AP'
el <1

Let Z = Q\U,2, 4p, then P(Z) = 0 and for w € Q\ Z there exists p(w) such that
w € Ay and “there exists kp(wy such that

sup  [§n(w, )| = 0
101l (uy ST
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Thus, for given ¢ € A, and for w € Q\ Z

[En(w, ) < sup [En(w, ) Il

) — 0.
llells, )<t

p(w

So C (i) follows.

THEOREM 4.3. Let {{,} be a sequence of g.r.p. on A. Then &, — 0 almost
surely (A") iff for every ¢ € (0,1) there exist a set B € F with P(B) > 1 — ¢,
an integer kg € Ny, (where B and ko are independent of n), for each m € A a
sequence of random variables {cmn,n € N}, and for every k > ko a sequence of
functions Xy, on Q x I, n € N, such that, forn € N

(4.6)
énlw,0) = /ka(w,t)chp(t) dt + Z Cm,n(w)(z/}ma@)a we€B, pe 4
1 meA
(4.7) I Xk (w, e <k, we
(4.8) | Xk (w, )2 =0, n— oo, weN\ZZ
(4.9) Zcm7n(-)—>0, n— o0, we€B\Z

meA

where B is the set from Definition 4.1.

Proof. Assume that &, — 0 almost surely (A’) and let € € (0,1) be given.
From C (ii) of Theorem 4.1 it follows that there exist aset B € F, with P(B) > 1—¢,
a positive integer ko, both independent of n, such that |¢,(w, ¢)| < kollll,,, w € B,
@ € A. Then, from Theorem 3.2 it follows that for every n € N and for k > ko
there exist a function Xy, on 2 x I, and random variables ¢y, ,, m € A, such that
(4.6) and (4.7) hold.

Now, since

supj, |, <1 [én(w, 9)|, w€ B

Xpn(w, - =
B e Y s

from Theorem 4.2, (4.8) follows. O

As in Theorem 4.2 we obtain that ¢y, ,(-) = 0, w € B\ Z, m € Ny. Since A
is finite, (4.9) follows. O

Suppose that the conditions (x) and (xx) are satisfied.

THEOREM 4.4. Let {&,,n € N} be a sequence of g.r.p. on A. If &, — 0 almost
surely (A"), then for every e € (0,1) there exist a set B € F, with P(B) > 1 —¢,
an integer ko € No, (where B and n are independent of n), for each m € A a
sequence of random variables {cpm n,n € N}, and for every k > ko, a sequence of
continuous random processes Xy, ,,, on 2 x I, such that forn € N
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(410) f (w (p /Xk n w t)Rk+p+S dt+ Z Cm,n )(djm:(p);

meA
w€ B, p €A, where s> so, p> po;

(4.11) X, e <, we D
(4.12) for eachw € Q\ Z, X p(w,-) >0 0on I, n — oo;
(4.13) {Xkn(w, -)} is equicontinuous on I, w e N\ Z,;
(4.14) for eacht € I, Xg n(-,t) >0 0n Q\ Z, n— oo;
(4.15)

Zcm,n(-)—>0, n— oo, we€B\Z,
meA

where Z is the set from Definition 4.1.

Proof . Theorem 3.3 and C (ii) of Theorem 4.1 imply (4.10) and (4.11) where
for n € Ny and k& > ko

Zrono:[) cm,n(w)xra(k+p+s)¢m(t), weB,tel

Xgn(w,t) =
() {0, w¢ B, tel

Now let t € I. For w ¢ B, X}, ,(w,t) =0 and for w € B\ Z,
|an w, t | — ‘ Z Cmn k+p+s)wm(t)
<KZ|cmn MNP <o) > ng(e),

in the same way as in Theorem 4.2, since k 4+ p > ko, hence (4.12) follows. (4.15)
follows in the same way as in Theorem 4.3.

To establish (4 13) observe that from the condition (xx) it follows that for
P> po, Zﬁ 0 )\ = A < 0o. We can choose [y such that

2 2 27,2
(Trrgullo)\ ) < e*[(4AK*k).

{An,n € Ny} is monotone sequence, hence >\2 = miny,>(, )\ . Since Y, (t), m €
Ny, are continuous functions, for every ¢, € T and every € > 0 there exists d(e, t)

such that
lo—1 &2

X m(t) = Um)PRZC <

if |t —¢'| < d(e,t). Now we have for ¢t,t' € I, |t —t'| < §(e,t), w € B

Xk (@, 8) = X (@, )] < D leman @) Al =25 by (8) = i (t)]

m=0
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= (i |Cm,n(w)|2lxm|_2k>1/2<§: [ (t) — ¢m(t')|2xr—n2(p+s)>1/2

m=0

lo—1 _ oo 1/2
<k (Iwmu) — (PN p 2K Y A;?”>
m=0

m:lo

2 2K? X~ 1/2 g2 £2\ V2
SRS o ST R (i R,
_k<2k2+ IR ) _k<2k2+2k2> :

o]

m:l()

m=0

So (4.13) follows. Further on, for tg € T

|Xk,n(')t0)| = |Xk7n('7t0) - Xk,”(Wt) +Xk,n('>t)|
< |Xk,n('at0) - Xk,n('at)| + |Xk,n('at)|-

We have from (4.13) that |Xp (-, t0) — Xpn(-,t)| < €/2 when |t — to] <

d(e,to), and, from (4.12) | X4 (-, 1)| < /2, for n > ng(e); so (4.14) follows.

(1]
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