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THE FORMAL SOLUTION OF MIKUSINSKI OPERATIONAL
DIFFERENTIAL EQUATIONS WITH VARIABLE COEFFICIENTS

I. E. Sharkawi

Abstract. The formal solution of the homogeneous linear differential equation
2 () + an—1 (Ne* "D () + -+ ag(\)z(\) = 0, 0 < A <A (1)

is considered. z(\) and a;(\) are functions which map the interval [0,A] into the field M of
Mikusiriski operators [2].

1. Introduction

The class C' of continuous complex-valued functions of non-negative real vari-
able forms a commutative algebra without zero divisors.

The product is defined as the finite convolution and the sum and scalar prod-
uct are defined in the usual way.

The quotient field of this algebra is the operator field M od Mikusinski. In
this operator field the limit, differentiation and integration are defined (pp. 144
and 183 [2]).

Let f = {f(t)} denote the representation of f(t) in C, S = 1/ the differential
operator, [ = {I} the integral operator, I = S° the unit element and let 1/S% =
t*1/T(a), (a > 0), [2]. The theory of operational differential equations has not
yet been satisfactorily developed.

Mikusinski proved the uniqueness of the initial value problem for the equation
S aiz(X) = h(\), where a; are constant operators, and the existence in the
special case when a; = Y% bpS¥, by is complex, [1], [3].

Stankovié¢ [4] proved the existence and the uniqueness of the equation (1) for
a;(A) € Cg, with the initial conditions

2(0) =2'(0) = --- = 2™ (0) = 1.
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2. Operator spaces Cs()\) and Cg()\)

Stankovi¢ [5] has defined and investgated the two spaces Cs(A\) and Cs()).
We present here only the essentials. Cs(A) is the set of all functions which map
the interval [0, A] into M: XA — SPw(N), B > 0, where w(\) = {w(\, 1)}, w(A, ) is
continuous complex-valued function defined on D:0 < A < A, 0 <t < oo. Cg(N) is
the set of functions A — w(\)/F()\), where

S—8

F= 2P exp(tz — 27) dz, t>0, 0<o<l1.

2mi Rez=0

3. Preliminary comments and notations

Let us have a differential equation with constant coefficients
2™ +a® V) -+ a2 (V) + adz(N) =0 (2)
for which the corresponding characteristic equation
a4+ @4 ad =0 (3)

has n roots with distinct real parts.

It is interesting to consider cases when ayx(A) = af + SPf,(\) where, a
(k=0,1,...,n) are constants,

fe = Ape™?, (5)

such that for any A in [0,A], |fx] < Ny < N where Ay, are numerical (real or
complex), Ny are positive real numbers and N = max{N}.}.

We shall call the finite sums of the type (5) functions of class K.
Let us denote by y and p the series:

y=1+> (S)y, (6)
p=ro+> ()7 (7)

where, ¥, (n =1,2,...) are functions from the set K and r¢ is equal to one of the
roots of the equation (3).

Substituting (4) in (1) we get

2 A) + a2 ) + -+ afz(N) + agz(A)
=58 [ Faat N2 O) + -+ L2 () + fo(Na(N) 8)
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which in the operator notation can be written as

F(LY a0 = =520 (A4 on), 9)
d\ d\

where F(d/d\)z, represents the left-hand-side of the equation (2) and
( ) Z Fi(A W. (10)

4. Form of the formal solution of the equation (1)

THEOREM. The formal solution of the homogeneous linear differential equa-
tions with coefficients, whose variable parts consist of the functions of class K, have
the form

T = ye’, (11)

where y and p are as in (6) and (7).

Proof. Let us show that the function y; and the numbers pi, (k =1,2,...),
in the series (6) and (7) can be obtained in such a way as to satisfy the required
condition. By substituting (11) in the equation (9), we obtain

d d
—~ )\ - _qgB ) PNy
F( A) =-5 L</\, A)e .

Rewriting the last equation

d d
_qo-B
F< dA)y_ S L(Ap+d>\>

or, representing function y and taking into account the characteristic index p, we
obtain

(Ee )05 )
:_55L<>\,n§%5 "f”rn+—> <1+ZS nf > (12)

Let us equate the coefficients of the different powers of S_g:
d
1. (575)0: F <T‘0 + d)\) F(T‘o) =0,

- d d
2. (S 5)1: F (7“0 + a) U1 + 7“1Fl(7"0) =—-L ()\,TO + a) 1= —L(A,To).
ie.

F (’I"O + %) Yy = —L(A,To) — TlFI(’I"[)). (13)
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Let us denote the function L(\,79) by ui. Then the equation (13) is reduced to
F r+d =u; — 11 F'(r9) (14)
LY Y1 =1u 1 0)>

since w1 = Y207 fe(A)rk can be expressed as u; = > Bje* where f; =
io Ajrt.
We shall satisfy the equation (14) and the required conditions, if we but

zg)\

15
yl Zﬁ] F(TO +7/]) ( )
ﬁo
= 1
r1 F’(T‘O), ( 6)
3. Let us equate the coeeficients of S~2°. Then we have
d 1 d
F <r0 + a) = _§T1F”(TO) —rF ( a) y1 — 1L, (A o)
-L </\ ro + a) y1 — 2 F'(ro), (18)

which contains, apart from known quantities which occur in w;, other quantities
denoted by us. The equation (18) can be expressed as

F <r0 + d%) = uy — 1o F (o). (19)

But uy € K so uy = ), Cre**, the equation (19) and the required conditions will
be satisfied, if we substitute

zkA

C 20
/;) “Flro +ik) TO +Zk ( )
S o

4. Let us show finally that if by the method explained above y1,¥y2,... ,¥n,
T1,T2,...,r, are determined, when all y,,, € K (m =1,2,... ,n), then we can form
Yn+1 and r,41 where y, 41 € K.

(ZS kBpy, + —).

Here the coefficients S—7, 5720 ... S0 respectively have the form

d d d
Pl(ﬁ)’P2<a>’ 7Pn<a>7

Let us examine
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where, P,,(d/d\) are some polynomials, (m =1,...,n).

Let us also suppose that in
L{ A i s g L
’n:0 d\
the terms from 0 to n have the form
. d
§—mB A —
> s (v 5.

where @Q,,,(\, d/d)\) are some differential operators of the form

1 = d
~lm —ng, ¢
m!{Lro <A,n2)s Tn + dA)}.

Then the part of the expression

SAL <>\, >S5, + d%) Y, (22)
n=0

which contains terms having power of S~% up to n + 1 will be
ST(Qo+ S Qi+ -+ STQu) 1+ 5 Pys + - + S7yy),
whence we can see that the coefficients of E(H—H)B in (22) will be written as

Qoyn + Q1Yn—1+ -+ Qpn- 1. (23)

Let us consider the expression

Yn(Qo — P1) + yn—1(Q1 — Po) + - - + y1(Qn—1 — Pn) + 1Qn,

which contains, besides known quantities u,,, (which are already determined by y,
and r,), certain terms like y,,11-

Then from (23) we obtain

d
F<7“0 + a)ynﬂ = Uny1 — "1 F' (10). (24)

Since uy,+1 € K we have u,41 =) Lpeim, where L, are constant coefficients.
We shall satisfy the equation (24) and the required condition if we put
eipA LO

= Ly— d ==
Yn+1 ;} PFlro +ip)’ and  Tn41 F'(ro)

Thus we have shown the possibility of the formation of the function y; and the
nubers 7, (k=1,2,...) by which the formal solution

¢ = {exp(kiskﬁrkﬂ gskﬁyk, (yo=1)

k=0
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of the linear differential equation with variable coefficients (4) containing functions
of the class K is estabilished.

5. On the convergence of the series (6) and (7)

TureOREM: If the ordinary power seris of complex variable Z, Y ;- N ZF,
where |y| < Ny < N, has a positive convergence radius a, then the series » oo Y
is operationally convergent in every domain Dg: 0 < t < tg, 0 < XA < A for every
8 >0.

Proof: We have the equalities

L ST =1+ v + e +
s Yi'gs T Y2 gem - NTa+p) T +28) '

But for every b > 0 we have

00 1+b 1+b
L(1+npB) :/ t"Pe~t dt >/ t"Pet dt >/ b =0 dt = pPet b
0 b b
(n=0,1,2,...).

If we take an arbitrary fixed interval 0 < ¢ < t¢, then for b° = 2t€ /a, we shall have
in Do
o

DA

Hence it follows that the series (6), as a series of two variables A and ¢, is uniformly
convergent in every Dy, i.e. it is operationally convergent.

< Neltb (2)"
© 3

In the same way we can show that, if the series Y p- rrZ* has a positive
convergence radius, then the series >, S™*r) as a series of functions of the
variable ¢, is uniformly convergent in 0 < ¢t < ty, i.e. it is operationally convergent.
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