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ON THE ASYMPTOTIC BEHAVIOUR OF THE Gj-MEANS
OF EIGENFUNCTION EXPANSION RELATED TO THE SLOWLY
OSCILLATING FUNCTIONS WITH REMAINDER TERM

Manojlo Maravié

Abstract. Let f(Q) = f(z1,... ,%n) € L%(D) where D is a bounded open domain with
the sufficiently regular boundary in the space E™. Two theorems are proved in this paper. The
mains result is expressed by Theorem 2 which connects the asymptotic behaviour of the Gj means
of eigenfunction expansion (2.1) with the behaviour of the spherical mean of function f when this
is related to behaviour of a slowly oscillating function with remainder term.

1. (i) The Gfj-method of summation is defined [3] by

Gy (A, w) Z {1 —exp[( )ufg]}na,,

Ay <w
D<A <A< <A\ 200 as v— o),

where 0 < # < 1 and k > 0, or by

Gt = | {1~ expl(t — wyw ]} d[AW)],

where A(t) is of bounded variation in any finite interval. Without loss of generality
we can assume A(0) = 0 and in this case we have

Gy (w) = kw™ /0 {1 —exp[(t — 0]} exp —w)w A@t)dt.  (1.1)

(ii) It is quite natural to introduce the class of slowly oscillating functions
with remainder term everywhere in analisys whenever results about convergence are
extended to more general asymptotic results. They appear naturally in problems
related to the asymptotic evaluations of certain integrals and sums.

Definition. Let r be a positive increasing function on [0, 00) such that

r(z) = o0, T — o0 (1.2)
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and
7% (x) is eventually decreasing® for some § > 0. (1.3)

A positive measurable function L on [0, c0) is called slowly oscilating function with
remainder term r if

L(tz)[L(z)] ' =1+ 0 {[r(x)]_l} , T — 00

for every t > 0, [1].

We denote the class of these functions by Ky(r).We will use the following
properties of functions of class Ks(r) [1]:

(a) If A > 0, then

e L(x) = 00, T — 00, (1.4)
z L(z) -0, x— oo. (1.5)
(b) If A > 0 and
Li(z) =27 Sup [AL(B)], (1.6)
Ly(z) = 2 x211<poo[t_>‘L(t)], (1.7)
then
Li(z) 2 L(z) and Lo(z) = L(z), x — oo, (1.8)

i.e. both Li(x) and Ly(z) are slowly oscillating functions.
(c) From (1.4) we get

[Lx)] ' <2 % 0>6>0, forz>M. (1.9)
(d) Since the function z=%r(x) is decreasing, it follows that
w? <b Orb)[r(w)] ! for w > b. (1.10)

(e) There are the asymptotic relations
1

[L(w)]™* /0 g(t)L(tw) dt = /0 gt)ydt+O0{[r(w)] '}, w— o0 (1.11)
and
[L(w)]~! /100 () L(tw) dt = /loo gy dt+ 0 {r)]™), wooo  (112)

The conditions which insure the validity of these results are usually of the form

1 00
/ t™ 1 g(t) | dt < oo or / t | g(t) | dt < oo, A>0, (1.13)
0 1

* A function f on (0, 00) is eventually decreasing if there exists z > 0 such that 2 > z1 > =
implies f(z1) > f(z2).



106 Maravié

assuming that
t7 L(t) is bounded on [0,d] for some o > 4,

where [0, d] is any finite interval. (1.14)

(iii) Let D denote a bounded open domain in the Euclidean space E" (n > 2).
Let P(2Y,...,2%) and Q(z1,...,2,), be two points in D. We suppose that the
boundary B of the domain D is sufficiently regular, so that the eigenvalue problem

Au+du=0 in D,
u=20 on B,

n
0%u
Au =
mzzjl 0x2,
possesses an infinite number of positive eigenvalues 0 < Ay < Az... < A, — 00 as

m — oo with the corresponding eigenfunctions (@), p2(Q),...,Pm(Q@),.... We
assume that these eigenfunctions form a complete orthonormal set in the space L2.

Let f(Q) € L?(D). We form its eigenfunction expansion

f(Q) ~ Z am‘pm(Q)) (115)

where

i = / F(Qpm(QdVg
D

and dVg denotes the element of volume in E™.

f(P;t) is the spherical mean of the function f(Q) over a sphere of radius ¢
with centre at the point P, i.e.,

f(P;t)y =271 1T(s + 1)/ f@) +t&,... 20 +t&,) dSe, (1.16)
S

where S is the unit sphere & + - + &2 = 1, dS¢ its (n — 1)-dimensional volume
element and
s=(n—2)/2. (1.17)

pp is the shortest distance between the point P and the boundary B, and p
is a number such that
0<p<pp- (1.18)

(iv) Jm(z) is the Bessel function of the first kind of order m. The following
results hold [6]

I ()
I ()

/ T dt = 2 T (a2) D+ — /)] (1.21)

Oo(z™), —0 (1.19)
Oz~ %), z— (1.20)
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for 0 < p < v+3/2.
We will make use of the known formula [6, p. 46]

dk
W[mme(m)] =z k(). (1.22)

(v) Throughout this paper all M, My, M,... are the positive constants.

2. In this paper we consider a problem concerning the asymptotic behaviour
of the G means of eigenfunction expansion (1.15), i.e.,

Gi(Piw) = Y {1 —exp[(Am — w)w ™1} ampm(P). (2.1)
Am <w

We will formulate and prove a theorem (Theorem 2) which connects the asymptotic
behaviour of Gfj means (2.1) with the asymptotic behaviour of the spherical mean
f(P;t) of the function f(Q) at the point P, defined by (1.16), when this is related
to the behaviour of a function L € K;(r).

T. V. Avadhani has proved for the Riesz means of eigenfunction expansion
(1.15) ((3.12) in [2]) that

Ri(Psw) =Y (1—w " A\p)*amom (P)

A<w
= Fp(P;w) 4 ow=F=Y22] 0w — 00, k> s+1/2, (2.2)
where ,
Fp(P;w) = cpuw®FHD/2 / 570 Jepsq1 (VW) F(P; 8) dt, (2.3)
0
with

o =2 Tk + D[T(s+ 1)]7"

and s defined by (1.17) and p by (1.18). The Riesz method of summation is defined
by the integral

Ri(w) = kuw~* / (w — Y=Y A(t) dt. (2.4)
0
If k is a positive integer, then it follows from (2.4) that
1 dt
Aw) = e W[w Ry (w)]. (2.5)

To prepare for the proof of Theorem 2 we first prove the following
THEOREM 1. If
f(Pity=t L"), t—=0, LeKsr), (2.6)

where
s+o+1/2<a<2s+2-0, s=n-2)/2, o0>6>0, (2.7)
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then

Ro(Piw) = o)+ | T T () (P 1) dt

0

= bo(vw)* L(vw) + O {(Vw)* " L(Vw)lr(Vw)] '}, w — oo,

(2.8)
with co = 27°[[(s + 1)]~! and
bo =2"T(s +1—a/2)[[(s+ 1)I(1+a/2)] . (2.9)
Proof. We write integral (2.8) in the form
Fo(Pi) = (V@)™ [ e e (L d
falVDt [ e La/BIPs) - L ar
= H, + Hs. (2.10)

Furthermore,

oo 1/pvw
H; = co(vw)® (/ —/ ) t* 52 Jo (Y L(tvw) dt = Hyy — Hyp. (2.11)
0 0
Now we estimate the integral
o0
H11 = cou“/ ta_s_2js+1 (t_l)L(tU) dt,
0

where u = /w.
According to (2.7), (1.19) and (1.20) the function
g(t) =" T ()

satisfies the conditions (1.13). Therefore we can apply the relations (1.11) and
(1.12) and we get

Hyi = cou®L(u) (/ t" 2 o () dt+ 0 {[r(u)]1}> , U — 0.
In virtue of (1.21) we have
/ t" 2 Jea () dt = / 5 Joi1 (t) dt
0 0

=2""T(1+s—a/2)[[(1+a/2)] ",

ie.,
Hiy = bou"L(u) + O {u"L(uw)[r(w)] '}, u— oo, (2.12)
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where by is given by (2.9).
With respect to (1.20) we obtain

1/pu
|Hyz| < Mu®L(u) / 3732 L(tu)[L(u)]~* dt
0
and further by (1.9) it follows that
1/pu
| Ho| <MuL(u)u® / $05 032 (4)7 ()] dt
0
1/up
<MuL(u)u™® sup [v"L(v)]/ te=s=o=3/2qy.
0<v<1/p 0
In virtue of (1.10) we have
1/up
|Hia| < Mu®L(u)[r(u)] = p°r(1/p) sup [v"L(v)]/ s 2 gy
0<v<1/p 0
and by (2.7) and (1.14) we finally get
Hiy = O {u"L(u)[r(u)] "'} . (2.13)
With respect to (2.11)—(2.13) we get
Hy =bou"L(u) + O {u"L(w)[r(w)] '}, u— oo, (2.14)

where by is given by (2.9).

Now we estimate the integral Hy. By assumption (2.6), p can be chosen so
that
|f(P;t) —t Lt~ )| < et™L(t™"), for 0<t<p,

whence

p
|Hs| < ECOUSH/ t57% | Jop1(tu) | L(t1)dt
0

= ECU’LLU'/ t" 572 | Jeyr (81 | L(tu)dt.
1/up
Since Im(z) = O(z™) on [0, 00) it follows that

o0

|Ha| < Meu+ /1 e ) T )
up

ngu“J“’{ sup [v_”L(v)]}/ te—2s=3to gy,
1

1/p<v<oo Jup

Since by (2.7) a —2s — 2 + 0 < 0, we have

IHzISMlspQS“‘““’{ sup [v‘”L(v)]}[L(U)]‘I[U%HL(U)],
1/p<v<oo
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and further by (1.9)
|Ho| < Mg+ 07 ] sup [v 7 L(0)] p u o[ L (),
1/p<v<oo
With respect to (1.10) we have
|H,| < M16p23+2“+‘5”7“(1/p){ sup [U”L(v)]}UZS””L(U)[T(U)]1-
1/p<v<oo
According to the property (1.5), p can be chosen so that
Hy = O{u**T* 7 L(u)[r(w)]™'}, u— . (2.15)
In virtue of (2.10), (2.14), (2.15), (2.7) and substituting u = /w we finally
get
Fo(P3w) = bo(vw)* L(v/w)
+O {(Vw)* P L(Vo)lr(Vw)] ™'}, w = oo, (2.16)

where by is given by (2.9). This concludes the proof of Theorem 1.

3. Now we formulate and prove the mentioned theorem on the asymptotic
behaviour of Gj-means (2.1) of eigenfunction expansion (1.15)

THEOREM 2. If

f(P;t)y=tL(t™"), t—=0, LecKsr) (3.1)

with

s—k+o+1/2<a<2s4+2-0, k>s+1/2, s=(n-2)/2, (3.2)
where o is any number such that o > § > 0, then

Gf(P;w) = Ofw' " T*/2L(\/w)]
+0 {w2+"_9+”/2L(\/ﬁ)[r(\/@)]_1} +o(l), w— oo (3.3)

for k > k, where k is the smallest positive integer greater than s + 1/2 and 6 is
such that 1/2 < 6 < 1 and 271(2s +1)(20 — 1)~ is an integer.

Proof. If k is a positive integer, then according to (2.5), (1.1) and (2.2) we
can write expression (2.1) in the form

G5 (P;w) = kw™? /Ow {1 —exp[(t — w)w_o]}ﬁ_1 exp[(t — w)w™?]

x — —[t* Ry, (P;t)]dt

1d o, k-3
x o FL(Pst) + ¢ Pe(t)]dt

=1+ I, (34)
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where 8 = (k—s—1/2)/2and e(t) > 0 ast — 0.
In [4, Chapter II] it is proved that

—1)* k K—1
B= R [ (el - wu ) expl(e - wyu )
x t"Pe(t)dt = o(1), w — 00, (3.5)
if =k(1-0)1ie., (k—s—1/2)/2=k(1—80), whence

2541 1 s+1/2
b= 3meo) 9‘2(” % )

i.e., 1/2 <0 < 1, but such @ that 271(2s + 1)(20 — 1)~! is an integer, because k is
a positive integer.

Now we estimate the integral I;. With respect to (2.3) we have

1 dk Ck

k! dth [ FL(P3 )] = ! /p u™?te ljtk [(U\/_)k+s+1Jk+s+1(U\/_) f(P;u)du.

By the successive differentiation exploring (1.22) we get

j:k [V Tigsir (V)] = 2750* (uv/t) 1 Ty (uv/t)
1 d* (VDS e . ~ .
%l dtk[ T (Pst)] = m/o u® Js1 (uvt) f (P u)du = Fo(P;t),

and according to (2.8),

= [ "1 = expl(t — w1 expl(t — wyw 7]
x (b (VO LV + O {(VO* T LI (VO } ) dt
= I (w) + O[l12(w)], w — oo. (3.6)
Since £ > k and k > 1, k is a positive integer, the function
T(t,w) = {1 — exp[(t — w)yw =1} exp[(t —w)yw™?], 0<t<w

has the maximum £~!(1 — n_l)”_l for t = w — w? log k.

Therefore
Fa(w) St =m0 [ IV LD d
0
<bo(1—rkHr ™! /Ow(\/Z)a" sup [v?L(v)]dt.

0<v<vi
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According to (3.2) it follows that

I (w) SMw_a(\/E)a{(\/E)_” sup [v"L(v)]}wl‘*‘a/?—a/2

0<v<vw
and with respect to(1.6) and (1.8) we get
I (w) = Ofw' =2 L(w)], w — oco. (3.7)

Finally we estimate the integral I15(w).

Lo(w) < (1— 51yt ? / WA LD (VB di

<Ak Ty /Ow(ﬁfs“ sup [o”L)[r(VD] " dt

0<v<V1i

< - n et { e s L)l

0<v<w
< [/ SV

According to the property (1.3) of the function ~°r(z) we see that the func-
tion [x~%r(z)]! is increasing on [0, 00), and further with respect to (1.6) we get
w
Iy < (1- H_l)“_lw_o(ﬂ)”Ll(ﬂ)[(\/E)_ér(\/@)]_l/ (VB +20dt
0

In virtue of (1.8) and 3.2 we obtain

Ly(w) = O {w* =" PL(Vw)r(Vw)] '}, w - oo (3.8)
According to (3.6)—(3.8) we have

I, = O[w' T/ L(vw)] + O {w“f”"”L(\/@‘u)[r(\/ﬁ)rl} , w—o00. (3.9)

Finally from (3.4), (3.5) and (3.9) substituting v = \/w we get (3.3). This
concludes the proof of Theorem 2.
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