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ALL GENERAL REPRODUCTIVE SOLUTIONS
OF BOOLEAN EQUATIONS

D. Bankovié

Abstract. An equation is called a finite equation if its solution set is a subset of a given
finite set. Applying some kind of algebraic structure S. Presi¢ determined in [7] the formulas of
all general reproductive solutions of such equations. Using Pre§i¢’s result we determine in this
paper the formulas of all general reproductive solutions of arbitrary Boolean equations.

Definition 1. Let E be a given non-empty set and eq be a given unary relation
of E. A formula z = ¢(p), where p: E — E is a given function, represents a general
reproductive solution of the z-equation eq(z) if and only if

(Vt) ea(p(t)) A (Vt)(ea(t) =t = o(t)).

Definition 2. Let Q = (go,q1,--- ,qm) be a given set of m + 1 elements and
S ={0,1}. Define the operation z¥ in the following way:

1, ife=y

V= Wy EQUS).
v { 0, otherwise (r,y€Q )

The operations + and o are described by the following tables

+]0 1 o0 1
0[0 1 0[0 o0
1|1 1 10 1

Extending these operations to the partial operations of the set Q U S by putting
t+0=z, 0+xz=2, x00=0, Oox=0,z0l =2, lozx =z,

S. Presi¢ considered the following z-equation

(1) spox® +s0z + .-+ 5y 027 =0,
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where s; € (0,1) are given elements and z € @ is unknown. It is obvious that the

equation (1) is consistent if and only if spos;0---0s,, = 0. The set Z(ao, ... ,am),
where (ag, ... ,a,) € S™"!, is defined as follows:
q; € Z(ag,-.- ,am) < a; =0 (1=0,1,...,m).

TueEOREM 1. (Presi¢). If (1) is a consistent equation then the formula © =
A(t), (t is any element of Q) represents a general reproductive solution of the
equation (1) if and only if

A(z) = Co(S0,--+ »Sm)x® + - -+ Cri(S0y - -+ 5 S )™

where each coefficient Cy, is determined by some equality of the form

Cr(50,- -+ »8m) = bpsh + Z Fy(ag,- .- ,am)s*...s%™

ar=1,ap...04,,=0
assuming that the coefficients Fy(ao,... ,am) € Q satisfy the following condition

Fy(ag, .- ,am) € Z(ag,-.. ,am) (we omit o).

Let X = (21,... ,2p) € B" and T = (t4,...,t,) € B", where (B,U,-,',0,1)
is a Boolean algebra. Let p = 2" — 1, {0,1}" = (Ao,...,A) and 4; =
((A])la )(AJ)TL) (] = 0>]-7 7p)

TueoreM 2. (c.f. [8]) Let f: B — B be a Boolean function. The equation
f(X) =0 is consistent if and only if T]%_, f(A;) =0.

TueoreM 3. (Deschamps). Let f,g1,...,9n: B" — B be Boolean functions
and G = (g1,--- ,9n)- The formulas

(2) ZU]:g](tl,,tn) (]:1,,TL)
i.e. X = G(T), define a general reproductive solution of the consistent Boolean
equation f(X) = 0 if and only if
o) (#(6@) =on i@ = U D o))
j=1
where a ®b=a'bUab’.

CoRroLLARY. The formulas (2) define a general reproductive solution of f(X) =
0 if and only if

U (f(G(Ai)) Ufd) e (9i(4) e (Ai)j)> = 0.

=0 j=1
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The proof of Corollary follows from:

(3) (Va,be B)(a=0Ab=0<aUb=0)

(4) (Va,b € B)(a=bs adb=0)

6 WINT) =0 [ h(4) =0,
i=0

where h: B™ — B is an arbitrary Boolean function.

Definition 3. The Horn formulas over language L are defined as follows:

— the elementary Horn formulas are the atomic formulas of L and the for-
mulas of the form Dy A... A Dg = D, where Dy,...,Dg, D are atomic;

— every Horn formula is built from elementry Horn formulas using A, V, 3.

THEOREM 4 (Vaught). Let H be a Horn sentence (formula without free vari-
ables) in the language Lp of Boolean algebras. If Bo - H then B+ H.

See, for instance, [4].
Let A; € W(a(),... ,ap)<:>ai =0 (’LZO, ,p).

TaeoreMm 5. Let f,g1,...,9,: B® — B, be Boolean functions and G =
(g1,--+ ,9n). If the equation f(X) = 0 is consistent then the formula X = G(T)
represents a general reproductive solution of f(X) = 0 if and only if G(T) can be
writen in the form

(6)
G(T)=U{Akf’(Ak)u U Fi((ao, - yap)(f(Ap)® ... f(Ap))™ | T4

k=0 akzl,ao...apzo

assuming that

(Vk:E(O,... ,p))(Vag,... ,ape{0,1})(ak:1Aa0...ap:0
= Fi(ao,...,ap) € W(ao, ... ,ap)).

Proof. Let F be a (p+1)(2P —1)-tuple of all elements F}(ao, ... ,ap) occuring
in (6). Bearing in mind Theorem 2 and Corollary we can write Theorem 5 as follows

96) | T 140 =0
=0
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v U Flao,.. 0 (f(A0)™ ...(f(Ap))%>TAk

ar=1,ap...ap=0

A (Vk € {0,... ,1})(Va0,...,ape{0,1})<ak:1/\a0...ap:0

= oo ) € Wla o)) |

The formula

U U Fi(ag, ... ,ap)(f(A0))™ ... (f(A,,))“”)TAk

ar=1,a0...a,=0

can be written as

LpJ U (w(Ai) ® U ((Ak)jf'(Ak)

i=0 j=1 k=0
0 U (el ), (7)™ () A ) ) =0
ar=1,ap...a,=0
because of (3) and (4). The formula Fy(ao, ... ,ap) € W(ao, ... ,ap) can be written
as
(3T)Fi(ao, - . ,ap) = Ajy(ag,.. ap) T U UA} (49, ) T
ie.
< Ao Apy)
H (Fk (ao, .. ,ap) &) (Ajo(ao,... ,ap)Ai U...u Ajp(ao,... ,ap)Ai )) =0
i=0
where (A, (ag,....ap)s- -+ » Aj (a0, ra)) = Wlao, - .. ,ap). Therefore we can write the
formula
(Vk € {0,...,p}) (Vao, ... ,ap € {0.1}) (ar =1 Aag...a, = 0)
= (Fy(ao, ... ,ap) € W(ag,...,ap))
as follows

U U H(Fk(ao,...,ap)@(AjO(aO,...,ap)A?OU...

k=0 ar=1,a0...a,=0 i=0

UA;, (ag,- - ,ap)ALT)) = 0.
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Let
(v.] € {17 s 7”}) (V’L € {07 s 7p})gj,i = g](Al)
P P
=Juwxt and g;(X)=Jg X" (G=1....n).

We also introduce the following notation: ¥ = (yo,... ,y,) and

gio " Gip

anp - :
gn,O o gn,p

Then Theorem 5 can be written as

(VY)(VGrxp) (Hyl =0

= << L:JO< kL:JOyk(gl,i:---  gni) U <yi ® LnJ (95 @ (A,»)]-)>> = 0)

j=1

— (3F)<OO<”@U<Ak )Yk

=0 j=1

® U (Fy(ao, - - - ,ap))jygo...y?’)/l?’“

ap=1, ag...a,=0
s P

U U U H(Fk(ao,...,ap)

k=0ar=1,ap...a,=01i=0

69(Ajo(ao,... AN UL UA 7%)A;“p)) _ 0)))

(YY) (VGrxp) (Hyl
(( O(quk Giyis- - > gni) U (yi ® Q(gj,i@ (Ai)j)>> = 0)
- H(uu(gﬂ@U(Ak 4

=0 j=1

ey U (Fy(ag, - - - ,ap))jygo...y;}?)A?’“ =0

ar=1,ap...ap=0
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A U U H(Fk(ao,...,ap)

k=0 ar=1, ag...ap=0i=0
@(Ajo(a(),... ’aP)Ai ‘u...U Ajp(a/07... 7ap)Ai )) — 0)))

where [, denotes the product over all F € ({0,1}") (PHIE"D e Jast formula
is a Horn sentence because

Tl:>(T2<:>T3)<:>(T1/\7'2:>T'3)/\(T1/\T3:>T2)

is a tautology. Therefore it is sufficient to prove Theorem 5 in By bearing in
mind Theorem 4. The proof of Theorem 5 in Bs immediately follows from
Presi¢’s Theorem 1 assuming that @ = {0,1}", v = X, p =T, (So0,...,Sp) =
(f(Ao), e ,f(Ap)), Z =W, + and o are U and N, respectively.

Ezample. Let us determine the formulas of all general reproductive solutions
of the general Boolean equation in two unknowns

(6) ax'y' Ubz'y U cxy’ Udxy = 0.

Let Ag = (0,0), A; = (0,1), A2 = (1,0) and Az = (1,1). In accordance with
Theorem 5 all reproductive general solutions of (6) can be represented by

(z,y) = | (0,0)a"U U FO(GO;al;02703)aa0ba10a2da3}tl1t’2:

(J,():l7 a0a1a2a3:0

U (0,1)b’U U Fl(ao,al,ag,ag)a“‘)balc“2da3]t'1t2

a1=1,apa1a2a3=0

U (l,O)C’U U Fg(ao,al,az,a3 agba1 a2da3:|t t’2

az2=1,apaia2a3=0

U (l,l)d,U U F3(a0,0,1,0,2,0,3 aOba1 a2da3:|t1t2,

(1,3:17 a0a1a2a3:0

where F;(ag,a1,a2,a3) € W(ag,a1,a2,a3) (1 =0,1,2,3) and

W(1,0,0,0) ={(0,1),(1,0),(1,1)}, ~ W(1,0,1,1) = {(0,1),(1,0)},

W (1,0,1,0) ={(0,1), (1,1)}, W (1,0,1,1) = {(0,1)},
W(1,1,0,0) ={(1,0), (1,1)}, W(1,1,0,1) = {(1,0)},
W(1,1,1,0) ={(1,1)}, w(0,0,0,1) = {(0,0), (0,1),(1,0)}
W (0,0,1,0) ={(0,0), (0,1), (1,1)},  W(0,0,1,1) = {(0,0), (0, 1)},
w(0,1,0,0) ={(0,0),(1,0),(1,1)}, w(0,1,0,1) = {(0,0),(1,0)}

W (0,1,1,0) ={(0,0), (1,1)}, W (0,1,1,1) = {(0,0)}.
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If Fi(ap,a1,as,a3) is, for instance, the element written first in the set
W(aop, a1, as,as), we get

(z,y) =[(1,1)a’ U (0,0)ab'c'd U (0,1)ab’¢'d U (0,1)ab’cd
U (0,1)ab’ed U (1,0)abc’d" U (1,0)abe’d U (1, 1)abed'] t1to
[(0,1)d" U (0,0)a’bc'd" U (0,0)a’bc’'d U (0, 0)a’bed’
U (0,0)a’bed U (1,0)abc’d" U (1,0)abe’d U (1, 1)abed'] ¢ to
[(1,0)c" U (0,0)a'b'cd’ U (0,0)a’d’ ed U (0,0)a’bed’
U (0,0)abed U (0, 1)ab’ed’ U (0, 1)ab'ed U (1, 1)abed'] 1t
[(1,1)d" U (0,0)a’d'¢'d U (0,0)a’'d’ ecd U (0,0)a’bc'd
U (0,0)a’bed U (0,1)ab’c'd U (0, 1)ab’ed U (1, 0)abc'd] t1ta
ie.
z = (abc'd'" U abc'd U abed')t'1t2 U (abc'd' U abc'd U abed')t' 1t
U (¢’ Uabed )t t's U (d U abc' d)tyts
y = (ab'dd Uab'ddUab ed Uab'cd U abed )t'1t'5 U (b' U abed')t' 1 to
U (ab’cd’ U ab’cd U abed )t1t'o U (d' U ab'c'd U ab'ed)t ts
ie.
z =ab(c' Ud")t'1t'y U ab(c' Ud)t'1t2 U (' Uabd)ti1t's U (d' Uabc)tits
y =a(d' Uecd)t'1t's U (b Uacd )t 1ta Uacd' Ud)tit's U (d U ab)tts.
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