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OB �KVIVALENTNOSTI ODNOGO KLASSA
SLUQA�NYH PROCESSOV V GIL^BETROVOM
PROSTRANSTVE I VINEROVSKOGO PROCESSA

Lil�na Petruxevski

Rez�me. V �to� rabote rassmatrivaem �kvivalentnost~ processa

�(y) =

Z
t

0

a(s)ds +W (t)

so znaqeni�mi v separabel~nom gil~bertovom prostranstve i vinerovskogo processa
W (t) na koneqnom intervale [0; T ]

Vvedenie. Pust~ a = a(s) sluqa�ny� process v separabel~nom
gil~bertovom prostranstve H. Predpolo�nim qto vse znaqeni� a(s); s 2
[0; T ] ime�t nulevye srednie Ea(s) = 0 i

(1)

Z T

0

Eka(s)k2ds <1:

Togda Eka(s)k2 <1 dl� poqti vseh s 2 [0; T ] i sluqa�ny� process a = a(s)
budem rassmatrivat~ na koneqnom intervale [0; T ] kak funkci� na �tom
intervale, so znaqeni�mi v gil~bertovom prostranstve L2(H) sluqa�nyh
veliqin � : Ek�k2 < 1 so skal�rnym proizvedeniem h�1; �2i = E(�1; �2) i
normo� k j �k j2= Ek�k2 � (k k; ( ; )|�to norma i skal�rnoe proizvedenie v
gil~bertovom prostranstve H). V �tom smysle, sluqa�ny� process a(s)
izmerim (integriruem) esli on izmerim (integriruem) kak funkci� so
znaqeni�mi v L2(H).

Pust~ W = W (t); t � 0 standardny� vinerovski� process v separa-
bel~nom gil~bertovom prostranstve H. Has budet interesova~ vopros ob
�kvivalentnosti sluqa�nyh processov � = �(t) i W = W (t) na koneqnom
intervale [0; T ] v sluqae kogda

(2) �(t) =

Z t

0

a(s)ds+W (t); 0 � t � T

AMS Subject Classi�cation (1980 ): Primary 60G12, 60G 15, 60G 30
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gde a(s) izmerimy� sluqa�ny� process v gil~bertovom prostranstve
H(Ea(s) = 0) udovletvor��wi� neravenstvu (1). Integral v �tom raven-
stve{�to integral Lebega integriruemo� funkcii a(s) so znaqeni�mi v
L2(H).

�tu zadaqu rassmatrival Erxov [6] dl� odnomernyh i Skorohod
[7] dl� koneqnomernyh sluqa�nyh processov, rassmatriva� �kvivalent-
nost~ kak �kvivalentnost~ raspredeleni� sootvestvu�wih processam �(t)
i W (t). Taku� �e zadaqu dl� odnomernyh sluqa�nyh processov rass-
matrival �. A. Rozanov [3], no opredel�l �kvivalentnost~ neskol~ko
inaqe.

My budem govorit~ (po Rozanovu, [3]) qtp process �(t) �kvivalenten
processu W (t) na intervale [0; T ] esli otobra�enie

B : (u;W (t)) ! (u; �(t)); u 2 H; 0 � t � T

prodol�aets� do line�nogo ograniqennogo obratimogo operatora B iz
gil~bertova prostranstva H(W ) v gil~bertovo prostranstvo H(�) i,
krome togo, esli raznost~ I�B�B budet operatorom Gil~berta-Xmidta.
(H(W ) i H(�)|zamknutye v srednem kvadratiqnom line�nye oboloqki
sootvectbu�wih skal�rnyh sluqa�nyh veliqini (u;W (t)) i (u; �(T )); u 2
H; 0 � t � T ). No my znaem ([2, 4]) qto v sluqae kogda a(s) gaussovski�
process, processy W (t) i �(t) �kvivalentny togda i tol~ko togda kogda
�kvivalentny ih raspredeleni�.

Pust~ B�(s; t)|korrel�cionna� funkci� sluqa�nnogo processa �(t)

E(u; �(s))(v; �(t)) = (B�(s; t)u; v); s; t 2 [0; T ]; u; v 2 H

Korrel�cionna� funkci� vinerovskogo processa W (t) imeet vid ([5]),
Bw(s; t) = min(s; t) I. Soglasno obwim teoremam ([3]) operator I � B�B

budet operatorom Gil~berta-Xmidta togda i tol~ko togda kogda imeet
mesto predstavlenie

(3) Bw(s; t)�B�(s; t) =

Z t

0

Z s

0

K(x; y)dxdy

gde K(x; y) operatorna� funkci� so znaqeni�mi v gil~bertovom pros-
transtve S2(H) vseh operatorov Gil~berta-Xmidta de�stvu�wih v H

s integriruemo� v kvadrate sledovo� normo�:

(4)

Z T

0

Z T

0

j K(x; y) j2 dxdy <1:

Dalee, esli raznost~ I � B�B operator Gil~berta-Xmidta, to
uslovie obratimosti ograniqennogo operatora B mo�no vyrazit~ sle-
du�wim obrazom: operator I � B�B ne imeet sobstvennogo znaqeni�
ravnogo 1 ([2, 3]) ili

(5)

Z T

0

Z T

0

(K(x; y)b(x); b(y))dxdy 6=

Z T

0

kb(x)k2dx
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dl� ka�do� integriruemo� v kvadrate funkcii na intervale [0; T ] so
znaqeni�mi v H, dl� kotoro�Z T

0

kb(x)k2dx 6= 0:

2. Vspomogatel~nye rezul~taty. Pere�dem k rexeni� naxe�
zadaqi.

Iz ravenstva (2) sleduet qto dl� vseh u; v 2 H.

(6)

(u; �(s)) =

Z s

0

(u; a(x))dx + (u;W (s))

(v; �(t)) =

Z t

0

(v; a(y))dy + (v;W (t))

otkuda nemedlenno poluqaets�, qto

(Bw(s; t)u�B�(s; t)u; v) = �

Z t

0

Z s

0

h(u; a(x)); (v; a(y))idxdy�(7)

�

Z s

0

h(u; a(x)); (v;W (t))idx �

Z t

0

h(u;W (s)); (v; a(y))idy

gde h';  i oboznaq�et skal�rnoe proizvedenie skal�rnyh sluqa�nyh veli-
qin ' i  (h';  i = E' � ).

Rassmotrim pervy� qlen summy (7):

�

Z s

0

Z t

0

h(u; a(x)); (v; a(y))idxdy

Dl� x; y 2 [0; T ] oboznaqim

(8) �xy(u; v) = �h(u; a(x); (v; a(y)i:

Legko uvidet~, qto pri uslovii (1), dl� poqti vseh x; y 2 [0; T ]; �xy(u; v)
biline�ny� v gil~bertovom prosranstve H. Pri �tom

j �xy(u; v) j
2� E j (u; a(x)) j2 E j (v; a(y)) j2� E j a(x) j2 Eka(y)k2kuk2kvk2

Kak izvesno, obwi� vid biline�nogo funkcionalna

(9) �xy(u; v) = (Ba(x; y)u; v)

gde Ba(x; y) ograniqenny� line�ny� operator so normo�

kBa(x; y)k � fEka(x)k2g1=2fEka(y)k2g1=2:

Bolee togo, Ba(x; y) operator Gil~berta-Xmidta dl� poqti vseh x; y 2
[0; T ] i operatorna� funkci� Ba(x; y) imeet integriruem� v kvadrate sle-
dovu� normu

(10)

Z T

0

Z T

0

j Ba(x; y) j
2 dxdy <1:
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De�stvitel~no, pust~ (ek)
1

1 kako� nibud~ ortonormirovanny� bazis v
separabel~nom gil~bertovom prostransve H. Togda

j Ba(x; y) j
2=

1X
k;j=1

j (Ba(x; y))ek; ej j
2=

1X
k;j=1

j h(ek; a(x)); (ej ; a(y))i j
2�

�

1X
k;j=1

E j (ek; a(x)) j
2 E j (ej ; a(y)) j

2= Eka(x)k2Eka(y)k2

iZ T

0

Z T

0

j Ba(x; y) j
2dxdy �

Z T

0

Z T

0

Eka(x)k2Eka(y)k2dxdy =

�Z T

0

Eka(x)k2dx

�2

<1

Soglasno ravenstvam (7), (8) i (9) perby� qlen summy (7) mo�no pred-
stavit~ v vide

(11) �

Z t

0

Z s

0

h(u; a(x)); (v; a(y))idxdy =

Z t

0

Z s

0

(Ba(x; y)u; v)dxdy

gde Ba(x; y){operatorna� funkci�, integriruemo� v kvadrate sledovo�
normo� (neravenstvo (10)).

Rassmotrim vtoro� qlen summy (7):

(12)

Z s

0

h(u; a(x)); (v;W (t))idx =

Z s

0

h(P v
t (�(u; a(x))); (v;W (t))idx

gde P v
t operator ortogonal~,nogo proektirovani� na zamaknutu� (v sred-

nem kvadratiqnom) line�u� oboloqku vseh znaqeni�.

(v; W (y)); 0 � y � t

Skal�rnomu sluqa�nomu processu (v; W (y)); t � t � T s nekorrelirovan-
nymi priraweni�mi otveqaet strukturna� funkci�

Fv(y) = E j (v; W (y)) j2= kvk2y

i imeet mesto sledu�wee predstavlenie v vide stohastiqeskogo inte-
grala Ito:

(13) P v
t (�(u; a(x))) =

Z t

0

c(x; y; u; v)d(v;W (y))

gde

Z t

0

j c(x; y; u; v) j2 dFv(y) = E j Pt(�(u; a(x))) j
2�

� E j (u; a(x)) j2� kuk2Eka(x)k2 <1

dl� poqti vseh x 2 [0; T ].
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Soglasno ravenstvam (12) i (13):

�

Z s

0

h(u; a(x)); (v;W (t))idx =

=

Z s

0

�Z t

0

c(x; y; u; v)d(v;W (y));

Z t

0

d(v;W (y))

�
dx =

=

Z s

0

Z t

0

c(x; y; u; v)kvk2dydx

i na konec

(14) �

Z s

0

h(u; a(x)); (v;W (t))idx =

Z t

0

Z s

0

�xy(u; v)dxdy

gde

(15) �xy(u; v) = c(z; y; u; v)kvk2

Iz ravenstva (14) legko poluqaec� qto dl� vseh s; t 2 [0; T ]

Z t

0

Z t

0

�xy(�1u1 + �2u2:v)dxdy =

Z t

0

Z s

0

[�1�xy(u1; v) + �2�xy(u2; v)]dxdy

i sledovatel~no

(16) �xy(�1u1 + �2u2; v) = �1�xy(u1; v) + �2�xy(u2; v)

dl� poqti vseh x; y 2 [0; T ]. Poho�e �tomu poluqaets�, qto

(17) �xy(u�1v1 + �2v2) = �2�xy(u; v1) + �2�xy(u; v2)

dl� poqti vseh x; y 2 [0; T ].

Dal~xe, pust~ (ek)
1

1 kako� nibud~ ortonormirovanny� bazis v sep-
arabel~nom gil~bertovom prostranstve H. Togda

Z t

0

1X
k=1

j �xy(u; ek) j
2 dy =

1X
k=1

Z t

0

j c(x; y; u; ek) j
2 dy = E j Pt(�(u; a(x))) j

2�

� E j (u; a(x)) j2� kuk2Eka(x)k2 <1(18)

gde Pt operator ortogonal~nogo proektirovani� na Ht(W ){zamhutu� li-
ne�nu� oboloqku vseh znaqeni� (u; W (x)); u 2 H; 0 � x � t. Iz (18)
sleduet qto

N2(x; y; u) =

1X
k=1

j �xy(u; ek) j
2 dy

ne zavisit ot bybora bazisa i, saglasno uslovi� (1)

(19) N(x; y; u) <1
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dl� poqti vseh x; y 2 [0; T ]. Sledovatel~no, dl� v 2 H; v 6= 0

???�xy

�
u;

v

kvk

�??? � N(x; y; u)

i ???�xy(u; v)
??? � N(x; y; u)kvk

a �to vmeste s ravenstvom (17) oznaqate qto �(v) = �xy(u; v) line�ny�
ograniqenny� funkcional v gil~bertovom prostranste H. Soglasno teo-
reme Rissa

(20) �xy(u; v) = (C(x; y)u; v):

Iz ravenstva (16) i (20) nemedlenno sleduet qto C(x; y) line�hy� op-
erator. Pust~, snova (ek)

1

1 kako� nibud~ ortonormirovanny� bazis v
gil~bertovom prostranstve H. Togda

Z t

0

1X
k;j=1

j (C(x; y)Ek ; ej) j
2 dy =

1X
k;j=1

Z t

0

j c(x; y; ek; ej) j
2 dy =

1X
k=1

E j Pt(�(ek; a(x))) j
2�

1X
k=1

E j (ek; a(x)) j
2= Eka(x)k2

dl� vseh t 2 [0; T ] i sledovatel~no,

Z T

0

1X
k;j=1

j (C(x; y)ek; ej) j
2 dy � Eka(x)k2

otkuda, soglasno uslovi� (1), sleduet, qto C(x; y), dl� poqti vseh x; y 2
[0; T ] �vl�ec� operatorom Gilb~berta-Xmidta i qto

(21)

Z T

0

Z T

0

j C(x; y) j2 dxdy <1

Rassmatriva� revenstva (14), (15) i (20), poluqaem qto vtoro� qlen sum-
my (7) mo�no predstavit~ v vide

(22) �

Z s

0

h(u; a(x)); (v;W (t))i =

Z t

0

Z s

0

(C(x; y)u; v)dxdy

gde, soglasno neravenstvu (21), C(x; y){operatorna� funkci� s inte-
griruemo� v kvadrate sledovo� normo�.

Rassmotrim treti� qlen summy (7): Iz ravenstva (22) nemedlenno
sleduet qto treti� qlen summy (7) mo�no predstavit~ v vide

(23) �

Z t

0

h(u;W (s)); (v; a(y))idy =

Z t

0

Z s

0

(C�(y; x)u; v)dxdy
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Soglasno integriruemosti v kvadrate sledovo� normy operatorno� fun-
kcii C(x; y) vyra�aemo� usloviem (21), imeem qto C�(y; x) operator Gil~-
berta-Xmidta dl� poqti vseh x; y 2 [0; T ] i operatorna� funkci� C�(y; x)
imeet integriruemu� v kvadrate sledovu� normu

(24)

Z T

0

Z T

0

j C�(y; x) j2 dxdy <1

Vvedem oboznaqenie

(25) K(x; y) = Ba(x; y) + C(x; y) + C�(y; x)

Togda, soglasno ravenstvam (7), (11), (22) i (23)

(26) (Bw(s; t)u�B�(s; t)u; v) =

Z t

0

Z s

0

(K(x; y)u; v)dxdy

ili v operatorno� forme

(27) Bw(s; t)�B�(s; t) =

Z t

0

Z s

0

(K(x; y)dxdy

Soglasno integriruemosti v kvadrate sledovo� normy operatornyh fun-
kci� Ba(x; y); C(x; y) i C

�(y; x) (uslovi� (10), (21) i (24)) K(x; y) operator
Gil~berta-Xmidta dl� poqti vseh x; y 2 [0; T ] i operatorna� funkci�
K(x; y) imeet integriruemu� v kvadrate sledovu� normu

(28)

Z T

0

Z T

0

j (K(x; y) j2 dxdy

Sformuliruem poluqenny� vyxe rezul~tat v vide sledu�wego pred-
lo�eni�.

Lemma. Raznost~ korrel�cionnyh funkci� vinerovskogo processa
W (t) i sluqa�nnogo processa �(t) absol�tno nepreryvna otnositel~no ds�
dt, moqnee

Bw(s; t)�B�(s; t) =

Z t

0

Z s

0

K(x; y)dxdy

gde operatorna� funkci� K(x; y) imeet integriruem� v kvadrate sledovu�
normu Z T

0

Z T

0

j K(x; y) j2 dxdy <1

3. �kvivalentnost~ vinerovskomu processu. Rezul~tat kotoy�
my poluqili i sformulirovali v vide lemmy znaqit, qto otobra�enie

B : (u;W (t)) ! (u; �(t)); u 2 H; 0 � t � T

prodol�aec� v line�ny� ograniqenny� operator B iz gil~bertova pros-
transtva H(W ) v gilbertovo prostranstvo H(�) i raznost~ I � B�B op-
erator Gil~berta-Xmidta. Dl� �kvivalentnosti sluqa�nyih processov
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�(t) i W (t) nu�no ewe qtoby B byl obratimym t.e. qtoby operatorna�
funkci� K(x:y) udovletvor�la uslovi� (5). Rassmotrim vyra�enie

Z T

0

Z T

0

(K(x; y)b(x); b(y))dxdy =(29)

=

Z T

0

Z T

0

(Ba(x; y)b(x); b(y))dxdy +

Z T

0

Z T

0

(C(x; y)b(x); b(y))dxdy+

+

Z T

0

Z T

0

(C�(x; y)b(x); b(y))dxdy

dl� intergiruemo� v kvadrate funkcii b = b(x) na intervale [0; T ] so
znaqeni�mi v gil~bertovom prostranstve H,Z T

0

kb(x)k2dx 6= 0

Legko uvidet~ qto

(30)

Z T

0

Z T

0

(Ba(x; y)b(x); b(y))dxdy = �E
???
Z T

0

(b(x); a(x))dx
???2

Dalee
Z T

0

Z T

0

(C(x; y)b(x); b(y))dxdy =

Z T

0

Z T

0

�
C(x; y)b(x);

1X
k=1

(b(y); ek)ek

�
dxdy

Z T

0

Z T

0

1X
k=1

(ek; b(y)(C(x; y)b(x); ek)dxdy

i soglasno ravenstvam (15) i (20)

Z T

0

Z T

0

(C(x; y)b(x); b(y))dxdy =

Z T

0

Z T

0

1X
k=1

(ek; b(y)�xy(b(x); ek)dxdy =

Z T

0

Z T

0

1X
k=1

(ek; b(y)(c(x; y; b(x); ek)dxdy =

Z T

0

� 1X
k=1

Z T

0

(C(x; y); b(x); ek)d(ek;W (y));

1X
k=1

Z T

0

(b(y); ek)d(ek;W (y))

�
dx =

=

Z T

0

hP (�(b(x); a(x)); �(b)idx

gde P operator ortogonal~nogo proektirovani� na H(W ) i

�(b) =

1X
k=1

Z T

0

(b(y); ek)d(ek;W (y))(31)

E j �(b) j2=

Z T

0

kb(x)k2dx(32)
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i nakonec

(33)

Z T

0

Z T

0

(C(x; y)b(x); b(y))dxdy = �
DZ T

0

(b(x); a(x))dx; �(b)
E

otkuda sleduet

(34)

Z T

0

Z T

0

(C�(x; y)b(x); b(y))dxdy = �
D
�(b);

Z T

0

(b(x); a(x))dx
E

Ravenstva (29), (30), (33) i (34) vmeste oznaqa�t qto

Z T

0

Z T

0

(K(x; y)b(x); b(y))dxdy =(35)

=

Z T

0

kb(x)k2dx�E
???
Z T

0

(b(x); a(x))dx + �(b)
???2

otkuda �sno qto uslovie obratimosti line�nogo ograniqennogo operato-
ra B mo�no byrazit~ sledu�wim obrazom:

(36)

Z T

0

(b(x); a(x))dx + �(b) 6= 0

s vero�tnost~� odin dl� vseh integriruemyh v kvadrate funkci� b = b(x)
na intervale [0; T ] so znaqeni�mi v gil~bertovom prostranstve H,

Z T

0

kb(x)k2dx 6= 0:

�to uslovie obratimosti operatora B oka�ec� oqen~ poleznim v izuqe-
nii sluqa�nnogo processa � = �(t) v sluqae kogda on rexenie stohastiqes-
kogo integral~nogo uravneni�

�(t) =

Z t

0

A(s)�(s)ds+W (t); 0 � t � T

Sformuliruem poluqennye vyxe rezul~taty v vide sledu�wego pred-
lo�eni�.

Teorema. Pust~ W = W (t); 0 � t � T standartny� vinerovski�
process v separabel~nom gilbertovom prostranstve H i

�(t) =

Z t

0

�(s)ds +W (t); 0 � t � T

gde �(s) izmerimy� sluqa�ny� process v H;Ea(s) = 0 i

Z T

0

Eka(s)k2ds <1
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Pri uslovii obratimosti (36), sluqa�nye processy � = �(t) i W = W (t)
�kvivalentny na koneqnom intervale [0; T ].
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