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CHEBYSHEV CENTRES IN NORMED SPACES

Lazar Pevac

Abstract. The existence of Chebyshev centres and best compact approximants supposing
special geometrical properties for the normed space in investigated. The positive results are
obtained using a slightly changed of quisi-uniform convexity noted in [1]

Let X be a normed space, A and B bounded subset of X and z an element
of X. Let us denote

A, A) = jnf ey, K(4,) = [z € X | d(z, 4) <},
0(B,A) =inf{r >0| B C K(A4,r)}.

The number R(A) = inf{0(A,z) | x € X} is called Chebyshev radius of A
and the set (C(A) = {z* € X | 0(A,z*)} is called Chebyshev centre set of A. We
say that X admits centre if for every bounded set A of X,C(A4) # @.

If £ is the family of all compact subset of X then number Rx(A) =
infgex 0(A,K) is a compact radius of A. If there exists a K* € K such that
O(K*, A) = Ric(A) then we say that set A has the best compact approzimant.

Definition 1. We say that the normed space X is a-approximative iff Ve(0 <
e < 1)3(d)(e) tending to 0 when ¢ tends to 0 and 0 < d(¢) < 1 such that Vz €
X Jy € X with ||y|| < (), and such that if z € X and

Iz]| <1 and ||z —z||<1—¢

then also
lz—yll <1-e(1—a).

The definition above has the following geometrical meaning. For every ball
K (z, 1— ¢) heaving nonempty intersection with the unit ball K (0, 1), there exists
a ball K(y,1 —e(1 — a)) containg K(x,1 —¢) N K(0,1) so that the centre y of
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K(y,1 —e(l — @)) is not “so far away” from the origin, i. e. y is contained in
K(0,6(g)). It is represented by Fig. 1.
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COROLLARY 1.
(i) If « > 1 then every normed space is a-approzimative.
(ii) If « < O then there is no normed space which would be a-approzimative.

(iii) If X is a-approximative and §(g) is not decreasing, we can replace the
function §(e) with a decreasing function so that X remains a-approximative.

(iv) 6(g) > e(l — o).

(v) If X is a-approzimative and r > 0 then Ve(0 < e < r)3d1(¢) tending to 0
when € tends to 0, and 0 < d1(e < r such that Yo € X Jy € X with ||y|| < d1(g),
and such that if z € X and

lz]| <r and ||z —z|| <r—¢c then also ||z —y|| <7 —e(l —a)

where 61(e) =rd(e/r).
(vi) If X is a-approzimative and 0 < Ry < r < Ry then Ve(0 < e <

R1)302(e) tending to 0 when € tends to 0 and 0 < d02(¢) < Ro such that Vz €
X Jy € X with ||y||02(g), and such that if z € X and

lz]| <r and ||z —z|| <r—¢c then also ||z —y|| <7 —e(l —a)
where d2(¢) = Ra0(e/Ry).

Proof. The properties (i) and (ii) suggest that it is not interesting to consider
the cases @ > 1 or @ < 0. The proof of the properties is obvious. The property
(iii) suggests that we always may assume that d(¢) is decreasing, without loss of
generality. Suppose that d(g) is not decreasing. Let us consider the function:

= Z xg, supd(e)
n In

where J, = [ent1,€k], In = [0,ep] and zj, is the characteristic function of .J,,
and finally, (¢,) is a sequence decreasing to 0. As d1(¢) > d(¢), X remains -
approximative when we replace §(¢) with d1(g). So the property (iii) is proved.
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For proving the property (iv), we shall choose z from the definition 1, such
that ||z|| = 1. When, further, we apply the triangle rule to the elements z,y and
z —y, we have ||z|| < ||yl + ||z — y||- So we get 1 < d(e) + 1 — (1 — ), whence
d(e) > e(1 — a) and (iv) is proved.

We have to map the given balls K(0,r) and K(z,r — ¢) homoteticaly with
factor 1/r. So we get balls K(0,1) and K(z/r,1 —¢/r). Applying the definition
we get the element y € K(0,d(e/r)). With the inverse homotetical map we are
going back to the starting position. Thus the element y; = ry is contained in
K(0,r0(g/r)) which proves (v). The property (vi) immediately follows form the
(iii) and (v) since for every r, Ry < r < Ry we have ré(e/r) < R26(e/Ry).

COROLLARY 2. If the space X is uniformly convex then X is 0—approzimati-
ve.

Proof . From uniform convexity of the space X it is easy to show that Ve <
03n(e) such that if z,y € X and ||z|]| <1 and ||y|| < 1 and ||z — y|| > € then also
[(z—y)/2]| <1—n(e). When we replace z and y by z — z and y — z, respectively,
where z is an arbitrary element form X, we obtain

lz =2 <TAfly =2l <TAflz =yl 2 e = I(z —y)/2 = 2] <1 =nle).

The relation above has the simple geometrical meaning. If K (z,1) and K (y, 1)
are balls in X, having nonempty intersection, and ||[z—y|| > ¢, then K (z, 1)NK (y,1)
is contained in the ball whose centre is the midpoint between z and y and whose
radius is equal to 1 —n(e). Let X, be uniformly convex and K (0,1) and let K (z,1—
g) are given balls in X. Put

01(¢) = min{o | (0,1) UK (2,1 —¢) C K(oz/||z||,1 —¢)}.

The 0, (g) is well defined because ol|z|| is contained in the set at the right-
hand side. Let us prove that 01(g) tends to zero when e tends to zero. On the
contrary, let us suppose that d;(¢) — do > 0. Then we can choose € such that

(1) 1—e>1—5(%).

Thus we have K (0,1) UK (x,1 —¢) C K(§1(e)z/||z||,1 —¢) and K (61(¢)z/||z||,1 —
e) C K(61(e)z/||z||,1) U K(0,1). Now we apply the geometrical consequence of
uniform convexity, noted before, to balls on the right-hand side of the last relation:
K(0,1) U K(z,1 —¢) C K(é1(e)x/||2z]|, 1 — d(d))). Taking into account the
inequality (1) we get K(0,1) U K(z,1 —¢) C K(d1(e)z/||2z||,1 — €). Using the
definition 1. we finally obtain 01 (g)/2 > §;(¢) which is the contradiction.

Examples. We shall mention some examples of different degrees of approxi-
mativity.

The space C[0,1] of continous functions on [0,1] is 0-approximative with
o(e) =e.

Let us consider the space R?® with the norm ||(z,y,2)|| = (2% + y* + 2?)
This space is 0-approximative with 6(¢) = (2¢)'/2.

1/2.
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If we define norm ||(z,y,2)||=| x| + |y | + | z | then for some € and

I(z,y,2)[l =1, ,no [|(z1,y1,21)[| <1 satisfy
K(Oal) N K((mayvz)v 1- 8) C K((mlaylazl)v 1- 8)'

Consequently R? cannot be 0-approximative. It is easy to see that in this case R®
is 0.5-approximative with d(g) < 3e.

The space [y of all absolutely convergent series is not a-approximative for any
a <l

THEOREM. Let X be an a-approrimative Banach space with 0 < o < 1. If
the series Y -, (™) converges, then

(a) every bounded set M in X has a Chebyshev centre,

(b) every bounded set M in X has a best compact approzimant.

Proof. Let Ry (M) = ro and K (z,,7y) be the sequence of balls containing M
so that r, decreasing and tends to 9. The case ro = 0 is not of interest. On the
other hand we can suppose that r, is less than the diameter of M. We construct
the sequence K (yn, pn) inductively. K (yi,p1) = K(z1,71)-

Suppose that we already have the ball K (y,—_1,pn—1), where n > 2. Applying
corollary 2. (vi) to K(yn—1,pn—1) and K(z,,r,) we get K (yn, pn) so that

Prn ="Tn+ a(pn=1 — 1) = apn—1 + (L — @)rn, dYn,yn—1) < 6(pn-1 — ).

After solving the system of the difference equalities we get

2 —1
Pn=Tn+oacy, 1+, o+ -+ a" ey,

AYn,Yn-1) < 6(en + agp_1 + ey + - +a" Ley).

where e, = rp—1 — rn. If @ = 0 then p, = r, and d(yn,yn—1) = 0(e,). When we
choose €, so that d(e;) < 1/2", the sequence (y,) converges. If 0 < o < 1, then
we choose the starting sequence K (z,,r,) so that &, < a??. Then p, obviously
converges to 0, and moreover, d(yn,yn—1 < 6(a™(a™ — 1)/(a — 1)). Therefore,
because of 0 < a < 1 there exists a integer k so that o /(1 —a) < 1. Consequently
d(Yn, Yn—1) < 6(a™1~F) and so we conclude that (y,) converges to the Chebyshev
centre of M.

In order to prove the second part of the theorem, we suppose that Ry (M) =
ro- Then there exists a real sequence (r,) tending to rg, and sequence of nets
(Np | N, C X AO(M,N,) = 1 A card(N,) < 00). If 1o = 0 then cl(M) is the
best compact approximant of M. If ry is different from 0, then we will repeat
a procedure similar to the proof of the first part of the theorem. Naimelly, we
construct the sequences (p,) and (K,,) as follows.

Let p1 =r; and Ky = Np. Suppose that the members of sequences of indices
less than n are already done. Let us consider the pairs (z,y) € N, X M,_1 such
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that K(z,7r,) N K(y,pn—1) N M # &. Applying the corollary 2 (vi) to balls noted
above, we get the set K, such that.

O(M,K,) =pn, pn=rn+alpn1—"n)=ap, 1+ (1—-a)r,
O(Kp—1,Ky,) <d(pn-1 —rn), card(K,) < card(Ny)card(K,—1).
Finally, when we chose the starting sequences so that ¢, < a®" we get
O(Kp_1,K,) < §(a™7F%). Then the set K = U,K, is totally bounded, hence
cl(K) is a compact set. As p, tends to ro we have O(M,cl(K)) = ro and the
second part of theorem is proved.
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