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ON CONVERGENCE OF DERIVATIVES OF LINEAR COMBINATIONS
OF MODIFIED LUPAS OPERATORS

P. N. Agrawal, Vijay Gupta and A. Sahai

Abstract. We study some direct theorems in the simultaneous approximation by certain
linear combinations of modified Lupas operators. We also consider a class of unbounded functions
with growth of order of ¢t¢.

1. Introduction

Motivated by Derriennic [1], Sahai and Prasad [4] proposed modified Lupas
operators defined, for functions integrable on [0, c0) by

(Lof)@) = (n—1) pr / P (O F(B)dt, (L.1)

where
pmu(w) _ (n +Z— 1) .TV(I +x)—(n+u).

It turns out that the order of approximation by these operators is at best
O(1/n), howsoever smooth the function may be. With the aim of bettering the
said rate of approximation, May [2] and Rathore [3] have described a method for
forming linear combination linear of positive operators. The approximation process

follows.
k

f:k 1‘ :Z Ld]n fa )> (12)

where dy,dy,ds, - - - dy, are arbitrary but fixed distinct positive integers. We define

k
d.
k) =1] dj_fdi, k#0 and C(0,0) =1, (1.3)
=0
i#£]
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The object of the present paper is to study the problem of simultaneous
approximation by the above linear combination of medified Lupas operators.

Throughout this paper (a,b) C [0,00) denotes an open interval containing
the closed interval [a,b]. The superscript (r), [A] and || - || stand for the r-th
derivative of the function, maximum integer not exceeding A and the sup-norm on
[a, b] respectively.

2. Auxiliary results

We shall need the following results:
LEMMA 2.1. [4]. Let

Tpm=0=1=1)Y potro() / Do (t)(t — x)™dL.
v=0 0

Then
(r+1){ +22)
(n—r—-2) ~°
(n—m =1 —2) Ty my1 =2(1 +2) (T, +2mTy 1)
AT+ D+ 2) T s n>mobr 2.

Tn,O = 1, Tn,l = > (’I” + 2)

And hence T, ,, = O(n=l(m+1)/2]),

LEMMA 2.2. [4]. Forr =0,1,2,... we have

w000 = pr @) [ a0 0

LeMMA 2.3. [2]. If C(j,k),j =0,1,2...k are defined as in (1.3), then

k _ 1 m=0
2 Cl.kyd;™ {0 m=1,2,...k
7j=0

3. Main results

THEOREM 3.1. Let f be integrable on [0,00) admitting (2k + r + 2)-th deriv-
ative at a point x € [0,00) with () (x) = O(z®), where a is a positive integer not
less that 2k + 2, as x — oco. Then

2k+2

Tim 2L (b a) - fO@)] = 3 QU k) @), (31)
i=1

lim "L (f,k+ 1,2) = £ (2)] =0, (3-2)

n—o0
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where Q(i,k,r,x) are certain polynomials in x of degree at most i. Furthermore if
fORH42) egists and is continuous on (1,b) then (3.1) and (3.2) hold uniformly on
[a, b].

Proof. By Lemma 2.2. and Taylor’s expansion of f, we are led to

djn—l!djn—Q! r
(djn(‘f‘r—l;!gdjn—r)—Q) Eing(fv) f )(SE)

C(j, k)

<,
- 1=
o

=30 k) [(djn =P =S pinens(o) [ Y i (OO (8) — 70 <m>}dt]

=0 v=0

k 00 oo
= Z C(]: k) (d]n -r—= 1) Zpdjn+T7V(m) /0 pdjn—ru—i-r(t)
v=0

7=0
2k+2 idr
{i 7]0( +.)(x) (t—x) +e(t—x)(t — x)2k+2}dt

1!

<.

=1
2k+2 f(H_r k
=) — Zc )(djn —r—1) Zpdwu()
i=1 7=0 v=0

/ Piymerpan(D)(t — z)idt
0

+Zc SR =11 paina(e )/0 Pisnroir(B)(t — 2)(t — )+ dt

v=0
2k+2 f(l+r k
- Z ZC Td n,i ) +En,r,k(m);
i=1 j=0
where

2k+2 f i) (

e e GUUED S

=0, otherwise.

t—x)i> for t #

Using Lemma 2.1 and 2.3,

2k+2 f(l+7‘)
ZC ]a Td n,i )

=0
2k+2 (z+r k 1
=3 PO S ct.00( Gt
: )+ /2]
=0 j=0
2k+2

“EED N QG k@) £ (2),

i=1
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where Q(i, k,r, z) are certain polynomials in z of degree at most i.

To prove (3.1) it suffices to show that n*+t1E, ;. (x) — 0 for sufficiently large
n. For arbitrary € > 0, A > 0, there exists a 6 > 0 such that | (T — X) |< ¢ for
z<Aand |t—z|<d. Now

k
nrk ZC dn—r—l Zpdn+rl/()

v=0

/ | 6pdjn*7“,l/+r(t)5(t —2)(t — 2)*F 2t
t—x|<

+/ Pdjn—rv+r (t)s(t — gg) (t _ $)2k+2dt>
|t—z|>6
=L + 1> (say).

To estimate [;, using Lemma 2.1 we get

| Iy |<Z|C]: djn —r —1) Zpd ntrw (T )/ Pd;—rvtr(t)

v—0 |[t—z| <6
|e(t —x) | (t —x)**T2dt

k

< SZ| C(]’ k) | (djn - l)zpdjn'i‘ﬂ"(x) / pdjn—r,u+r(t)(t — $)2k+2dt
0

j:O v=0

_€Z|C.77 | Tajn 2k+2(x)

—eZmy, ) | O((djn)™"1)

= sO(n_k .
Finally,

k [}
IQZZ C(j,k)(djn—r— I)Zpdjn_,_r,,,(w)/ Pd;n—rwir(t)e(t — z)(t — 2)*F2dt
=0

vr=0 \t—x|26

k 00
508 (== DY pinerate) [
v=0

pdjn—'r',u—l—r(t)tadt)
j=0 [t—a|>6

Il
.M?’

G, k) ((djn ) N Y R TR}
V=0 [t—z|>0

0

J
o

(X —aa)a)

i=0
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k
chv < n_r_]-zpdn+rl/
7=0
t—x 2k+3 o
[ e g (X0 - 2y )

i=0

k o
) 0= i 1
Z 2k+3 Z )T “O(Ty;n2kvivs(r)) = O(W)

7j=0
and (3.1) follows
The assertion (3.2) can be proved along similar lines using L, ((t — z)?, k +
1, z) = O(n~*+2), i =1,2,... which follows from Lemma, 2.3.

The last assertion follows due to the uniform continuity of f(*¥*+7+2) on [a, b]
(enabling ¢ to become independent of = € [a, b]).

This completes the proof.
Remark. We may note here that

d;n—1)!(d;n—2)!
(dj(n+273!gdjzfi)72)! — lasn — oo.

THEOREM 3.2. Let 1 < p < 2k +2 and f be integrable on [0,00). If fP+7)
exists and is continuous on (a,b) having the modulus of continuity wm+r (d) on

(a,b) and f)(z) = O(z¥)(« is a positive integer > p) then for n sufficiently large
ILO(f, &, 2) — £ < Max{C1n 2w 4 (R 1?), Con~F+1)}
where Cy = C1(k,p,r) and Cy = Ca(k,p,r, f).
Proof . For every t € [0,00) and z € [a,b] we have
p it+r r r
S ¢y SO T s
+h(t, 2)x (1),

where ¢ lies between ¢ and z and x(t) is the characteristic function of the set
[0,00)/(a,b). The function h(t,z) for = € [a,b] is bounded by M t | t — z |P, for
some constant M. Using (3.3) we get

(djn — 1)!(djn — 2)! L0 (f.
ZC']’ (djn+r—1)1(djn —r —2)! Lijn(f52)

) =

k [e's] 0
= C(]) k) (d]n —-r—= 1) Zpdjn+'r',l/(x) /0 pdjnfr,u+r(t)f(r) (t)dt
j=0 v=0
k 00 p f z+r )
= ZC(j,k)(djn—T—].)Zpdjn+r,y(1')/ Pd;n— TVJrr {Z )Z
j=0 v=0 0 i=0

(p+r) _ f(p+r) T
A (f)p!f " ()(t_m)p+h(t,x)x(t)}dt
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k 0o oS Poplitr) (g .
:ZC(.]a k)(d,]n_r_ ]-) Zpdjn+r,y(x) /0 Pdjn—rv+r (t) Z w(t — Z’)ldt-f-

1!
7j=0 v=0 i=0

ad oo (p+7)(g) — flot+7)
' ZpdﬂH—r,u(m) /0 pdjn—r,u—i-r(t) <f . (E) f . (x) ) (t - x)pdt
v=0

p!

k 00 00
+ Z C(]; k) (d]n -r- ]-) Zpdjn+r,l/(m) /0 pdjnfT‘,V*‘l’T(t)h(t? :L’)X(t)dt

v=0
:[1 + IQ + I3 (say)

An application of Lemma 2.1 gives us I; = f)(z) + O(n~**Y) uniformly in
x € [a,b]

To estimate I, for every é > 0, we have

| FPF(E) — fP) (@) |[<Swpein (| £ =7 ) S wpean ([ t—a )
<A+t =z [O)wimen (9).

Hence

k 00
1 . e
| [2 |S H Z | C(]ak) | (d]n -r- 1) Zpdjn—i-r,u(m)/o pdjn—ru+r(t)
" j=0 v=0

(I | t—a | [8) |t =2 |” wpirim (O)dt

Wi () & . >
= L= CGR) [ (din =7 = 1)) payntre(@)-

!
p- 7j=0 v=0

/ pdjn—r,u+r(t) : (| t—x |p + | t+x |p+1 /6)dt
0

Using Schwardz inequality for summation and then for integration we find that

00 oo 00
Zpder-r,u(m)/ pdjn—ru—i-r(t) | t—x |p dt < {Zpder-r,u(m)-
v=0 0

v=0

0 24 1/2
( [ dt) }
0
1/2

< {gpd,.n+r,u<w>1/<djn =) ([ paersntoe—aa) b
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It may be remarked that (3.4) is true when p is replaced by p+ 1 and consequently
W+ ) >
ptr
|[2 |< e Z|Cja { dn_r—l)zpdjrw-r,u(m)'
v=0

1/2

/ Paynorin(O)((t = )77 + (= )20+ /6>dt}
0

wf(p+r) 1/2

Z|C.77 |O{Tdn2p+6 Tdn2p+1)}

p! .

k
:wmwﬂﬂ§:|c@ k) [ {O((djm) ") + 57 O((dyn) =) }1/2.
7=0

Choosing § =n=1/% we get | I |< Cin~ p/2wf(p+r)( —1/2),

Finally, choosing a positive number 5 such that | t — z |> n we get

k 00
11131 CGRNO(n=r =03 Ptsntrs@) [ pignrsir el =P i)
7=0 v=0 t

—z|>n

k
Z|C.77 |O<(dn_r_lzpdn+ru()

v=0
/| Pl (Z(;‘) -z ) -z dt)
t—z|2n i=0
k o)
=3 1C(j,k) | 0<(djn —r=1) > Pajnirw(z)
7=0 v=0
t — 2m—p . ;
/¢ > pdjnfr,u+r(t | 2J:n| P B l a—z>|t - 1.|p dt), m > k+].
>
k

:E:E%%§u00%"—r—Dz;mmﬂw@)ﬁmmmryww
<za:(?) |t —a |7F2m x”“’)dt)

=0

k .
= LR o(amy=) = on

uniformly in z € [a,b]. Combining the estimates of I; — I5, we obtain the required
result.
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