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ON REGULAR RINGS AND SELF-INJECTIVE RINGS, IV

Roger Yu Chi Ming

Abstract. This paper is essentially concerned with f-injectivity (a generalization of injec-
tivity) and an analog ous concept which generalizes projectivity, called F -projectivity.

Introduction. Throughout, A represents an associative ring with identy
and A-modules are unital. J and Z denote respectively the Jacobson radical and
the left singular ideal of A. AM is called f -injective (resp. p-injective) if, for any
�nitely generated (resp. principal) left ideal I of A, every left A-homomorphism of
I into M extends to A. Then A is von Neumann regular i� every left A-module
is 
at i� every left A-module is f -injective (p-injective). Right f -injective (resp.
p-injective) modules are similarly de�ned. Flatness and f -injectivity are distinct
concepts. However, if I is a left ideal of A, then AI f -injective implies AA=I 
at.
A is called left (resp. right) f -injective if AA (resp. AA) is f -injective.

Injective and projective modules, extensively studied in recent years, are fun-
damental concepts in ring theory (cf. [2, 3, 4, 8]). Our �rst result gives a condition
for a �nitely generated left ideal of a semi-prime left f -injective ring to be gener-
ated by a central idempotent. Self-injective regular rings, biregular rings are next
considered. Quasi-Frobeniusean rings are characterised in terms of F -projectivity
and f -injectivity. If A has a classical left quotient ring Q such that every divisible
torsionfree quasi-injective left A-module is an F -projective left Q-module, then Q
is semi-simple Artinian. A suÆcient condition is given for a classical quotient ring
to be Noetherian. Left duo rings whose divisible left modules are f -injective are
characterized.

As usual, an ideal of A means a two-sided ideal and A is called left duo (after
E. H. Feller) if every left ideal of A is an ideal. A left (right) ideal is called reduced
if it contains no non{zero nilpotent element. The concepts of f -injec-tivity and
p-injectivity have been studied by various authors (cf. for example, [1, 11, 12,
13, 14, 15] and in connection with semigroup and torsion theories, consult [5,
6, 10, 16]. In semigroup theory, f -injectivity (p-injectivity) is also called weak
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f -injectivity (weak p-injectivity) (cf. [5,6]. Note that if A is left f -injective, then
J = Z (cf. [17]).

The rings considered in the following proposition need not be von Neumann
regular (cf. for example, [11]).

Proposition 1. Let A be a semi-prime left f-injective ring. The following
conditions are then equivalent for a �nitely generated left ideal F :

(1) F is generated by a central idempotent;

(2) F = l(T ), where T is a �nitely generated left ideal.

Proof . If F = Ae where e ia a central idempotent, then F = l(u) where
u = l� e is central and hence F = l(AuA), where AuA = Au. This shows that (1)
implies (2).

Assume (2). Then F = l(T ), where T is an ideal of A; AT is �nitely gener-
ated. Therefore F is an ideal of A. By [7, Theorem 1], r(F \ T ) = r(F ) + r(T )
and since A is semi-prime, A = r(o) = r(l(T )\ T ) = r(F \ T ) = r(F ) + r(T ). Now
F = l(T ) = r(T ) and therefore A = F + r(F ). Since F \ r(F ) = F \ l(F ) = 0, then
A = F � r(F ). It follows from the semi-primeness of A that F is generated by a
central idempotent.

Corollary 1.1. The following conditions are equivalent for a left-f-injective
ring A:

(1) A is biregular;

(2) A is semi-prime such that for each a 2 A;AaA is the principal left anni-
hilator of AbA for some b 2 A.

The proof of Proposition 1 yields.

Proposition 2. Let A be a semi prime left self-injective ring. If T is an
ideal of A which is an annihilator, then T is generated by a central idempotent.
Consequently, any �nitely generated right ideal which is an ideal of A is generated
by a central idempotent.

Combining the results above with [19, Theorem (DL)], we get

Proposition 3. If A is left self-injective, the following conditions are equiv-
alent:

(1) A is regular and biregular;

(2) A is semi-prime such that for any a 2 A; AaA is the principal left anni-
hilator of AbA for some b 2 A;

(3) A is semi-prime such that for any a 2 A; AaA is a principal right ideal
of A;

(4) If a; b 2 A such that AaA + AbA 6= A, then AaA + AbA is the left
annihilator of a non-nilpotent central element of A.

Proposition 3 and Corollary 1.1. yield
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Proposition 4. The following conditions are equivalent for a left self-
injective ring A:

(1) A is regular such that every ideal is generated by a central idempotent;

(2) A is right non-singular such that every ideal is a right annihilator ideal;

(3) A is semi-prime such that every ideal is a �nitely generated right ideal of
A.

Question. If A is semi-prime, T an ideal of A which is a left annihilator, is T
a complement left ideal of A? (In case A is prime, the answer is positive.)

As an analog e of f -injectivity, we introduce F -projectivity.

De�nition. A left A-module P is called F -projective if, given any �nitely
generated left A-modules M;N with an epimorphism g : M ! N and any left
A-homomorphism f : P ! N , there exists a left A-homomorphism h : P ! M
such that gh = f .

It may be noted that a direct sum of left A-modules is F -projective if, and
only if, each direct summand is F -projective.

Proposition 5. If P is a �nitely generated F -projective left A-module, then

AP is projective.

Proof . Let P =
Pn

i=1Aui be a F -projective left A-module. If M;N are left
A-modules, p :AM !AN an epimorphism, f : P ! N a left A-homomorphism,
set f(ui) = vi for each i; 1 � i � n. Since p is an epimorphism, there exists
wi 2 M such that p(wi) = vi; 1 � i � n. If M 0 =

Pn

i=1 Awi; N
0 =
Pn

i=1 Avi,
then p0, the restriction of p to M 0, is an epimorphism of M 0 onto N 0. Since

AP is F -projective, there exists a left A-homomorphism h0 : P ! M 0 such that
p0h0 = f . If j is the inclusion map M 0 ! M; h = jh0, for any y 2 P; y =Pn

i=1 aiu+ i; ph(y) = p(
Pn

i=1 aih(ui)) = p(
Pn

i=1 aih
0(ui)) = p0(

Pn
i=1 aih

0(ui)) =Pn
i=1 aip

0h0(ui) =
Pn

i=1 aif(ui) = f(y), which proves that ph = f . The proposition
then follows.

Corollary 5.1. If A is commutative, then A is quasi-Frobeniusean i� A is
Artinian such that every injective A-module if F -projective.

Proof . Assume that A is Artinian and every injective A-module is F -
projective. IfM is injective, thenM is a direct sum of �nitely generated A-modules
Mi. Since M is F -projective, then each Mi is F -projective which implies that Mi

is projective, whence M is a projective A-module. The corollary then follows from
[3, Theorem 24.20].

If A is left perfect, left f -injective, then every simple left A-module is a
homomorphic image of an injective left A-module (cf. [2, P. 481]). If � is right
f -injective satisfying the maximum condition on left annihilator ideals, then A is
quasi-Frobeniusean [18]. Recall that (1) A is a left Kasch ring if every maximal left
ideal of A is a left annihilator; (2) A is right pseudo-coherent i� the right annihilator
of every �nitely generated left ideal is a �nitely generated right ideal; (3) A left
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A-module C is a cogenerator if, for any M in the category of left A-modules, there
exists a monomorphism of M into a direct product of copies of C. A is left pseudo-
Frobeniusean i� AA is an injective cogenerator i� A is a left self-injective left Kasch
ring. Quasi-Frobeniusean rings are both left and right pseudo-Frobeniusean.

A is called left (resp. right) hypercyclic if the injective hull of every cyclic left
(resp. right) A-module is cyclic.

Remark 1. The following conditions are equivalent: (1) Every factor ring of A
is quasi-Frobeniusean; (2) A is a left and right hypercyclic principal left ideal ring
such that every injective one-sided A-module is F -projective. (cf. [3, Proposition
25.4. 6B]).

If A is von Neumann regular, a theorem of I. Kaplansky asserts that for
any projective left A-module P , every �nitely generated left submodule is a direct
summand. Consequently, the following remark holds.

Remark 2. If A is von Neumann regular, then every F -projecrtive left A-
module is projective.

For results on coherent rings, consult [11].

Theorem 6. The following conditions are equivalent:

(1) A is quasi-Frobeniusean;

(2) A is coherent left f -injective left cogenerating such that every 
at left
A-module is F -projective;

(3) A is left cogenerating such that every injective left A-module is F -
projective;

(4) A is right f-injective left perfect right pseudo-coherent;

(5) A is left f-injective left perfect right pseudo-coherent.

Proof . Obviously, (1) implies (2).

Assume (2). Since A is left cogenerating, then every left ideal is a left annihi-
lator. Since A is left f -injective, then every �nitely generated right ideal is a right
annihilator. By [11, Theorem 2.1], every injective left A-module is 
at. Therefore
(2) implies (3).

Assume (3). Since AA is a cogenerator, for any non-zero left A-module M ,
any o 6= y 2 M , there exist a left A-homomorphism g : M ! A such that
g(y) 6= o. Now if AP is F -projective, for any left A-moduleM with an epimorphism
p :M ! P , since there exists a non-zero left A-homomorphism g :M ! A, we can
show that p splits. But then, we get AP projective. Consequently, every injective
left A-module is projective and by [3, Theorem 24.20], A is quasi-Frobeniusean.
Therefore (3) imlies (4).

Assume (4). Let I1 � I2 � . . . . . . � In � . . . . . . be an ascending chain of
�nitely generated left ideals of A. If Ri = r(Ii) for each i, since A is right pseudo-
coherent, then Ri is a �nitely generated right ideal for each i. Since A is left perfect,
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then R1 � R2 � R3 . . . . . . � Rn � . . . yields Rm = Rs for some positive integer
m and all s � m [8, P. 303]. Now A right f -injective implies that every �nitely
generated left ideal is a left annihilator, whence Im = 1(r(Im)) = 1(Rm) = 1(Rs) =
1(r(Is)) = Is for all s � m. This proves that A is left Noetherian. Then (4) imlies
(5) by [18, Theorem 2].

Assume (5). Let R be a right annihilator ideal, U a subset of A such that
R = r(U). Since A is right pseudo-coherent, the right annihilator for any �nitely
generated left ideal is �nitely generated. Since A is left perfect, there exists a �nite
subset F of U such that R = r(F ) which implies that R must be a �nitely generated
right ideal. Therefore A satis�es the minimum condition on right annihilators which
implies that A satis�es the maximum condition on left annihilators. Then Z is
nilpotent and since A is left f -injective, Z = J [17, Proposition 3] which implies
that A is semi-primary. Therefore A is a left f -injective semi-primary ring which
implies that A is left Kash. Now let F be a �nitely generated left ideal of A.
Suppose that F � 1(r(F )). If y 2 1(r(F )); y 62 F; G = F + Ay, the set E of left
ideals I of A such that F � I � G is an inductive set and by Zorn Lemma, E has
a maximal member K. Then G=K is a simple left A-module and since A is left
Kash, G=K = Au, where Au is a minimal left ideal of A. There exists a left A-
homomorphism G! Au which yields a non-zero left A-homomorphism f : G! A
such that f(K) = o. Since G is a �nitely generated left ideal of A, there exists
c 2 A such that f(b) = bc for all b 2 G (A being left f -injective). Then f(F ) = o
which implies c 2 r(F ), whence f(y) = yc = o. Thus f(G) = o which contradicts
f non-zero. This proves that F must be a left annihilator. Then A satis�es the
ascending chain condition on �nitely generated left ideals which implies that A is
left Noetherian. Therefore A is left self-injective, left Noetherian and hence (5)
implies (1).

We now consider classical quotient rings in terms of F -projectivity and f -
injectivity. For the de�nition and properties of classical quotient rings, consult, for
example, [4] and [9]. For divisibility and torsionfreeness, see [9].

Proposition 7. Let A have a classical left quotient ring Q. The following
conditions are then equivalent:

(1) Q is semi-simple Artinian;

(2) Every divisible torsionfree quasi-injective left A-module is an F -projective
left Q-module.

Proof . Since any divisible torsionfree left A-module is left Q-module [9, p.
140], (1) implies (2).

Assume (2). Let P be a quasi-injective left Q-module. Since any left Q-
module is a divisible torsionfree left A-module, then AP is divisible torsionfree.
If AN is a submodule of AP; f : N ! P a left A-homomorphism, since AN is
torsionfree, we may de�ne a left Q-homomorphism g : QN ! P by g(c�1w) =
c�1f(w), for any non-zero divisor c of A; w 2 N . Since QP is quasi-injective,
g extends to an endomorphism of QP and so f extends to an endomorphism of

AP . This shows that AP is quasi-injective and by hypothesis, QP is F -projective.
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Therefore every simple left Q-module, being quasi-injective, is F -projective and
by Proposition 5, every simple left Q-module is projective. This proves that (2)
implies (1).

Proposition 8. Let A have a classical left quotient ring Q. If every divisible
torsionfree f-injective left A-module is injective, then Q is left Noetherian.

Proof . LetM be an f -injective left Q-module, F =
Pn

i=1Aui a �nitely gener-
ated left ideal of A; g :AF !AM a left A-homomorphism. De�ne G :

Pn

i=1Qui !
M by G(

Pn

i=1 qiui) =
Pn

i=1 qi(g(ui)) qi 2 Q; 1 � i � n. Then G is a well-de�ned
left Q-homomorphism and so there exists y 2 M such that G(ui) = uiy for each
i; 1 � i � n. Consequently, for any v 2 F; v =

Pn
i=1 aiui; ai 2 A; g(v) =Pn

i=1 aig(ui) =
Pn

i=1 aiG(ui) =
Pn

i=1 aiuiy = (
Pn

i=1 aiui) y = vy which proves
that AM is f -injective. Since AM is divisible torsionfree, then AM is injective.

If j :QP !QN is a monomorphism, f :Q P !Q M a left Q-homomorphism, ĵ; f̂
the restrictions of j; f respectively to AP , since AM is injective; there exists a left

A-homomorphism ĥ :A N !A M such that ĥĵ = f̂ . If h :QN !QM is de�ned
by h(qu) = gh(u) for all q 2 Q; u 2 N , then hj = f which proves that QM is
injective. Since any direct sum of f -injective left Q-modules is f -injective, then
any direct sum of injective left Q-modules is injective which implies that Q is left
Noetherian [3, Theorem 20.1].

We now turn to rings whose divisible modules are f -injective.

Proposition 9. If every divisible left A-module is f-injective, then A is left
semi- hereditary.

Proof . Since any injective left A-module is divisible and any quotient module
of a divisible module is divisible, then the quotient of any injective left A-module is
f -injective. Let I be a �nitely generated left ideal of A. Given any quotient module
M=N of a left A-module M;k :M !M=N the natural projection, if f : I !M=N
is a left A-homomorphism, E the injective hull of AM; j : M=N ! E=N the
inclusion map, then with F = jf , we have F : I ! E=N . Therefore AE=N is
f -injective which implies the existence of �z = z +N; z 2 E, such that F (b) = b�z
for all b 2 I . De�ne g : I ! E by g(b) = bz for all b 2 I . If K : E ! E=N is
the natural projection, for all b 2 I; Kg(b) = K(bz) = bK(z) = b�z = F (b), whence
F = Kg. As f(I) � M=N , then F (I) �M=N; g(I) �M and if de�ne h : I !M
by h(b) = g(b) for all b 2 I , we get kh = f . This proves that AI is projective which
yields the proposition.

The next result gives a characterization of commutative rings Mhocse di-
visible modules are f -injective. It is clear that over von Neumann regular rings,
p-injectivity coincides with f -injectivity.

Theorem 10. The following conditions are equivalent for a ring A whose
complement left ideals are ideals:

(1) Every divisible left A-module is f-injective;

(2) A is left semi-hereditary and every p-injective left A- module is f-injective;
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(3) Every p-injective left A-module is f-injective and for every a 2 A, there
exist an idempotent e 2 1(a) and n elements b1; . . . . . . ; bn in Aa; n non zero-divisors
c1; . . . . . . ; cn in A such that a =

Pn

i=1 aibi; ai 2 A; (1� e)aici = a for each i; 1 �
i � n.

Proof . Since any p-injective left A-module is divisible, then (1) implies (2)
by Proposition 9.

Assume (2). Let D be a divisible left A-module. For any a 2 A, since AAa
is projective, 1(a) = Ae; e = e2 2 A. Since A is left non-singular and every
complement left ideal is an ideal of A, then A is reduced which implies that e is a
central idempotent. With c = a+ e, since Aa\1(a) = o, it is easy to see that c is a
non zero-divisor of A. If f : Aa! D is a left A-homomorphism, set f(a) = d 2 D.
Then d = cv for some v 2 D (inasumuch as AD is divisible) and a = (1 � e) a
implies f(a) = f((1� e)a) = (1� e)f(a) = (1� e)cv = (1� e) (a+ e)v = av which
shows that AD id p-injective. By hypothesis, AD is f -injective. Thus (2) implies
(3) (it is suÆcient to take n = 1; b1 = a; c1 = c; a1 = 1).

Assume (3). LetM be a divisible left A-module, a 2 A; f : Aa!M a left A-
homomorphism. By hypothesis, there exist a positive integre n; b1; . . . . . . ; bn 2 Aa,
an idempotent e such that ea = o, nono zero-divisors c1; . . . . . . ; cn 2 A such that
a =
Pn

i=1 aibi; ai 2 A; (1� e)aici = a for each i; 1 � i � n. Since AM is divisible,
for each i; 1 � i � n; f(bi) = cimi;mi 2M and f(a) = f((1� e)a) = (1� e)f(a) =
(1� e)f(

Pn

i=1 aibi) = (1� e)(
Pn

i=1 aif(bi)) = (1� e)(
Pn

i=1 aicimi) = a(
Pn

i=1mi)
which proves that AM is p-injective. By hypothesis, every divisible left A-module
is f -injective and hence (3) implies (1).

Corollary 10.1. If every complement left ideal of A is an ideal, the follow-
ing are then equivalent: (1) Every divisible left A-module is injective; ((2) A is a
left hereditary, left Noetherian ring whose p-injective left modules are f-injective.

Corollary 10.2. A left duo ring whose divisible left modules are injective
admits a classical left quotient ring which is a �nite direct sum of division rings.

The next remark completes nicely Theorem 4 of [20].

Remark 3. The following conditions are equivalent: (a) A is left self-injective
regular with non-zero socle; (b) A is left f -injective with an injective non-singular
maximal left ideal; (c) A has an injective non-singular maximal left ideal and the
left socle of A is f -injective; (d) A is semi-prime with an injective non-singular,
maximal left ideal such that every maximal right ideal is f -injective.

Remark 4. A is strongly regular i� A is a left f -injective ring with a nont-
singular maximal left ideal such that every maximal left ideal is an ideal of A.

Remark 5. Let A be left f -injective. If every �nitely generated faithful left A-
module is F -projective, then A is left self-injective and consequently, every �nitely
generated faithful left A-module is injective.
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Remark 6. (1) A is von Neumann regular i� every divisible left A-module is

at; (2) (he following conditions are equivalent: (a) A is semi-simple Artnian; (b)
every divisible left A-module is projective; (c) every left A-module is F -proective.
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