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TEST OF SUPREMUM

Zoran Glisié

Abstract. To proceed from Bahadur’s representation of the uniform sample quantile
function, we created a new test for testing hypothesis Ho(X : U(0;1)).

1. Introduction. Let X, X5,... be a sequence of independent random
variables with the same distribution function F'(t). Suppose that:

1. F(u) has two derivatives in a neighborhood of &, where F(&) = ¢ for
0<t<1;

2. F"(u)is bounded there;

3. f(&)=F'(&) >0, 0<t<1;

4. F(0)=0and F(1) =1,

Let Qn(t) = X(x), (k—1)/n <t <k/n and k = 1,2,... ,n be the quantile
function, where X is the sample k-th order statistic corresponding to sample
(X1, Xa,...,Xy) and let F,,(t) be the empirical distribution function. Bahadur [1]
showed that

Qn(t) = F7H(t) = [Fa(F7H (1) — ]/ F(F~1 (1) + Ra(t), 0<t <1
and R,(t) = O(n=3/*logn). Kiefer [7] proved that
limsup f(F~'(t))R,(t)/[32t(1 — t) log®(log n) /27n?]*/* = 1!

with probability 1. Ghosh [5] obtained that /nR,(t) tends to zero when n tends
to co. Duttweiler [4] showed that

E(R; (1) = f(F)[t(1 = )]/ /n(nm)*/2.

All in all, it is shown that R, (t)(v/uR,(t) and f(F~1(t))y/nR,(t)) is a ran-
dom noise whose influence becomes negligible as n tends to.
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Definition. The functional G(F) is called continuous-differentiable of order
k in the point Fy if there exists a functional g(Fp,w) such that, for all sequences
we € D[0;1] (such that ||we. —w|| tends to zero when € tends to zero) the following
hold: [G(Fp +ew.)—G(Fy)]/e* tends to g(Fp,w) when ¢ tends to zero and g(Fp,w.)
tends to g(Fp,w) when ¢ tends to zero.

THEOREM 1. If the functional G(F') is continuous-differentiable of order k
in the point Fy, then n*/*[G(F,) — G(Fp)] tends to g(Fy,w°) when n tends to oo,
where w° is a Brownian bridge [2].

2. Process Z,(t). For the sample (X;X5,...,X,) with the same distri-
bution function F(t) which satisfy requirements 1, 2, 3 and 4, let us introduce the
random process Z,(t):

Zn(t) = FET O)Vn(Fa(t) = F(t) = vn(Qu(t) — F7'(t))]
FETH0)[Ba(t) — an(t)]

where 3, (t) = /n[F,(t)] is an empirical process and a,,(t) = /n[Q.(t) — F~1(t)]
is a sample quantile process.

THEOREM 2. Z,(t) tends to process B*(t) (in distribution) where B*(t) =
(e t)) + B(t) an t) 1s a Brownian bridge.
fF(ETYH(®)B(F(t) + B(t) and B(t) is a Brownian bridg

Proof. Tt is easy to see that:

Zn(t) = F(FH(1)Bn(t) + Bu(F7 (1) = F(FT()VnRy(t) and
|Za(t) = B*(t)] < FIFTH())[Ba(t) = BE(®))] +8a(F~' (1) = B(t)]
+ f(F7H )Vl Ra(t)]

Theorem 4.3.1. in [3] implies that sup f(F~1(¢))|8.(t) — B(F(t))| tends to zero
(in distribution) when n tends to co. On the other hand: 8,(F~2(t) — B(t)) =
Bn(F~1(t)) — B(F(F~1(t))) such that sup|B,(F~1(t)) — B(t)| tends to zero (in
distribution) when n tends to co. On the basis of Bahadur’s, Kiefer’s, Ghosh’s
and Duttweiler’s considerations, we have: sup+/nf(F~1(t))|R,(t)| tends to zero
(in distribution) when n tends to co and, consequently sup | Z,(t) — B*(t)| tends to
zero (in distribution) when n tends to co.

COROLLARY. When the sample is coming from uniform U(0;1) distribution
then Z,(t) = /n(Fp(t) — Qn(t)) tends to 2B(t) (in distribution) when n tends to
00.

THEOREM 3. In case U(0;1) r.v. SUP ,, = sup|Z,(t)| tends (in distribution)
to 2SUP |B(t)| when n tends to a Brownian bridge.

Proof. Let G(F) = SUP|(t) — F~1(t)|. We will show that the functional
G(F) is continuous-differentiable of order 1 in the point Fy(t) = ¢, 0 < ¢ < 1. First,
G(Fp) = 0 and second

G(Fy + ew.) = sup |t + ew. — (t +ew.) | Zsup |t + cw. — (t — ew.)| = 2sup |ew:|
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such that [G(Fp + ew:) — G(Fp)]/e = 2sup |we| tends to 2sup |w| = g(Fp,w) when
¢ tends to zero. Applying Theorem 1 we obtain:
V[G(Fp) = G(Fo)] = vnsup Fy(t) — F7 ()| 2 v/nsup |[Fa(t) — Qnl(t))]
= /nsup|Z,(t)| tends to 2sup |w’| = 2sup |B(t)|

(in distribution) when n tends to oco.

3. Using the statistic SUP,. For testing hypotesis Ho(X : U(0;1))
against Hy (X : F(t) # t), we have the fact that:

P{sup |B(t)| > u} = 2:(—1)’chl exp(2k*u?), u>0
k#0

i.e. sup |B(t)| have distribution of Kolmoroff ([3], [4]).
COROLLARY. For test-statistic SUP ,,, we have critical region Wy = (cq; 00)

and critical value cqo is obtained for the condition P{SUP ,, > co/Hp} = a.

When n tends to oo, cq = 2dp,, Where d, o is a critical value for test Kol-
mogoroff. 'Noise’ v/nR,,(t) for smaller value of n has an efect on critical value and
we can obtain ¢, by the help of the method Monte-Carlo. For example:

Ca
n a=0.05 a=0.01
100 2.35 2.94
200 2.65 3.15
500 2.70 3.20
1000 2.7162 3.216

(BBC-micro computer)

Also, by the method Monte-Carlo we can investigate power of this test of
supremum for different alternatives and compare the power of our test and the
power of same other tests.

4. FEzxample. For the class of alternative:
{F(t;0) = [[(t+6)> —6°]/(20+ 1)]'/?, 0<t <1 and 0< 6 < o0}

we compared the power of test of supremum and the test of Moran and obtained
for « = 0.05, n = 100 and number of samples k£ = 2000 (BBC-micro):

5. Omne-sided test. We can consider one-sided test of supremum. Let
SUP* = sup Z,(t). In case U(0;1) r.v. it is easy to see that SUP T tends to
2sup B(t) (in distribution) when n tends to co. Because it is P{sup B(t) > u} =
exp(—2u?), u > 0 [7], for testing hypothesis Hy(X : U(0;1)) against Hy (X : F(t) #
t), critical region is W, = (cq;00) and, when n tends to co, cq = (—2Ina)'/2.



9 power of power of test
test supremum Moran

0.002 0.05 0.05

0.005 0.05 0.05

0.01 0.053 0.052
0.02 0.063 0.056
0.03 0.079 0.057
0.04 0.087 0.058
0.05 0.096 0.067
0.06 0.112 0.072
0.07 0.137 0.078
0.08 0.145 0.104
0.09 0.182 0.113
0.10 0.216 0.125
0.15 0.323 0.130
0.20 0.393 0.149
0.25 0.428 0.172
0.30 0.641 0.205
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