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FORMULAS OF THE GENERAL SOLUTIONS

OF BOOLEAN EQUATIONS

Dragi�c Bankovi�c

Abstract. We explicitly give various formulas of the general solutions of Boolean equations
in n unknows. The method presented in the paper is based on a Pre�si�c's idea of the solving
function from [4], but we have it here in more general form. We build the cycle using the sequence
i1; i2; . . . ; i� (� = 2n) where fi1; i2; . . . ; i�g = f0; 1; 2; . . . ; � � 1g. We can chose the sequence
so that we obtain the formulas of the general solution in the triangular form. Specially, when
i1 = 2n�1, we have the reproductive solutions. This paper enables one to make the program (we
wrote it in FORTRAN IV) for digital computer which gives the formulas of the general solutions
of Boolean equations, where the number of unknowns can be large. The limitation results only
from the number of the elements of the sequence i1; i2; . . . ; i� i.e. of the memory of the computer.

Let Xn = (x1; . . . ; xn) 2 B
n and Tn = (t1; . . . ; tn) 2 B

n, where (B;[; �;0 0; 1)
is Boolean algebra.

De�nition 1. Let f : Bn ! B be a Boolean function. The system  =
( 1; . . . ;  n) of Boolean functions  1; . . . ;  n : Bn ! B is a general solution of the
consistent Boolean equation f(Xn) = 0 if and only if

(1) (8Tn)f( (Tn)) = 0 ^ (8Xn)(f(Xn) = 0) (9Tn)(Xn =  (Tn)):

The system  = ( 1; . . . ;  n) is a general reproductive solution of f(Xn) = 0
if and only if

(2) (8Tn)f( (Tn)) = 0 ^ (8Xn)(f(Xn) = 0) xn =  (Xn)):

De�nition 2. [1]. The Horn formulas over language L are de�ned as follows

{ the elementary Horn formulas are de�ned as the atomic formulas of L and
the formulas of the form F1 ^ � � � ^ Fk ) G, where F1; . . . ; Fk; G are atomic,

{ every Horn formula is built form elementary Horn formulas by use of ^;8; 9.

Theorem 1. (Vaught) Let H be a Horn sentence in language LB of Boolean

algebras. If B2 j= H then B j= H.
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Let i 2 f0; 1; 2; . . . ; � � 1g, where � = 2n. Then i(1); . . . ; i(n) are the binary

digits of the number i in binary expansion and ~i = (i(1); . . . ; i(n)). Let Y =
(~yo; ~y1; ~y2; . . . ; ~y��1) and

Znxp =

0
BB@
z10 z11 z12 . . . z1; ��1
z20 z21 z22 . . . z2; ��1
...
zn0 zn1 zn2 . . . zn; ��1

1
CCA

where we write zk;i instead of zk;~i.

Corollary. Let f(Xn) = [AnyAnX
An
n , 'k(xn) = [Anzk;AnX

An (k =
1; . . . ; n) and ' = ('1; . . . ; 'n).

The formula

(3) (8Y )(8Znxp)((8Tn)f('(Tn)) = 0 ^ (8Xn)(9Tn)(f(X) = 0) Xn = '(Tn))

holds in all Boolean algebras if and only if it holds in the Boolean algebra B2.

Comment. In other words, if we have the "universal\ formulas of the general
solutions of Boolean equations in the Boolean algebra B2 (these formulas are xi =
'i(Tn) (i = 1; . . . ; n) then the same formulas are the "universal\ formulas of the
general solutions of Boolean equations in an arbitrary Boolean algebra B.

Proof. In accordance with Vaught's theorem the proof follows from the fact
that (3) is a Horn sentence.

Obviously a similar corollary holds for the reproductive solutions.

De�nition 2. Let i 2 f0; 1; 2; . . . ; � � 1g. Then Tn � i = (t
i(1)
1 ; . . . ; t

i(n)
n ).

When k < n then Tk � i = (t
i(1)
1 ; . . . ; t

i(k)
k ) where i(1); . . . ; i(k) are the �rst k

components of the vector ~i = (i(1); . . . ; i(n)).

Example 1. For s = 4 we have T4 � 3 = (t01; t
0
2; t

1
3; t

1
n) = (�t1; �t2; t3; t4), because

(3)10 = (0011)2.

Lemma 1. Let f : Bn ! B be a Boolean function. Then

f(Tn � i) = [Anf(An � i)T
An
n (i = 0; 1; 2; . . . ; 2n � 1):

Proof. Since the last formula is an atomic formula it is suÆcient to prove it
in B2. The proof in B2 is obvious.

Lemma 2. Let w be a natural number and c1; c2; . . . ; c2w+1 2 B. Then

(4) �c1 [ c1�c2 [ c1c2�c3 [ � � � [ c1c2c3; . . . ; cw�1�cw = �c1 [ �c2 [ � � � [ �cw

Proof. Using the equality x0 [ xy = x0 [ y.

De�nition 3. (i) Tn;k = (tk+1; . . . ; tn) (k 2 f1; . . . ; ng)
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(ii) If R = (p1; . . . ; pr) 2 Br and Q = (q1; . . . ; qs) 2 Bs, where r + s = n,
then f(R;Q) = f(p1; . . . ; pr; q1; . . . ; qs)

(iii) P (Tn � i) = f 0(Tn � i)
Q2n�1

j=i+1 f(Tn � j)

We assume that
Qm2

i=m1
= 1 when m1 > m2.

(iv)
Q

An;k
f(Tk � p;An;k) is a product over all An;k = (ak+1; . . . ; an) 2

f0; 1gn�k and we assume that
Q

An;n f(Tk � p;An;n) = f(An � p).

Lemma 3. Let f : Bn ! B be a Boolean function. Then

(5)

2n�k�1Y
q=0

f(Tk � p; Tn;k � q) =
Y
An;k

f(Tk � p;An;k)

Proof. Since (5) is an atomic formula it is suÆcient to prove it in B2. The
proof follows from the fact that

(8Tn;k 2 f0; 1gn�k)fTn;k � 0; Tn;k � 1; . . . ; Tn;k � (2
n�k � 1)g = f0; 1gn�k:

Theorem 3. Let f : Bn ! B be a Boolean function and assume that the

equation f(Xn) = 0 is consistent. Let i1; . . . ; i� (� = 2n) be a sequence of natural

numbers such that fi1; . . . ; i�g = f0; 1; 2; . . . ; � � 1g. Then

(a) Xn = f 0(Tn � i1)(Tn � i1) [ f(Tn � i1)f
0(Tn � i2)(Tn � i2) [ . . .

(6) [f(Tn � i1)f(Tn � i2) . . . f(Tn � i��2)f
0(Tn � i��1)(Tn � i��1)

[f(Tn � i1)f(Tn � i2) . . . f(Tn � i��2)f(Tn � i��1)f
0(Tn � i�)(Tn � i�)

or in scalar form

xk = [An(a
i1(k)
k f 0(An � i1) [ a

i2(k)
k f(An � i1)f

0(An � i2) [ . . .

(7) [i��1(k)ak
f(An � i1)f(An � i2) . . . f(An � i��2)f

0(An � i��1)

[i�(k)ak
f(An � i1)f(An � i2) . . . f(An � i��2)f(An � i��1)f

0(An � i�))T
An
n

(k = 1; . . . ; n)

is a general solution of the equation f(Xn) = 0.

(b) If i1 = 2n � 1 then the solution (6) is reproductive

(c) For every e 2 f0; 1; 2; . . . ; � � 1g formulas (6) de�ne a general solution in

triangular form if (i1; . . . ; ip) = (~e � (2n � 1); ~e � (2n � 2); . . . ; ~e � 1; e �~0) and the

scalar form of this solution is

xk = [ak=e(k)Ak ([i2E

2k�1Y
j=i+1

Y
An;k

f((An � e) � j; An;k))

(8) (
Y
An;k

f((Ak � e) � i; An;k))
0(Tk � e)

Ak
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[[0ak 6=e(k)Ak([i2F

2k�2Y
j=i+1

Y
An;k

f(Ak � e) � j; An;k))

(
Y
An;k

f((An � e) � i; An;k))
0(Tk � e)

Ak

where

E = fiji 2 f0; 1; 2; . . . ; 2k�1g ^ i(k) = e(k)g;

F = fiji 2 f0; 1; 2; . . . ; 2k�1g ^ i(k) 6= e(k)g

and Tk�e = (t
e(1)
1 ; . . . ; t

e(k)
k ). [ak=e(k)Ak means union over all Ak = (a1; . . . ; ak) 2

f0; 1gk such that ak=e(k) and [ak 6=e(k)Ak means union over all Ak=(a1; . . . ; ak) 2

f0; 1gk such that ak 6= e(k).

Comment. If we de�ne the scalar product of two vectors U = (u1; . . . ; un) 2
Bn and V = (�; . . . ; �n) 2 Bn as U Æ V = u1�1 [ � � � [ un�n we can write formula
(6) in the form

xk = [An(K(An) Æ F (An))T
An
n

where K(An) = (a
i1(k)
k ; a

i2(k)
k ; . . . ; a

i�(k)
k ) and

F (An) = (f 0(An � i1); f(An � i1)f
0(An � i2); . . . ;

f(An � i1)f(An � i2) . . . f
0(An � i��1);

f(An � i1)f(An � i2) . . . f(An � i��1)f
0(An � i�))

Proof. In accordance with Corollary it is suÆcient to prove the theorem in
B2. Let Tn � i� be the �rst element of the sequence Tn � i1; . . . ; Tn � i� , satisfying
equation f(Xn) = 0. There exists such an element, because

(8Tn 2 f0; 1gn)fTn � i1; . . . ; Tn � i�g = f0; 1gn

and equation f(Xn) = 0 is consistent. In this case formula (6) gives Xn = Tn � i�
i.e. (6) satis�es equation f(Xn) = 0. Let Yn = (y1; . . . ; yn) 2 Bn be a particular
solution of equation f(Xn) = 0 i.e. f(Yn) = 0. Let us prove that there exists
Tn 2 Bn such that formula (6) gives Xn = Yn. Putting Tn = yn � i1 the �rst of
the unions of the right hand side of (6) becomes f 0((Yn � i1) � i1)((Yn � i1) � i1) i.e.
f 0(Yn)Yn i.e. Yn. The other elements of the union are equal to 0, because these
elements contain f(Yn).

Applying Lemma 1 to formula (6) we have

Xn =([Anf
0(An � i1)T

An
n )(Tn � i1) [ ([Anf(An � i1)T

An
n )([Anf

0(An � i2)T
An
n )

(Tn � i2) [ . . . [ ([Anf(An � i1)T
An
n )([Anf(An � i2)T

An
n ) . . .

([Anf
0(An � i��1)T

An
n )(Tn � i��1) [ ([Anf(An � i1)T

An
n )([Anf(An � i2)T

An
n ) . . .

([Anf
0(An � i�)T

An
n )(Tn � i�)
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and denoting the k-th component of Tn � im by (Tn � im)k from

TAn
n (T � im)k = ta11 � � � tann t

im(k)
k = a

im(k)
k TAn

n

we get the scalar form i.e. (7).

(b) Let i1 = 2n � 1 and f(Yn) = 0 putting Tn = Yn the �rst element of the union
of the right hand side of (6) becomes f 0(Yn)Yn i.e. Yn because Yn � (2

n � 1) = Yn.
The other elements of the union are 0.

(c) Formula (6) can be written as

Xn = [2n�1m=0 P (Tn �m)(Tn �m)

Xn = [2n�1m=0 P ((Tn � e) �m)((Tn � e) �m) (e 2 f0; 1; 2; . . . ; p� 1g)

or in scalar form

xk = [2n�1m=0 P ((Tn � e) �m)((Tn � e) �m)k

de�ne also a general solution of equation f(Xn) = 0. Let Sn = Tn � e. Obviously

(Sn � (2
n � 1); Sn � (2

n � 2); . . . ; Sn � 1; Sn � 0) =

= ((Sk � (2
k � 1); Sn;k � (2

n�k � 1)); (Sk � (2
k � 1); Sn;k � (2

n�k � 2); . . .

. . . ; (Sk � (2
k � 1); Sn;k � 0); (Sk � (2

k � 2); Sn;k � (2
n�k � 1)); (Sk � (2

k � 2);

Sn;k � (2
n�k � 2); . . . ; (Sk � (2

k � 1); Sn;k � 0); . . .

...

(Sk � 0; Sn;k � (2
n�k � 1)); (Sk � 0; Sn;k � (2

n�k � 2)); . . . ; (Sk � 0; Sn;k � 0))

and we have

xk = [2k�1i=0 [2n�k�1j=0 P (Sk � i; Sn;k � j)(Sk � i; Sn;k � j)k (k = 1; . . . ; n):

Since

(Sk � i; Sn;k � j)k = (t
e(k)
k )i(k) =

�
tk for i(k) = e(k)

�tk for i(k) 6= e(k)

we get

xk = ([i2E [2n�k�1j=0 P (Sk � i; Sn;k � j)tk [ ([i2F [2n�k�1j=0 P (Sk � i; Sn;k � j)t
0
k:

Notice

F =

�
f0; 2; 4; . . . ; 2k � 2g for e(k) = 1

f1; 3; 5; . . . ; 2k � 1g for e(k) = 0
E =

�
f1; 3; 5; . . . ; 2k � 1g for e(k) = 1

f0; 2; 4; . . . ; 2k � 2g for e(k) = 0:
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Further

[2n�k�1j=0 P (Sk � i; Sn;k � j) =

=P (Sk � i; Sn;k � 0) [ P (Sk � i; Sn;k � 1) [ � � � [ P (Sk � i; Sn;k � (2n�k � 1))

=(

2k�1Y
p=i+1

2n�k�1Y
q=0

f(Sk � p; Sn;k � q))(f
0(Sk � i; Sn;k � (2n�k � 1))[

[ f(Sk � i; Sn;k � (2n�k � 1))f 0(Sk � i; Sn;k � (2n�k � 2)) [ � � �

[ f(Sk � i; Sn;k � (2n�k � 1))f(Sk � i; Sn;k � (2n�k � 2)) � � � f 0(Sk � i; Sn;k � 0)) =

=(

2k�1Y
p=i+1

Y
An;k

f(Sk � p; An;k))(f
0(Sk � i; Sn;k � (2n�k � 1))[

[ f
0(Sk � i; Sn;k � (2n�k � 2)) [ � � � [ f

0(Sk � i; Sn;k � 0))

(using Lemma 3 and (4))

=(

2k�1Y
p=i+1

Y
An;k

f(Sk � p; An;k)) � (

2n�kY
q=0

f(Sk � i; Sn;k � q))
0

=(

2k�1Y
p=i+1

An;kf(Sk � p; An;k))(
Y
An;k

f(Sk � i; An;k))
0

(using Lemma 3).

In the following steps, we use Lemma 1, the distributive law and the well
known equalities

[ cnacnx
cn
n ([cnbcnx

cn
n ) = [cnacnX

cn
n

([cnacnX
cn
n )0 = [cna

0
cnx

cn
n )

xk = ( [i2E (

2k�1Y
p=i+1

Y
An;k

f(Sk � p; An;k)))(
Y
An;k

f(Sk � i; An;k))
0
tk[

[ [i2F (

2k�1Y
p=i+1

Y
An;k

f(Sk � p; An;k))(
Y
An;k

f(Sk � i; An;k))
0 �tk:

Let Bk = (a
e(1)
1 ; . . . ; a

e(k)
k ) i.e. Bk = Ak � e. Then

xk = ( [i2E (

2k�1Y
p=i+1

Y
An;k

([Akf(Bk � p; An;k)S
Ak
k )(

Y
An;k

([Akf(Bk � i;

An;k)S
Ak
k ))0tk [ ([i2F (

2k�1Y
p=i+1

Y
An;k

([Akf(Bk � p; An;k)S
Ak
k )))(

Y
An;k

( [Ak f(Bk � i; An;k)S
Ak
k ))0tk = f[Ak [i2E (

2k�1Y
p=i+1

Y
An;k

f(Bk � p; An;k)g
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f [Ak (
Y
An;k

f(Bk � i; An;k)S
Ak
k )0gtk [ f[Ak [i2F

2k�1Y
p=i+1

Y
An;k

f(Bk � p; An;k)g

f [Ak (
Y
An;k

f(Bk � i; An;k)S
Ak
k )0g �tk = f[Ak ([i2E

2k�1Y
p=i+1

Y
An;k

f(Bk � p; An;k))

(
Y
An;k

f(Bk � i; An;k))
0
S
Ak
k gtk [ f[Ak ([i2F

2k�1Y
p=i+1

Y
An;k

f(Bk � p; An;k))

(
Y
An;k

f(Bk � i; An;k))
0
S
Ak
k g �tk = f[Ak ([a(k)=e(k);i2E

2k�1Y
p=i+1

Y
An;k

f(Bk � p; An;k))

(
Y
An;k

f(Bk � i; An;k))
0(Tk � e)

Akgtk [ f[Ak ([a(k) 6=e(k);i2F

2k�1Y
p=i+1

Y
An;k

f(Bk � p; An;k))

(
Y
An;k

f(Bk � i; An;k))
0(Tk � e)

Akg �tk

i.e. (8).

Example 2. The program gives the following result for n = 3 and
(i1; i2; i3; i4; i5; i6; i7; i8) = (6; 1; 0; 7; 3; 5; 4; 2).

X1 =

T3��000

pr 6; 1;
pr 7; 1; � � �;
pr 4; 1; � � �; � � �; 0;

1; � � �; � � �; 0; � � �; 2; 3;

T3��001

pr 7; 0;
pr 6; 0; � � �;
pr 5; 0; � � �; � � �; 1;

0; � � �; � � �; 1; � � �; 3; 2;

T3��010

pr 4; 3;
pr 5; 3; � � �;
pr 6; 3; � � �; � � �; 2;

3; � � �; � � �; 2; � � �; 0; 1;
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T3��011

pr 5; 2;
pr 4; 2; � � �;
pr 7; 2; � � �; � � �; 3;

2; � � �; � � �; 3; � � �; 1; 0;

T3��100

pr 5;
pr 4; � � �; 2; 3;
pr 6; � � �; 2; 3; � � �; 0;
pr 7; � � �; 2; 3; � � �; 0; � � �;

T3��101

pr 4;
pr 5; � � �; 3; 2;
pr 7; � � �; 3; 2; � � �; 1;
pr 6; � � �; 3; 2; � � �; 1; � � �;

T3��110

pr 7;
pr 6; � � �; 0; 1;
pr 4; � � �; 0; 1; � � �; 2;
pr 5; � � �; 0; 1; � � �; 2; � � �;

T3��111

pr 6;
pr 7; � � �; 1; 0;
pr 5; � � �; 1; 0; � � �; 3;
pr 4; � � �; 1; 0; � � �; 3; � � �;

X2 =

T3��000

pr 6; 1;
pr 7; 1; � � �;
pr 2; 1; � � �; � � �; 0; 4;
pr 3; 1; � � �; � � �; 0; 4; � � �;

T3��001

pr 7; 0;
pr 6; 0; � � �;
pr 3; 0; � � �; � � �; 1; 5;
pr 2; 0; � � �; � � �; 1; 5; � � �;
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T3��010

pr 3;
pr 2; � � �; 4; 5;
pr 6; � � �; 4; 5; � � �;
� � �; 4; 5; � � �; � � �; 0; 1;

T3��011

pr 2;
pr 3; � � �; 5; 4;
pr 7; � � �; 5; 4; � � �;
� � �; 4; 5; � � �; � � �; 1; 0;

T3��100

pr 2; 5;
pr 3; 5; � � �;
pr 6; 5; � � �; � � �; 4; 0;
pr 7; 5; � � �; � � �; 4; 0; � � �;

T3��101

pr 3; 4;
pr 2; 4; � � �;
pr 7; 4; � � �; � � �; 5; 1;
pr 6; 4; � � �; � � �; 5; 1; � � �;

T3��110

pr 7;
pr 6; � � �; 0; 1;
pr 2; � � �; 0; 1; � � �;
� � �; 0; 1; � � �; � � �; 4; 5;

T3��111

pr 6;
pr 7; � � �; 1; 0;
pr 3; � � �; 1; 0; � � �;
� � �; 1; 0; � � �; � � �; 4; 5;

X3 =

T3��000

pr 1;
pr 7; � � �; 6;
pr 3; � � �; 6; � � �; 0; 5; 2;
� � �; 6; � � �; 0; 5; 2; � � �;
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T3��001

pr 7; 0;
pr 1; 0; � � �; 6;
pr 5; 0; � � �; 6; � � �;
pr 3; 0; � � �; 6; � � �; � � �;

T3��010

pr 3;
pr 5; � � �; 4;
pr 1; � � �; 4; � � �; 2; 6; 0;
� � �; 4; � � �; 2; 6; 0; � � �;

T3��011

pr 5; 2;
pr 3; 2; � � �; 4;
pr 7; 2; � � �; 4; � � �;
pr 1; 2; � � �; 4; � � �; � � �;

T3��100

pr 5;
pr 3; � � �; 2;
pr 7; � � �; 2; � � �; 4; 0; 6;
� � �; 2; � � �; 4; 0; 6; � � �;

T3��101

pr 3; 4;
pr 5; 4; � � �; 2;
pr 1; 4; � � �; 2; � � �;
pr 7; 4; � � �; 2; � � �; � � �;

T3��110

pr 7;
pr 1; � � �; 0;
pr 5; � � �; 0; � � �; 6; 2; 4;
� � �; 0; � � �; 6; 2; 4; � � �;

T3��111

pr 1; 6;
pr 7; 6; � � �; 0;
pr 3; 6; � � �; 0; � � �;
pr 5; 6; � � �; 0; � � �; � � �;

Instead of T
(a;... ;an)
n in (7) we print Tn expa1 . . . an. The output after

Tn exp a1 . . . an means the union of the products where f 0(m1)f(m2) . . . f(mr)
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is coded as pr m1;m2; . . . ;mr and ms is the vector (ms(1); . . . ;ms(n)), where
ms(1); . . . ;ms(n) are the binary digits of the number ms in binary expansion. For
instance, pr 6; � � �; 0; 1 means f 0(6)f(0)f(1) i.e. f 0(1; 1; 0)f(0; 0; 0)f(0; 0; 1). The
marks � � � have no importance.

We conclude from Theorem 3 that we can get the formulas of 2n! general
solutions, the formulas of (2n� 1)! general reproductive solutions and the formulas
of 2n general solutions in the triangular form.

The computer results suggest that for (i1; . . . ; i�) = (2n � 1; 2n � 2; . . . ; 1; 0)
the formulas (6) are the same as the formulas obtained by the method of successive
eliminations.
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