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THE FORMULAS OF THE GENERAL REPRODUCTIVE SOLUTION

OF AN EQUATION IN BOOLEAN RING WITH UNIT

Dragi�c Bankovi�c

Abstract. We explicitly give the formulas of the general reproductive solution of an
equation in Boolean ring with unit. In accordance with the equivalence between Boolean algebras
and Boolean rings with unit (Theorem 1) we use Vaught's theorem 2 and solve the equation in
f0; 1g. We allso use Presi�c's formula of the general reproductive solution of the equation in the
�nite set.

We use in this paper the operations + and �, where + is the operation of
Boolean ring and is the addition in the set of natural numbers.

Theorem 1. [4] Let (B;[; �;0 ; 0; 1) be a Boolean algebra and n a natural

number. A mapping f : Bn ! B is a Boolean function if and only if it is a

polinomial of the ring (B;+; �; 0; 1).

De�nition 1. Let f : Bn ! B be a Boolean function. The system  =
( 1; . . . ;  n) of Boolean functions  1; . . . ;  n : Bn ! B de�nes the general repro-
ductive solution of the consistent equation f(X) = 0; (X = (x1; . . . ; xn) 2 Bn) if
and only if

(1) (8X)f( (X)) = 0 ^ (8X)(f(X) = 0) X =  (X)):

De�nition 2. Horn formulas over language L are de�ned as follows:

| elementary Horn formulas are de�ned as the atomic formulas of L and the
formulas of the form F1 ^ � � � ^ Fn ) G, where F1; . . .Fn; G are atomic;

| every Horn formula is built from elementary Horn formulas using ^, 8, 9.

Theorem 2. (Vaught, see e.g. [2]) Let H be a Horn sentence in the language

LB of Boolean algebras. If B2 � H then B � H.

Corollary. Let T = (t1; . . . ; tn) 2 Bn. If X =  (T ) is the general repro-

ductive solution of the Boolean equation f(X) = 0 in B2, then x =  (T ) is the

general reproductive solution of f(X) = 0 in B.

AMS Subject Classi�cation (1980): Primary 06E20, 03G05.



30 Bankovi�c

Proof. Using Vaught's theorem, because the sentence "X =  (T ) is the gen-
eral reproductive solution of f(X) = 0" can be written as Horn sentence

(8X)f( (X)) = 0 ^ (8X)(f(X) = 0)  (X)):

Theorem 3 (Pre�si�c [3]). Let 0 2 E and J : S ! E, where S = fs1; . . . ; skg.
Let J(x) = 0 be the consistent equation and Cq be a cycle of q 2 S, i.e.

fq; Cq(q); C
2
q (q); . . . ; C

k�1
q (q)g = S. Let � and Æ be binary operations on S [ E

satisfying

0 Æ e = e Æ 0 = 0 Æ 0 = 0, e Æ e = e, 0 Æ q = 0, e Æ q = q, q � 0 = 0 � q = q, 0 � 0 = 0
(q 2 S, e 2 E) and let and be functions from E into E de�ned by

y = e for y = 0; y = 0 for y = 0;

y = 0 for y 6= 0; y = e for y 6= 0:

Then the general reproductive solution of J(x) = 0 is de�ned by the following

formula

x = J(q) Æ q � J(q) Æ J(Cq(q)) Æ Cq(q) � . . .

� J(q) Æ J(Cq(q)) Æ � � � Æ J(C
k�3
q (q)) Æ J(Ck�2

q (q)) Æ Ck�2
q (q)�

� J(q) Æ J(Cq(q)) Æ � � � Æ J(C
k�2
q (q)) Æ Ck�1

q (q):

De�nition 3. Let k1; . . . ; kn be the binary digits of the number

k 2 f0; 1; 2; . . . ; 2n � 1g

in the binary numeration, i.e.

(k1 . . . kn)2 = (k)10 2 f0; 1; 2; . . . ; 2
n � 1g:

If T = (t1; . . . ; tn) 2 B
n then

T � k
def
= (t1 + k1; . . . ; tn + kn):

Example 1. For n = 4 we have

T � 3 = (t1 + 0; t2 + 0; t3 + 1; t4 + 1) = (t1; t2; t3 + 1; t4 + 1);

since (3)10 = (0011)2.

De�nition 4. Let (k1 . . . kn)2 = (k)10 2 f0; 1; 2; . . . ; 2n � 1g and N =
f1; . . . ; ng.

kQ
def
= kq1 . . . kqs ; where Q = fq1; . . . ; qsg � N

D(k)
def
= fi j ki = 1 ^ i 2 Ng:

Note that k� = 1, because
Q

x2� x = 1.



The formulas of the general reproductive solution of an equation in Boolean ring . . . 31

Proposition. Let f : Bn ! B be a Boolean function and
P

S�N aS
Q
i2S ti

be the canonical polinomial form of the function f , where N = f1; . . . ; ng.
Then

f(T � k) =
X
R�N

0
@X
S�R

aS
Y

h2S=R

kh

1
AY

j2R

tj

where (k1 . . . kn)2 = (k)10 2 f0; 1; 2; . . . ; 2
n � 1g.

Proof.

f(T � k) =
X
S�N

aS
Y
i2S

(ti + ki) =

=
X
S�N

aS

0
@X
R�S

Y
j2R

tj
Y

h2S=R

kh

1
A =

=
X
R�N

0
@X
S�R

aS
Y

h2S=R

kh

1
AY

j2R

tj : �

Lemma. Let f(T ) =
P

S�N aS
Q

i2S ti be the canonical polinomial form of

Boolean function f : Bn ! B. Then

f(T )f(T � 1)f(T � 2) . . . f(T � p) =

=
X
V�N

0
@ X
V�[p

i=0
Si

aS0aS1 . . . aSp
X
p

1

1
AY

j2V

tj(2)

for p 2 f0; 1; 2; . . . ; 2n � 2g, where
P

p means the sum over all (L0; L1; . . . ; Lp) 2

Np�1 satisfying the conditions

(a) Lj � Sj \D(j); j = 0; 1; . . . ; p

(b) [pi=0(SinLi) = V .

Proof.

f(T )f(T � 1)f(T � 2) . . . f(T � p) =

=

 X
S�N

aS
Y
i2S

ti

! X
S�N

aS
Y
i2S

(t1 + 1i)

!
. . .

 X
S�N

aS
Y
i2S

(ti + pi)

!

=
X

S0;S1;...;Sp�N

aS0

Y
i2S0

tiaS1

Y
i2S1

(ti + 1i) . . . aSp
Y
i2Sp

(ti + pi)

=
X

S0;S1;...;Sp�N

aS0aS1 . . . aSp
X

V�[p
i=0

Si

 X
pp

0L01L1 . . . pLp

!Y
j2V

tj

(
P

pp means the sum over all (L0; L1; . . . ; Lp) 2 N
p�1 satisfying the conditions

(c) Lj � Sj ; j = 0; 1; . . . ; p
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(d) [pi=0(SinLi) = V )

=
P

V�N

P
V�[p

i=0
Si
aS0 . . .aSp(

P
pp 0L01L1 . . . pLp)

Q
j2V tj .

0L01L1 . . . pLp = 1 if and only if

(e) Lj � D(j); j = 0; 1; . . . ; p

so we get (2), because the conditions (c) and (e) are equivalent to (a). �

Theorem 4. Let f(X) =
P

S�N aS
Q
i2S xi be the canonical polynomial form

of Boolean function f : Bn ! B. Let

(3)
X
S�N

aS
Y
i2S

xi = 0

be the consistent equation. The formulas

(4) xi = ti +
X
V�N

 
2n�2X
k=0

C(V; k)(ki + (k � 1)i)

! Y
j2V

tj (i = 1; . . . ; n)

are the general reproductive solution of the equation (3) where

(5) C(V; k) =
X

[kq=0Sq�V

aS0aS1 . . . aSk
X
k

1

and
P

k is the sum over all (L0; L1; . . .Lk) 2 N
k�1 satis�ng the conditions

(i) Lj � Sj [D(j) (j = 0; 1; . . . ; k)

(ii) [ki=0(SinLi) = V .

Proof. In accordance with Theorem 1 and Corollary it is suÆcient to prove
the theorem in B2. We form the cycle for all T = (t1; . . . ; tn) 2 f0; 1gn in the
following way

T; T � 1; T � 2; . . . ; T � (2n � 1):

It is obvious that

fT; T � 1; T � 2; . . . ; T � (2n � 1)g = f0; 1gn

for arbitrary T 2 f0; 1gn.

Introducing
y = y and y = y + 1

we get, by Theorem 2, the general reproductive solutions of the equation (3) in the
form

X = (f(T ) + 1)T + f(T )(f(T � 1) + 1)(T � 1)+

+ f(T )f(T � 1)(f(T � 2) + 1)(T � 2) + � � �+

+ f(T )f(T � 1) . . . f(T � (2n � 3))(f(T � (2n � 2)) + 1)(T � (2n � 2))

+ f(T )f(T � 1) . . . f(T � (2n � 3))f(T � (2n � 2))(T � (2n � 1))
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or in the scalar form

xi=(f(T ) + 1)ti + f(T )(f(T � 1) + 1)(ti + li)+

+f(T )f(T � 1)(f(T � 2) + 1)(ti + 2i) + � � �+

+f(T )f(T � 1) . . . f(T � (2n � 3))(f(T � (2n � 2)) + 1)(ti + (2n � 2)i)+

+f(T )f(T � 1) . . . f(T � (2n � 2))f(T � (2n � 2))(ti + (2n � 1)i)

(i = 1; . . . ; n)

i.e.

xi = ti(f(T ) + 1 + f(T )(f(T � 1) + 1) + f(T )f(T � 1)(f(T � 2) + 1) + . . .

+ f(T )f(T � 1) . . . f(T � (2n � 3))(f(T � (2n � 2)) + 1)+

+ f(T )f(T � 1) . . . f(T � (2n � 3))f(T � (2n � 3))f(T � (2n � 2))) =

= f(T )(f(T � 1) + 1)1i + f(T )f(T � 1)(f(T � 2) + 1)2i + . . .+

+ f(T )f(T � 1) . . . f(T � (2n � 3))(f(T � (2n � 2)) + 1)(2n � 2)i+

+ f(T )f(T � 1) . . . f(T � (2n � 3))f(T � (2n � 2))(2n � 2)i;

(i = 1; . . . ; n):

Multiplying and using the equality a+ a = 0 we get

xi = ti + f(T )1i + f(T )f(T )f(T � 1)(1i + 2i) + . . . +

+ f(T )f(T � 1) . . . f(T � (2n � 3))((2n � 3)i + (2n � 2)i)+

+ f(T )f(T � 1) . . . f(T � (2n � 2))((2n � 2)i + (2n � 1)i);

(i = 1; . . . ; n):

The last equalities can be written as

xi = ti +
2n�2X
k=0

 
kY

m=0

f(T �m)

!
(ki + (k � 1)i);

(i = 1; . . . ; n):

Using Lemma we can write

kY
m=0

f(T �m) =
X
V�N

C(V; k)
Y
j2V

tj

where C(V; k) is given by (5). Hence

xi = ti +

2n�2X
k=0

0
@X
V�N

C(V; k)
Y
j2V

tj

1
A (ki + (k � 1)i);

i.e.

xi = ti +
X
V�N

 X
V�N

 
2n�2X
k=0

C(V; k)(ki + (k � 1)i

!!Y
j2V

tj : �
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Example 2. Solve the equation a12x1x2 + a1x1 + a2x2 + a0 = 0.

Performing the necessery procedure on a digital computer we get

C(�; 0) = a0; C(�; 1) = a0 + a0a2; C(�; 2) = a0 + a0a1 + a0a2 + a0a1a2;

C(f1g; 0) = a1; C(f1g; 1) = a1 + a1a2 + a0a12 + a1a12;

C(f1g; 2) = a0a12 + a0a1a12;

C(f2g; 0) = a2; C(f2g; 1) = 0; C(f2g; 2) = a0a12 + a0a2a12
C(f1; 2g; 0) = a12; C(f1; 2g; 1) = 0; C(f1; 2g; 2) = a0a12 + a1a2a12:

Using the formulas (3) we have

xi = ti + (C(�; 0)(0i + 1i) + C(�; 1)(1i + 2i) + C(�; 2)(2i + 3i))

+ (C(f1g; 0)(0i + 1i) + C(f1g; 1)(1i + 2i) + C(f1g; 2)(2i + 3i))t1

+ (C(f2g; 0)(0i + 1i) + C(f2g; 1)(1i + 2i) + C(f2g; 0)(2i + 3i))t2

+ (C(f1; 2g; 0)(0i + 1i) + C(f1; 2g; 1)(1i + 2i) + C(f1; 2g; 2)(2i + 3i))t1t2

(i = 1; 2)

i.e.

x1 = t1 + C(�; 1) + C(f1g; 1)t1 + C(f2g; 1)t2 + C(f1; 2g; 1)t1t2 =

= t1 + a0 + a0a2 + (a1 + a1a2 + a1a12 + a0a12)t1 =

= a0 + a0a2 + (1 + a1 + a2 + a1a12 + a0a12)t1

x2 = t2 + C(�; 0) + C(�; 1) + C(�; 2) + (C(f1g; 0) + C(f1g; 1) + C(f1g; 2))t1+

+ (C(f2g; 0) + C(f2g; 1) + C(f2g; 2))t2+

+ (C(f1; 2g; 0) + C(f1; 2g; 1) + C(f1; 2g; 2))t1t2 =

= t2 + a0 + a0 + a0a2 + a0a1 + a0a2 + a0a1a2+

+ (a1 + a1 + a1a2 + a0a12 + a1a12 + a0a12 + a0a1a12)t1+

+ (a2 + a0a12 + a0a2a12)t2 + (a12 + a0a12 + a1a2a12)t1t2 =

= a0 + a0a1 + a0a1a2 + (a1a2 + a1a12 + a0a1a12)t1+

+ (1 + a2 + a0a12 + a0a2a12)t2 + (a12 + a0a12 + a1a2a12)t1t2:
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