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ON APPROXIMATION OF INTEGRABLE FUNCTIONS

BY MODIFIED BERNSTEIN POLYNOMIALS

Suresh Prasad Singh

Abstract. We introduce a class of positive linear operators de�ned for functions integrable
on the simplex � = f(x1; x2) : x1 � 0; x2 � 0; x1 + x2 � 1g and study some approximations
theorems on it.

1. Introduction. Recently Derriennic [2] gave some results on approxima-
tions of a function f integrable on [0,1] by the modi�ed Bernstein polynomials of
order n de�ned by

(Bnf)(x) = (n+ 1)
nX

k=0

Pnk(x)

Z 1

0

Pnk(t)f(t)dt; (1.1)

Pnk(x) =

�
n

k

�
xk(1� x)n�k:

Denoting by X = X(x1; x2), a point in the simplex � = f(x1; x2) : x1 � 0; x2 �
0; x1+x2 �g and writing f(V ) for f(v1; v2), we de�ne a new class of positive linear
operators of order n by

(Lnf)(X) =
(n+ 2)!

n!

nX
k=0

n�kX
l=0

pnkl(X)

ZZ
�

pnkl(V )dv1dv2; (1.2)

where pnkl(X) =
�
n
k

��
n�k
l

�
xk1x

l
2(1 � x1 � x2)

n�k�l. In this paper we prove some
results on approximation of a function f integrable on the simplex � by the poly-
nomials (1.2).

2. Basic Propositions. Proposition 1. For n � 1, (p; q = O; 1; 2 . . . ),
one obtains

(Lnv
p
1v

q
2)(X) =

(n� 2)!

(n+ p+ g + 2)!

pX
r=0

�
p!

r

�
xr1

"
qX

l=0

�
q

l

�
q!

l!
xl2 . . .

n!

(n� r � l)!

#
:
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In particular we get

(Lnl)(X) = 1; (Lnvi)(X) = (l + nxi)=(n+ 3)

(Lnv
2
i )(X) = (2 + 4nxi + n(n� 1)x2i )=(n+ 3)(n+ 4); (i = 1; 2): (2.3)

Proof. From de�nition (l.2), we get

I = (Lnv
p
1v

q
2(X) =

(n+ 2)!

n!

nX
k=0

n�kX
l=0

pnkl(X)

ZZ
�

pnkl(V )vp1v
q
2dv1dv2

(n+ 2)!

n!

nX
k=0

n�kX
l=0

pnkl(X)
n!

k!l!(n� k � l)!

ZZ
�

vk+p
1 vl+q

2 (1� v1 � v2)
n�k�ldv1dv2

Now the transformation v1 = t1t2, v2 = t1(1� t2), so that

dv1; dv2 = j@(v1; v2)=@(t1; t2)jdt1dt2
reduces I to

I =
(n+ 2)!

(n+ p+ q + 2)!

nX
k=0

n�kX
l=0

pnkl(X)
n!

k!(n� k � l)l!
�

�
Z 1

0

Z 1

0

tk+l+p+q+1
1 (1� t1)

n�k�ldt1t
k+p
2 (1� t2)

k+qdt2;

=
(n+ 2)!

(n+ p+ q + 2)!

nX
k=0

n�kX
l=0

pnkl(X)
(k + p)!(l + q)!

k!q!
;

= ((n+ 2)!=(n+ p+ q + 2)!)S (say)

(2.4)

Now we use the expression

(@p+q=@xp1@x
q
2)x

p
1x

q
2(x1 + x2 + y)n (2.5)

to evaluate (2.4) Clearly

(@p+q=@xp1@x
q
2))x

p
1x

q
2(x1 + x2 + y)n

=
nX

k=0

�
n

k

�
xk1

(k + p)!

k!

h @q
@xq2

fxq2(x2 + y)n�kg
i

(2.6)

=

nX
k=0

�
n

k

�
xk1

(k + p)!

k!

n�kX
l=0

�
n� k

l

�
xl2y

n�k�l (l + q)!

l!
:

Again di�erentiating (2.5) by Leibnitz theorem, we get

(@p+q=@xp1@x
q
2))x

p
1x

q
2(x1 + x2 + y)n

=

pX
r=0

�
p

r

�
p!

r!
xr1

n!

(n� r)!

n @q

@xq2
xq2(x1 + x2 + y)n�r

o

=

pX
r=0

�
p

r

�
p!

r!
xr1

n!

(n� r)!

"
qX

l=0

�
q

l

�
q!

l!
xl2

(n� r)!

(n� r � 0)!
(x1 + x2 + y)n�r�l

� (2.7)
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Now putting y = l�x1�x2 in the expressions (2.6) and (2.7) and thus putting
the value of S in (2.4), we get the required result.

Proposition 2. For n � 1 and i; j 2 f1; 2g we have

Ln(vi � xi)(X) = 1� 3xi=(n+ 3); (2.8)

Ln(vi � xi)
2(X) = 2nxi(1� xi)=(n+ 3)(n+ 4) +O(n�2); (2.9)

Ln(vi � xi)(vj � xj)(X) = �2xixjn=(n+ 3)(n+ 4) +O(n�2); i 6= j
(2.10)

Ln(vi � xi)
2(vj � xj)(X) = O(n�2); i 6= j (2.11)

Ln(vi � xi)
4(X) = O(n�2) (2.12)

Proof. Applying (2.1), by easy calculations we get the results (2.8) to (2.12).

Proposition 3. For n � 1 and X 2 �, we have

Ln

 
2X

i=1

(vi � xi)
2

!
(X) � max(8; n+ 2)

(n+ 3)(n+ 4)
= Cn (say) (2.1.3)

Proof. We get from (2.3) that

Ln

 
2X

i=1

(vi � vi)
2

!
(X)

= [(2n� 8)fx1(1� x1) + x2(1� x2)g+ 4(1 + x21 + x22)]=(n+ 3)(n+ 4);

= T=(n+ 3)(n+ 4)

(2.14)

The maximum of the expression T on the simplex � for n � 6 occurs at
(1=2; 1=2) and it is (n+ 2). The maximum value of T for 1 � n < 6 is 8.

3. Main Results. Theorem 1. If f is an integrable and bounded function

on the simplex � which has continuous derivatives up to the second order at a point

X 2 �, then

lim
n!1

nf(Lnf)(X)� f(X)g =
2X

i=1

f(1� 3xi)f
0
i + xi(1� xi)f 00i g � 2x1x2f

00
x1x2 : (3.1)

Proof. Using Taylors's formula [3] for two variables, we write

f(V = f(X) +
2X

i=1

(vi � xi)f
0
i+ (3.2)

+ (1=2)
2X

i;j=1

(vi � xi)(vi � xj)ff 0ij + �i;j((vi � xi)(vi � xj); (vj � xj))g;
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where �i;j(0; 0) = 0; �i;j are integrable and bounded functions on the simplex �.
Consequently for each " > 0, there exist positive numbers Æ1 and Æj such that
j�i(vi � xi; vj � xj)j < " when ever jvi � xij < Æi, jvi � xj j < Æj , 1 � i; j � 2.
Because of the boundedness of �i;j on �, it follows that there exists M > 0 such
that j�i;j(vi � xi; vj � xj)j < M , 1 � i; j � 2. Now for every Æi > 0, we de�ne the
function �Æl(vl) by

�Æl(vl) = 1; when jvl � xlj � Æl

= 0; when jvl � xlj < Æl

Thus for all (vi; vi) 2 �, the inequalities

j�i;j(vi � xi; vj � xj) � "+M�Æi(vi) +M�Æi(vi); (1 � i; j � 2) (3.3)

hold. Now in view of (2.8) to (2.12), (3.2) and (3.3) we get

(Lnf)(X) = f(X) +

2X
i=1

f(1� 3xi)f
0
i + xi(1� xi)f

00
i g � 2x1x2f

00
x1x2 +En(x1; x2);

where

En(x1; x2) =
(n+ 2)!

2n!

nX
k=0

n�kX
l=0

pnkl(X)�

�
ZZ
�

pnkl(V )

( X
1�i;j�2

(vi � xi)(vi � xj)�i;j(vI � xi; vj � xj)

)
dv1dv2:

It remains to show that jnEnj ! 0 as n!1. Clearly

jnEn(x1; x2)j � (n=2)Ln["(v1 � x1)
2 + "(v2 � x2)

2 + 2M(v1 � x1)
4Æ�21 +

+ 2M(v2 � x2)
4Æ�22 + 2(v1 � x1)(v2 � x2)f"+ (v1 � x1)

2Æ�21 +

+ (v2 � x2)
2Æ�22 g](X):

Choosing Æ1 = Æ2 = n�1=4 and taking the limit as n ! 1, we get
jnEn(x1; x2)j � 2". Since " is arbitrary, we have jnEnj ! 0 as n!1.

Theorem 2. Let f be continuous in � and !(f ; 1=
p
n) be its modulus of

continuity. Then for n � 1:

sup
X2�

j(Lnf)(X)� f(X)j � (1 + nCn) � !(f ;n�l=2); (3.4)

where Cn is given in (2.13).

Proof. We know that

(Lnf)(X)� f(X) =
(n+ 2)!

2n!

nX
k=0

n�kX
l=0

pnkl(X)

ZZ
�

pnkl(V )ff(V )� f(X)gdv1dv1:
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Using the inequality

!(f ; Æ) = sup jf(V )� f(X)j; Æ > 0;
p
(v1 � x1)2 + (v2 � x2)2 � Æ

we get

j(Lnf)(X)� f(X)j � !(f ; Æ)

(
(Ln1)(X) + Æ�2Ln

 
2X

i=1

(vi � xi)
2

!
(X)

)
:

Taking Æ = n and using (2.13), we get the required result.

it Remark. The result (3.4) can be obtained directly from Proposition 3 and
Theorem 1 due to Censor [1].
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de Bernstein modi�es, J. Aprox. Theory 31 (1981), 325{343.

[3] F. Schurer, On the approximation of functions of many variables with linear positive op-
erators, Indag. Math. 25 (1963), 313{327.

Department of Mathematics (Received 18 12 1984)
Garhwal University, Sprinagar (Revised 27 12 1986)
U.P., India, 246174.


