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ON CERTAIN CONDITIONS WHICH REDUCE

A FINSLER SPACE OF SCALAR CURVATURE TO

A RIEMANNIAN SPACE OF CONSTANT CURVATURE

B.B. Sinha and A.S. Matharoo

Abstract. We give certain conditions which reduce a Finsler space of scalar curvature to
a Riemannian space of constant curvature.

1. Preliminaries. Let Fn be an n-dimensional Finsler space with the
fundamental functional L(x; y), the positive de�nite metric tensor gij = 1=2 _Æi _ÆjL

2

and the angular metric tensor hij = gij � lilj , where li = _ÆiL, _Æi = Æ=Æyi.

For a Cartan connection C�, h-and �-covariant derivatives of a �nsler tensor
�eld X i

j are denoted by X i
jjk and X i

j k

�
� . The h-, h�- and �-curvature tensors of C�

are Ri
hjk , P

i
hjk and Si

hjk and the (�) h-, (h) h�- and (�) h�-torsion tensors of C�

are Ri
jk , C

i
jk and P

i
jk respectively. On the otherhand H i

hjk and H
i
jk are h-curvature

tensors and (�) h- torsion, tensors of Berwald connection B� respectively.

The following relations are well known [4]:

Hh
ijk = _ÆiH

h
jk(1.1)

Pijk = Cijkjo;(1.2)

where the index o stands for transvection by y and Cijk = 1=2 _Ækgij

H i
jk = H i

ojk = Ri
jk = Ri

ojk;(1.3)

Hh
ijk = Rh

ijk � Ch
irR

r
jk + fP h

ijjk � P h
jrP

r
ki � j j kg:(1.4)

where j j k means interchange of indices j, k in the foregoing terms.

A hypersurface of Fn de�ned by the equation L(x; y) = 1, where the point
x = (xi) is �xed and yi are variables, is called indicatrix. We denote by p� the
projection of the tensor of the Finsler spaces on the indicatrix. For example, the
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projection of the tensor T i
j of type (1,1) of Fn on the indicatrix is p � T i

j = hiaT
a
b h

b
j ,

where hia = Æia � lila, l
i = gij lj = L�1yi. A tensor T satisfying p � T = T is called

an indicatric tensor. We have

(1.5)
a) p � li = p � li = 0; b) p � Æij = hij ;

c) p � _Ækh
i
j = p � hij k

�
� = 0; d) p � _Ækhij = 2Cijk

2. A Finsler space of scalar curvature. A Finsler space of scalar
curvature is characterized by [6] any one of the following equations:

H i
jk = L(Klj +Kj=3)h

i
k � j j k;(2.1a)

H i
hjk = [flh(Klj +Kj=3) +Khhj + 2Khlj=3 +Khj=3gh

i
k

+ li(Klk +Kk=3)hhj + hihljKk=3]� j j k(2.1b)

where Kk = L _ÆkK, Khj = Lp � _ÆhKj = Kjh. Specially, if the scalar K is constant,
then the space is called a Finsler space of constant curvature.

Proposition 2.1. A Finsler space Fn(n � 3) of scalar curvature K satis�es

(2.2) Kijk +Kihjk � i j j = 0;

where Kijk = Lp � _ÆiKjk.

Proof. From (1.5) and (2.1b), we have

Lp � _ÆmH
i
hjk = (hhmKj=3 +Kmhhj + 2LKChjm + 2Khhjm=3 +Kmhj=3)h

i
k

+ himKkhhj=3 + hihhjmKk=3� j j k

Considering the skew-symmetric parp of the above equation in the indices h
and m and using the fact _ÆmH

i
hjk = _ÆhH

i
mjk , we get

[(Kmhhj + 2Khhjm=3 +Kmhj=3)h
i
k � j j k]� h j m = 0

which is simpli�ed as

(2.3) [(Kmhhj +Kmhj)h
i
k � j j k]� h j m = 0

Contracting (2.3) in indices i and k, we get (2.2).

Remark 2.1. Proposition 2.1. and the de�nition of Kj , Khj and Kijk imply
that when any one of them is zero, then the other two are automatically zero.
Kj = 0 means that K is independent of y. Thus K is constant (Matsumoto [4,
Prop. 26.1]). If for a Finsler space Fn of scalar curvature any one of the tensors
Ki, Khj and Kijk vanishes, Fn is of constant curvature.

Proposition 2.2. A Finsler space Fn of scalar curvature K with Phijj0 = 0
satis�es

(2.4) hih(3KKjm �KjKm) + hjh(3KKim �KiKm)� h j m = 0



On certain conditions which reduce a Finsler space of scalar curvature . . . 177

Proof. A Finsler space Fn of scalar curvature K satis�es [7]

(2.5) L�1Phijj0 + LKChij + (Khhij +Kihhj +Kjhhi)=3 = 0:

Since, Phijj0 = 0, (2.5) leads to

(2.6) LKChij + (Khhij +Kihhj +Kjhhi)=3 = 0:

Di�erentiating the equation above partially with respect to ym and applying
p to the resulting equation and using (1.5) we get

3LKmChij + 3L2Kp � _ÆmChij + (2LCijmKh + hijKhm + 2LCjhmKi

+ hjhKim + 2ChimKj + hhiKjm) = 0:

Considering skew symmetric part of the above equation in the indices h and m, we
get

(2.7) LChijKm + hjhKim + hhiKjm � h j m = 0:

By virtue of (2.6) and (2.7), we obtain (2.4).

A Riemannian space is characterized by [4]:

(2.8) Chij = 0:

Theorem 2.3. A Finsler space Fn of non-vanishing scalar curvature K with
Phijj0 = 0 is a Riemannian space of constant curvature if

(2.9) 3KKm
m �KmKm = 0;

where Ki
j = gimKmj, Ki = gimKm.

Proof. Transvecting (2.4) by hih = gih � lilh we get

(n� 1)(3KKjm �KjKm)� (3KKs
s �KsKs)hjm = 0

which leads to

(2.10) 3KKjm �KjKm = 0

because of (2.9).

Di�erentiating (2.10) partially with respect to yh and applying p to the re-
sulting equation, we have

(2.11) 3KhKjm + 3KKhjm �KhjKm �KjKhm = 0

Equations (2.10) and (2.11) give KmKhKj + 9K2Khjm = 0 which yields

(2.12) Khjm � h j j = 0 K 6= 0;

By virtue of (2.2) and (2.12), we get Khhjm � h j j = 0 which shows that

(2.13) Kh = 0:
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On account of remark 2.1 and equations (2.6), (2.8) and (2.13), we have the
theorem.

Corollary 2.4. A Finsler space Fn of non-vanishing constant curvature
(Kj = 0, K 6= 0) with Phijj0 = 0 is a Riemannian space of constant curvature.

Proof. Since Fn is of constant curvature, we get Kj = Khj = 0. Thus all the
conditions of theorem 2.3 are ful�lled. Hence the corollary.

The h-curvature tensor of Rund connection is de�ned as follows [4]:

(2.14) Ki
hjk = Ri

hjk � Ci
hrR

r
jk :

Theorem 2.5. A Finsler space Fn(n � 3) of non-vanishing scalar curvature
K is a Riemannian space of constant curvature if the h-curvature tensor of Berwald
and Rund coincide.

Proof. From (1.4) and (2.14), we obtain P h
ijjk � P h

jrP
r
ki � j j k = 0 which

implies Pihjjk � PjhrP
r
ki � j j k = 0. Considering symmetric part of the above

equation in i and h, we have

(2.15) Pihjjk� �j k = 0

Also from (1.4), we get

(2.16) Hihjk +Hhijk = �2CihrR
r
jk + 2(Pihjj � j j k)

Substitution of (2.15) in (2.16) gives

(2.17) Hihjk +Hhijk = �2ChirR
r
jk

By virtue of (2.1a) and (2.1b), we obtain

p �H i
jk = LKjh

i
k=3� j j k(2.18a)

p �Hhijk = (Khhj +Khj=3)hik � j j k(2.18b)

Applying indicatric projection p � on (2.17) and using (2.18a) and (2.18b) we
get

(2.19) Kijhhk +Khjhik � j j k = �2LKjChik � j j k:

Since Pihjj0 = 0 because of (2.15), using (2.5) and (2.19), we have

(2.20) (3KKij � 2KiKj)hhk + (3KKhj � 2KhKj)hik � j j k = 0

(2.4) and (2.20) lead to KiKjhhk + KhKjhik � j j k = 0. Transvecting the last
relation by hhk, we get

(2.21) (n� 1)KiKj �KmKmhij = 0
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Transvecting the relation above by KiKj , we obtain (n � 2)KmKmK
sKs = 0,

which implies KmKm = 0. Hence Ki = 0 identically. By de�nition Khj = 0 also.
Thus all the conditions of theorem 2.3 are satis�ed. Hence the Theorem.

T -tensor Thijk is de�ned by [3]

(2.22) Thijk = LChij k

�
� + lhCijk + liChjk + ljChik + lkChij :

Ikeda [2] has proved that Finsler tensor �eld ui sastis�es

(2.23) uijj0 k

�
� � uijjk � uij kj0

�
� = 0

Theorem 2.6. A Finsler space of non-vanishing scalar curvature with van-
ishing T -tensor and Phijj0 = 0 is a Riemannian space of constant curvature if
Chijjkj0 = 0.

Proof. Since T = 0, (2.2) implies

(2.24) LChijjk = �lhCijk � liChjk � ljChik � lkChih:

Di�erentiating (2.24) h-covariantly and transvecting the resulting equation by y
and using (2.23), we obtain

L(Phii k
�
� � Chijjk) = lhPijk � liPhjk � ljPhik � lkPhij

Di�erentiating the equation above h-covariantly once again and transvecting the
resulting equation by y and using (2.23), Phijj0 = 0 and Chijjhj0 = 0, we obtain

(2.25) Phijjk = 0:

From (2.15) { (2.21) and (2.25) we have Ki = 0 and consequently Khj = 0.

Thus the theorem follows in light of Theorem 2.3.
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