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HEJIMHENHLIE YPABHEHUS B
TMJIbBBEPTOBOM INTPOCTPAHCTBE

. M. JlaBpentbeB, P. [IThenmamoBuh

Pesiome. Paccmarpusaercsa Bonpoc paspemmmvoctu ypasaenus F(z) = 0, rme F
MOHOTOHHBIM 1 (G BIIOJIHE HENPEPLIBHHLIN omepaTopbl B H.

IIycr B BemecTBeHnHOM cemapabenbHOM ruianLbeproBoM mpocrpancrse H
3azan audpepennupyemoiii no ['ato BemecrBenunii ¢yurxnmonasa f(z). Ilo-
aoxuM F(x) = grad F(z). Ilycts {H,} nocienoBaTeabHOCTh KOHEUHOMEDHBIX
nomupocrpancts H, rtakux uro H,, C H,;1 B UH,=H.

Onpedeaenue. 1. Orobpaxkenue F : H — H Ha3uBaeTcs: MOHOTOHHLIM
ecau

(Vz,y € H)((F(z) — F(y),z —y) > 0); (1)

CTPOr0 MOHOTOHHLIM, €CJK PaBeHCTBO (1) BO3MOMKHO JIMII TOTAA KOTAA T = Y.
Onpedesenue 2. Orobpaxkenue F : H — H Ha3uBaeTCs: BIOJHE HEIpe-
PLIBHLIM, €CJIM OHO HENPEPLIBHO M KOMIIAKTHO; YCHUJIEHO HENPEPLIBHLIM €C-

Ju OHO mpeobpasyer BCAKYIO Caabo CXOMAMYIOCA IMMOCIEAOBATEIMHOCTL B
CXOJANYIOCS NMOCJIEOBATEILHOCTD.

Bpayznep [1] paccmarpuBan BOOpOC paspemmMocTy ypasHenus F(z) +
G(z) =0, rae F + G monoToHHDIA u (G yCUIIEHO HENPEPLIBHLIA OmepaTop.

IIycts D ={u € H : ||u]| < R,R >0} u ORg rpanuna or Dg.

TEOPEMA 1. ITycmb euinoarems Ycao8us:
1)
2)
3) G: H — H snoane nenpepusnuil onepamop,
4) 3Ir > 0)(f(z) + (z,G(y)) > f(0), ecau x € OD, uy € Dy),

f(z) sunyxand gynryuornan na H,

F: H— H zemunenpepvienblli onepamop,

~ N/~
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(5) (Fk > 0)(Va,y € H)([|G(x) — Gy)ll < klIF(z) = Fy)lD)-
Toz0a (Azo € H)(F(xo + G(xo) = 0).

Loxazameavcmeo. Ilycts € > 0 u x,y € H. PaccmorpuM ¢yHKIMOHAT

o(z,y) = ellzl]® + f(2) + (2,G(y)) (2)

Ilna pukcuposanuoro y GyHmuoHas (2) caabo MOIyHENPEepPLIBEH CHU3Y IO T
(u60 (z,y) CTPOro BHIMYKJILIA (YHKIMOHAN 1O ). Tak Kak

(p(xvy) - Lp(iL’,O) = f(:L’) + (m,G(y)) - f(O) > 07 ecan T € 6Dr uye DT;

T0 mua moboro y € D, cymecTByerT emuHCTBeHHas Touka r = V(y) € D,
abCOMOTHOTO MUHUMY M, (yHKMUoHAIa (2) mo . CnemoBarennHO

(Vy € D)3V (y) € Dr)(Vz € Dr)(0(V(y),9) < ¢(x,9)),
T.e. V:D, = D,.

IIycte P, omepaTtop OpPTOTOHAJLHOTO NOpoekTupoBaHus u3z H B H,.
OueBnguo, orobpakenme P,V : D, — D, menpepwiBao. CjomHo Teopeme
Bpayspa caengyer (3 € D,)(P,V(yn) = yn). Tar Kar mociaenoBaTelbHOCTH
{yn} orpannuena, 1o y,, — yo u V(yn, — vo. Caenosarennuo

(v, h) = lim (vg, Pp,h) = lUm (V(yn, ), Poyh) = lUm (P, V(yn,,h) =
k—o0 k—o00 k—o0
= lim (yp,,h) = (yo,h), h € H,
k—o0

T.e. vo = Yo 1 V(yn,) = Yo-

IMokaskem uto V(yn,) — yo. Iycts L(xz) = 2ex + F(x). Tak kak
L(V(yn,) = —G(yn, ), To MmHO:KECTBO {L(V (Yp, ))} KOMOarTHO. Orona caenyer,
uro moanocyaenoareasbHocTh {L(V (yp,))} cuabaO cxomurcs. Hamee

LV Ynrp)) = LV Yn))s V Gritp) = Vi) 2 26NV (@nerp) = V(g 17

Orcoga caenyer, uro {V(y,,)} dyHmaMeHTaJLHAS IOAIOCIEAOBATEILHOCTD,
r.e. V(Yn,) = Yo-

Ocrasoch moKa3arb, 4To Yy, — Yo. lelicTBurennuo,
1PV (Y = yoll* = 1P V (@) I? = 2(PoV (Y )5 90) + [lwoll* < IV (yni)[1*~
- Q(V(ynk)’ PnkyO) + ||y0||2 = w(ynk)‘

Taxk xak w(yn,) = 0, k = 00, T0 u3 P, V(yn,) = Yn, CACLYET Yn, — Yo.

W3 npenenvuoro nepexona B ©(V (Yn, )y Yny) < ©(2,yn, ), © € H, nonyuaem
©(Yo, o) < @(x,y0), x € H, T.e. 2ey9 + F(yo) + G(yo) = 0.
IIycty €, > 0, €, = 0, n = 0. Torga

(Yn € N)(Fyn € D;)(2enyn + F(yn) + G(yn) = 0). (3)



Henwuuetinple ypaBHEHUsI B r'iiab0epPTOBOM IPOCTPAHCTBE 163

N3 nocnenoBaTennsHOCTH {Y,} MOMKHO BLIOENUTDL IOCIEIOBATEILHOCTDL {Yn, }
TaKyI0 4TO Y, — To. Tlak kak MHOxKecTBO {L(yn,)} KOMODAKTHO TO mocie-
noBaTenbHOCTh {F(yp, )} cuabao cxomurcsa. Ilycrn F(yn,) — z0. Hdusiy € H
nMeeM

(F(y) =20,y —y0) = lm f(y) = F(yn,),y — z0) =
= lim (F(y) = F(yni):y = yn) 2 0, v (¥y € H)(F(y) — 20,y = 20) 2 0).

Orcjyma cnemyer zo = F(zo), F(yn,) — F(zo). W3 ||G(yn,) — G(zo)| <
K||F(yn,) — F(xo)|| cnenyer G(yn,) = G(zo). W3 mpenenbHOro mepexona B
(3) (n 3amenur ¢ ny) noaydaem F(zg) + G(z9) = 0. Teopema noxasana.

B crenyromeit Teopeme He mpeanogaraeTcs uyto F mMOTEHIUAILHLIA Oome-
paTop.

TEOPEMA 2. ITycmw; (1) F monomonnunil onepamop uz h 6 H;
(2) (Fr > 0)((F(z) + G(y),z) >0, ecavy € D, ux € OD,);
(3) F nenpepuenni u G enoane nenpepwenni onepamopw uz H ¢ H;
(4) 3K > 0(Va,y € H)(IG(x) — G|l < K|[F(z) - Fy)l);
Tozoa (Jxg € H)(F(x0)c(xo) = 0).

Loxazameavcmeo. Ilyctn € > 0 u B(z,y) = ex + F(z) + G(y); z,y € H.
Hanee (Yy € D,)(Vx € 0D,)((B(z,y),z) > 0. CnenmosarenvHo, ansa y € D,
CyIECTBYeT eAMHCTBEeHHasa Touka x = V(y) € D, takaa uro B(z,y) = 0, T.e.
eV(y)+F(V(y))+G(y) = 0. Kak u B Teopeme 1 MOKA3LIBAETCA UTO CYMECTBYET
[OCJIeDOBATENLHOCTD {y,} Takas uto V(y,) — Yo 4 ¥n — Yo. VI3 npenmennuoro
nepexoga B eV (yn) + F(V(yn)) + G(yn) = 0 monyuaem eyo + F(yo) + G(yo) =
0. OkoHuaHME NOKA3aTEILCTBA MPOBOIUTCA KAK UM B NMPEALIAYMEN Teopeme.
Teopema mokazaHa.

A . M, YTO OT HU : BJIETBOPAET
Onpedesenue 3. Crasxem, uto orobpakenune P : H — H ynoBierBopsie
ycaoBuio (a) ecnu 06pa3 KaykAOro HEKOMIAKTHOIO MHOYKECTBA — HEKOMIIAKTHOE
MHOKECTBO.

Onpedenenue 4. Craskem, uro ¢pymruumonan ¢(z,y), =,y € H ynosie-
rBOpsier ycaosuio () Ha H, ecau u3 x1 # x2(x1,22 € H) wp(z1,y) = ¥ (z2,y)
caenyer (z'inH)(W(z',y) < v(zi,y),i =1,2).

Jamevanue 1. Y TBep:KIeHUE TEOpPeMbl 1 COXPAHAETCS NMPU 3aMEHE yC-
aosua (1), (2) u (5) ycuaousamu; (a) F ynosierBopser ycnosuio (a); (6)
¢yurunonan f(z) + (z,G(y)) obmamaer coiicrBom (B) Ha H; )B) f(x) caabo
noayuenpepoiBer cuusy Ha H; (r) F menpepniBHOe orobpaskenue uz H B H.

IleficTBUTENLHO, DOCTATOYHO PACCMOTPETh (hyHKmmonatx ¢(z,y) = f(z) +
(z,G(y)). Hns nwoboro y € D, dpyuruuonan ¢(x,y) UMeeT eQUHCTBEHHYIO TO-
uky = V(y) € D, abcomtorHoro muauMyma 1no . Jlanee, mOKa3LIBATCH, YTO
CyIECTBYET MOCJIENOBATENLHOCTL {Y,} Takas 4To

F(yn) +G(yn) =0 (4)
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Orcozma cnenyer, uto MHOkecTBO {F(y,)} KOMIAKTHO, T.e. OCIENOBATEIL-
HOCTL {y,} cunbuO cxomurcsa. Ilycrn y, — zo. U3 npemeanHoro mepexona B
(4) monyuum F(zo) + G(zo) = 0.

3ameuanue 2. B [2,8818.2] mokasano yrteepikgenue (v): Ilycts xem-
VHENPEPLIBHLI MOHOTOHHLINA onepatop S 3 H B H yAOBIETBOPAET YCIOBUIO:
cymecrByer r > 0 rakoe, uro (S(z),z) > 0 ecau ||z|| > r. Torma cymecr-
Byer pemenue ypasaerus S(z) = 0. Eciu S = F + G, F cTporo MOHOTOHHDIA
omeparop, 1O yrBepikaeHue (7y) He BepHO. le#icrBurennsHo, nyctr F = A
JUHeNHLI camoconpskenuniit oneparop us H 8 R(A) C H; (Az,z) >0, 2 #0
u R(A) # H. Torga cymectsyer g ¢ H\ R(A). Hycts S(z) = Az + (1—||z||*)g.
Crnenosarennuo qis ||z|| = 1 umeem (S(z),z) > 0. IIpeanonosuM, 4To CyIECT-
BYeT Tg, |To|| < 1 Takoe uto S(zp) = 0, T.e. Azg = (||z0||* — 1)g9. Orcroma
BLITEKaeT, uto Ayo = g, rae yo = To(||7o]|> — 1), uTo HeBazMOKHO.

Samenwanue 3. Ycnosue (4) Teopemnt 1 OyaeT BLIIOJIHEHO, HAPUMED, €C-
mr: f(z) > allz|* a >0, z € H; [|G(z)|| < B(|zl]), rae B yBupaiomas neorpu-
nareapHas QyHrmusa Ha [0,00). IelicrButennHo, Tak kak f(z) + (zG(y)) >
allz]* = [lz[|B(lyl)), o mna |lz]| = r n |yl < r meem f(z) + (2,G(y)) >
ar? —r - 3(r). OueBnaso moxHO BLIGpaTL 7 > 0 Takoe uto ar’ —rB(r) > f(0).
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