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ASYMPTOTIC BEHAVIOUR OF SOME

COMPLEX SEQUENCES

Slavko Simi�c

Abstract. We give asymptotic behaviour of a complex sequence with parameters and an
application tu Karamata's slowly varying functions.

This article is inspired by the paper [1] of D. D. Adamovi�c, in which the
following statement has been proved:

A. For each complex number z and all natural numbers n,
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and jz + 1j � 1 ^ z 6= 0, more precisely,
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(z complex number, m 2 N), here C denotes Euleur's constant and the determina-
tion of the complex logarithm is such that log 1 = 0.

The �rst part of that asymptotic estimation was proved by Adamovi�c original
method, exposed in [2] and [3], and the second one using an identity and induction
on n 2 N . Unfortunately, both methods fail if m is a positive real number; so our
intention in this article is to establish corresponding { in some cases more precise {
results for a generalized sequence, using another method of estimating its integral
representation.

1. We shall �rst study the asymptotic behaviour (as n!1) of the complex
sequences

fn(z; �; �) =
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where � and � are positive reals and z is an arbitrary complex number. Aftewards,
we shall show that our results concerning sequences fn(z; �; �) imply and make
more precise the statement A.

It appears that the behaviour of fn(z; �; �) fundamentally depends of z being
interior, exterior or on the circle jz + 1j = 1. For that reason, we shall formulate
our results concerning the asymptotic estimation of fn(z; �; �) in the following
propositions:

Propositison 1. If z + 1j > 1, � > 0, � > 0, then

fn(z; �; �) � (z + 1)n+�=(zn)�; n!1:

Proposition 2. If jz+1j < 1, � > 0, � > 0, then the behaviour of fn(z; �; �)
is represented by the asymptotic expansion

fn(z; �; �) � 1
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where a0 = �(�), ak = (�1)k���1k ��(k)(�), (k = 1; 2; . . . ) and � and �(k) denote
the Gamma function and its derivatives.

Proposition 3. If jz + 1j = 1 ^ z 6= 0, then

(a) for � > � > 0 or 0 < � = � < 1: fn(z; �; �) � (z+1)n+�=(zn)�, n!1;

(b) for � > � > 0:
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�(�)

ln��1(�zn)
�zn)�

1X
k=0

ak

lnk(�zn) ; n!1;

(c) for � = � > 1: fn(z; �; �) � 1
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(�zn)�
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k=0

ak
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In (b) and (c) the coeÆcients ak are de�ned as before. In all formulae cited
above power and logarithm functions have principal values.

Finally we shall give an application of our results to the asymptotic be-
haviour of sequences of slowly varying functions in Karamata's sense. We remind
the reader that if Fk�1(x) = o(Fk(x)), S 3 x ! x0, (k = 1; 2; . . . ; n0), and;
G(x) =

Pn0
k=1 bkFk(x) + o(Fn0 (x)), S 3 x ! x0, then the sum on the right-hand

side is called the asymptotic expansion of G(x) as S 3 x! x0, and we write:

G(x) �
n0X
k=0

bkFk(x); S 3 x! x0;

furthermore, if Fk�1(x) = o(Fk(x)), S 3 x! x0 (k = 1; 2; 3; . . .n), and

G(x) �
nX

k=0

bkFk(x); S 3 x! x0; (n = 1; 2; 3; . . . );
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then the series
P1

k=1 bkFk(x) is called the asymptotic expansion of G(x) as S 3
x ! x0, which is denoted by G(x) � P1

k=1 bkFk(x), S 3 x ! x0. We also
remark that in the sequel the expression F (x) = O(G(x)), x 2 S, means that there
exists a positive constant A (independent of x, but depending probably on some
parameters) such that (8x 2 S)jF (x)j � AjG(x)j.

In the proofs of Proposition 1{3 we shall use an integral representation of
fn(z; �; �), which we obtain in the following way, applying the wellknown integral
representation of the Gamma-function:
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So,

(1) fn(z; �; �) =
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Proof of Proposition 1. Let �n = ln(1 + n�1=2), n 2 N . From (1) it follows
that:

�(�)fn(z; �; �) =

1Z
0

x��1e��x(1 + ze�x)ndx =

�nZ
0

x��1e��x(1 + ze�x)ndx +

1Z
�n

x��1e��x(1 + ze�x)ndx = I1 + I2:

Since x 7! j1 + zje�x + 1 � e�x is monotone decreasing for jz + 1j > 1, we
have:
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Since, for jz + 1j � 1, ln
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nx2 = O(n�2n) = O(n ln(1 + n�1=2)) = O(O(1)) = O(1); for x 2 (0;1);

(taking the �rst O with respect to x 2 (0; �n), and the next with respect to n 2 N),
we have further:
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Finally, we have:
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for jz + 1j � 1 ^ z 6= 0;

and hence,

fn(z; �; �) = (I1 + I2)=�(�) � (z + 1)n+�=(zn)�; n!1; for jz + 1j > 1;

which completes the proof.

Proof of Proposition 2. Let Æn = lnn3=4, n 2 N . Then, by (1),
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Since x 7! jz + 1je�x + 1 � e�x is monotone increasing for jz + 1j < 1, we
have:
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Similarly, since for x 2 (Æn =1), ln(1 + ze�x) = ze�x +O(e�2x), and
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(taking O's in the �rst two expressions with respect to x 2 (Æn;1) and in the last
two with respect to n 2 N , we obtain:
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since we have, with arbitrary chosen " > 0, x��1 = O(e"x), x 2 (Æn;1).

Substituting �zne�x ! w in I23 (in the sense of forming a complex rectilinear
integral, whose calculation leads to J23), and noting that jz + 1j � 1 ^ z 6= 0 )
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and, as above,
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So, for jz + 1j < 1, we have, with the O's taken with respect to n 2 N ,
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Proof of Proposition 3. For jz + 1j = 1 ^ z 6= 0;
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where �n and Æn are de�ned as above. Since the previously given estimations for
I1 and J2 are valid for jz + 1j = 1 ^ z 6= 0, we need only estimate the integral K.
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Puting z + 1 = ei', ' 2 (o; 2�), we obtain,
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So, under the condition jz + 1j = 1 ^ z 6= 1, for each r 2 N �xed,
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which implies the statements of Proposition 3.

Remarks. 1. We note that, fn(z; 1; 1) =
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(n+ 1)z
.

2. One concludes that Proposition 1{3 and the last remark completely deter-
mine the asymptotic behaviour of complex sequences fn(z; �; �).

2. The application of previous results to the sequence:
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0; n!1) will give a generalization of Proposition A from [1] (� 2 R+).
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From Proposition 1 it follows that, for jz + 1j > 1, we have:
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where b0 = 1, bk = (�1)k�(k)(1)��k�, k = 1; 2; . . . .

Taking the �rst three terms of the last asymptotic sequence and noting that
�0(1) = �C and �00(1) = C2 + �2=6, C being Eulers constant, we obtain, for
jz + 1j � 1 ^ z 6= 0:
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This equality includes generalizes and makes more precise the statement in Propo-
sition A. Aljan�ci�c shows an interesting application of Proposition 10 concerning
Karamats's slowly varying functions. By de�nition L(x) > 0, x > 0, is a slowly
varying function (SVF) if limL(tx)=L(x) = 1, for any t > 0. R(x) > 0 is called a
regularly varying function (RVF) with index �, � 2 R, if R(x) = x�L(x). Vuilleu-
mier [7] gives necessary and suÆcient conditions for an SVF asymptotic relation.

Proposition M0. If the matrix (ank) satis�es conditions

(1)

1X
n

jankjk� = O(n�); (2)

nX
1

jankjk�� = O(n��); (n!1);

for some � > 0, and if there exist a number A such that
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1
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for any SVF Ln, where L
0
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P1
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We shall apply our results to Proposition M in the following way:

Let us de�ne a triangular matrix (ank) by
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(a+1)n ; a > 0; 1 � k � n

0; k > n

Proposition 10 shows that, for the matrix (ank) de�ned above, condition (3) is
satis�ed with A = ((a+ 1)=a)�. It also shows that
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so condition (2) is valid.

The validity of condition (1) is obvious since the matrix (ank) is triangular.
From Proposition M it follows that:

L0n =

1X
1

ankLk � ALn (n!1); that is
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�
n

k

�
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k�
Lk �

�
a+ 1

a

��
(a+ 1)n

n�
Ln; a; � > 0; n!1:

Puting Rn = n��Rn, we obtain:

Proposition 4. For any RVF Rn with index{ �, � > 0:

nX
k=1

�
n

k

�
akRk �

�
a+ 1

a

�
(a+ 1)nRn; a > 0; (n!1)

(which, in fact, is true for every jalpha 2 R!).

The conclusion is that our Proposition 1 is the core of an asymptotic relation
for a wide class of sequence.
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