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BIANCHI IDENTITIES IN RECURRENT FINSLER SPACES

Irena Comié

Abstract. We give Bianchi identities for Finsler space with recurrent metric tensor, which
was defined by (1.8)—(1.13).

1. Some definitions and notations. The recurrent Finsler space is a
generalization of non-recurrent one (when in (1.6 ¢) and (1.6 d) Ay = 0, ps =
0).Modér’s generalization in [1] is such that the usual conditions for Finsler space

A =0, T|J*=0

(where T is any tensor) remains unchanged. Here the generalization is going in the
other direction. The above conditions here are not satisfied, but the condition of
Varga [2] O}, = 0 is satisfied. The difference occurs because in [1] A5, from (1.1) is
symmetric in the first two indices, but here it is symmetric in the first and the last
one. The two generalizations coincide in the case when p, = 0. As the connection
coefficients FZYBW from (1.1) are the same in both cases, so the curvature tensor R is

also the same, but tensors P and S are here defined in a different manner ((1.11),
(1.13)).

If £€*(x, x) are coordinates of a vector field homogeneous of degree zero in x;,
then

(1.1) DE™ = de” + F;;'ng”dg” + A5, £°DI,

(1.2) DE* = ¢%|pdx” +£%|3DI”,

where

(13)  €ls=0p6" - 0T +T3560 (T3 =Thi" = LIG)
(1.4) £%p = LOyE™(8) — Ajg) + AsE”.
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The connection coefficients are given in [3]. They satisfy the conditions:
(1.5) a) F 767 b) Aﬁv - Avﬁ’
c) gaﬁ|6 = Aagaﬁ, d) gaps = Ms9as

and have the form
U5 =T5 T (9, )
A, = A3, + Q5 (9, m),
where fg% and Agv are connection coefficients of the ordinary Finsler space (As = 0,

s = 0) and Tgw(g, A); @5, (g, 1) are tensors which are equal to zero for As = 0 and
As = 0 respectively. We shall use the relation

a) 2400y = — iy, b) L|, =27"'LA,

(1.6) B N
¢) Lly =L, +2 'uy)  d) xf, =0.

In the recurrent Finsler space, from g,5/%l° = 1, in view of (1.5¢) and (1.5d) we
have

a) Ay [dx?AI°] + (21 + py)[DITAI’] =0
b) As[dx70x°] + (25 + us)[dx T AI’] =0

The curvature tensors in the recurrent Finsler space are defined by

(1.7)

(1.8) 27K 5 = 0T — O Tsf + ToX T

(1.9) 27 LKy, = 0517 — OrUTs

(1.10) R} ;=K ;+ A% Kb s

(1.11) wa = LOT (85 — AYy) — Aglphatﬂ'y + AL X0, T,

(1.12) LPY5 = L)X (6) — AYy) — L5 Ay — LAG;  + LAOLXXG I
(1.13) 2-15” 6= =L Aah( — Ajs) + AN Ay

These tensors are formed with connection coefficients of the recurrent Finsler space.
In the case of the ordinary Finsler space (As = 0; us = 0) these connection coef-
ficients reduce to the correspondent connection coefficients of the ordinary Finsler
space and the above defined curvature tensors become the well known curvature
tensors in the non-recurrent Finsler space (where Agy = 0).

The tensors defined by (1.8)—(1.13) satisfy the following relations [4]
(1.14) —Kopys — Kgays — La.xgaﬁKéw = 2X[y(5]9a8
(1.15)  —Pagys — Phavs — JagMALs + LOxgas[Aps), — (0107 +
+27IN8)(0) = Abs)] = (Ay15 — H51+)9as
(1.16)  —Sagys — Spays — 2L° 8Xgaﬁ(a[5‘4|0h] aLA()f[yA\LoM]) = 204141519
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The Bianchi identities for a contravariant vector field

Starting from (1.3) and (1.4), by direct calculation we obtain:

(21) 5%‘5 - gﬁih = )?’yégx - LK(;(wéa'Xga
(2.2) E515 = Elopy = Prya€™ — LEg 006" — ALSE0 — 05€6° Ly
(2.3) €815 — €5y = Ses — 2L26X£aaLA§[7(6g] — Ags)+

2L, 6% (Iis + 27 pugs) (84 — Al

where we have used (1.6). The above formulae cannot be obtained using the dif-
ferential forms. We are going to show why it is not possible. If D and A are
absolute differentials which correspond to the change of the line element (y,x) to
(x +dx,x = dx) and (x + dx, x + dx) respectively, then from (1.1) we obtain

(2.4) (AD — DA)E™ = 271 K2 5 €X[dx"0x° ]+
+(P2 s — AL 0, T5)EX[dx T AI°] + 27182 sEX[DITAI’] + A
where
(2.5) A = (6d — do)&™ + T32(5d — dS)X" + A5, &7 (6D — dA).
From
(2.6) DI" = dI” + Tg)dx* + Ag, DIX
(2.7) di” = L7'dx” + x"dL™!, dL™' = —L72dL
we obtain
(2.8) dX" = L(6] — A, )DIX =T dxX + L™'X"dL.

Using the homogenity of degree zero of Agx and degree one of I'y” in X, using (2.6),
(2.8) and after that (1.9) and (1.12) we obtain

A =& (0d —do)X +£2,(0D — dA)T — 27 LOE K 5[dx0x°]—

(2.9) L0\ &% [Py, s + A0XO, T3 — T2X + L' Ly, A [dx " Al°] -
—L?0, (0, Ay, (85 — Aoy [DIVAL]
Substituting (2.9) into (2.4) we obtain
(2.10) (AD — DA)E® = B — 9,6 Ly, Abs[dx" Al°]
where
B =21 (K 56 — L& K 5)ldx" x|+
(2.11) H[PRsEX — LOE Py 5 — XX, x5 (€, — 0.6%) — D5&0[dx " Al’]+

+271 [T 58X — L0, 670, Ay, (05 — Al [DI AL+
+ER (0d — d)X + £2,(6D — dA)I.
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Starting from (1.2) and using

ADIX = §DIX + TIXDI6X° + AX;DIYAI® =

= (AD — DA)IX = (6D — dA)I* — T2 X[dx" Al’),

AdxX = ddx* + T35dx76x° + AXsdy" Al° =

= (Ad — D&)xX = (8d — d6)x* + AXs[dxTAl’]
we obtain

(AD — DA)E™ = &ff [dx"0x°]+

(2.12) (€15 = &by — ERT + QAN X A+

& s[DUAL) + &0 (6d — d6)X" + &7 (6D — dA)I.
It is obvious that comparing coefficients beside [dx76x’] in (2.10) and (2.12) we
obiain (2.1) but comparing coefficients beside [dx7Al’] and [DI”Al°] we do not

get (2.2) and (2.3). We are going to show that the sum of terms remain is zero.
Substituting (2.1), (2.2) and (2.3) isto (2.12) we obtain

(AD — DA)E™ = B — 95¢° Ly, [dy" Al°]+
27 LOE (I + 2 ps) (8 — Ab,) = (Iy + 27111y ) (65 — Afy)|[DITAL’]

where B is determined by (2.11). Equating the right hand side of (2.10) and (2.13),
using the relation L}, = 27! L)\, we obtain:

(2.13)

—271LH,6%(0% — Abs)[dx Y Al°]+

213) . » L . L .
27 LA, + 27 ) (5% — Abs) — (15 + 27 1g) (8}, — Ab)JDITAI] = 0.

From this relation we obtain
0,6 (05 — Abs){Ay[dx” AI°] + (21 + 1) [DIY A} = 0

which is true in view of (1.7b).

3. Bianchi identities for the curvature tensors. As in the recurrent
Finsler spaces the relations (1.7a) and (1.7b) are valid, so there is no use of forming
the expression [DAD]E*, and so the Bianchi identities can be found only by direct
calculation. Tensors R and P are connected by the relation

0759{R§75|0 + Paﬁ’yLK[%M - PféLK(S’yH} =

(89F)(L - 8XF-0L) - LaXFo?&A%(LK(S’y(S - 271A§LK6’Y(5>\9}

50 { ALK 5
where
ov56T50 = Tvso + Tsor + Tovs-

Since ) )
60F;L = XfagF;; + F;;
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Dy '} is not a tensor, but ((%F'XL —d,Ty) is a tensor because of the symmetry of Iy
in 8 and x. It is evident that (3.1) has a different form from the analogous one in
the non-recurrent, Finsler space. In the case of the ordinary Finsler space the right
hand side of (3.1) vanishes because there

Xo=0, Ol —0,I3 =0, Ay =0.
The other formula which connects tensors R, P and S is

‘7759{wa5|0 + (Pfya\o - Pf&y\a) - ngﬂngé o Pgﬁx(é‘iF;X o ‘%F;X)} =
y50{—2LO\T 25 (0sT2X — 0, T3X) — L™ Lig AL, K§ 5+
(32)  +248,0p(LKy,5) — LO, AL, Ab K 5 — AS 0. (LK, 5) Ady+
+ Lig(0sT25 — 0,T25) + AZ, (9, Tyt — pTi) (92X — 0,T5%)+
+ LOL5 (T — Foy,) = Lo (053X — Fogs) )
In the above formula the right hand side is a function of A, and p., in view
of (1.5).
In the case of non-recurrent Finsler space we have:
X0 Ty =Py, =0, Lp=0, Lg=Ll A5=0,
O TpX — 0pT2X =0,  0460{09(LEK{,5)} =0
and in this case (3.2) becomes

(3.2a) 0150 { R0 510 + 2Ps110 — o Koy = 0voo{—lo AL K 5}

Tensors P and S are connected by the formula

{waw + AinfXé + S0, XX OeTys } = {6/6} + Sfaaw =
{L19(85 — A5s)OT55 + L2 (05 — Agg)Ox[(05 — Ajs) AT ]+
+(3WF§L - (%F'*YL)SSLH + 89‘456[’\“( + Agﬁx‘é’vrgbw? — Agg)—

LA, AL (00T, — Pie) + (8,T3 = 8,131} — {6/6}

(3.3)

where

{Qara0} = {0/6} = Qdsg — Qaros
The right hand side of (3.3) is a function of vector fields p and A. In the case of no
non-recurrent Finsler space the right hand side of (3.3) reduces to 2Ll[935]l“£.

By a cyclic permutation of indexes 06 in (3.3) we obtain

UvM@meo - 2P£79\6 + Sgaom) =
ays0{{L1p (05 — Abs)OL:E + L2(6Y — AYy)Ox[(35 — Abs)O.T 2]+
+39A§6L|7 + Agbéxa.vrgbAga_

—LO, A S[(X°0T2 — Pig) + (9,15 — BeTi)]} — {0/6}}

(3.4)



174 Comié
Because
7550 (A3 15 Payga)) = 07960 (0 S 50L3) = 0o (S OnT5))-

In the case of non-recurrent Finsler space (3.4) becomes
(3.4&) 0759{2]35“(6'9 + ngwh’} = UW59{2LZ[93.5]F;€}

where P and S reduce to the tensors P and S in the ordinary Finsler space.

In the formulae above the tensor P is defined by (1.11). If we define a new
tensor P’ in such a way that the last term in (1.11) is replaced by A, x“0sI' then
we have

P 5= LOTE (6) — AY;) — A7

ayd = adly

+ AX X052

In the non-recurrent Finsler space both definitions of P are the same because
there ) )
X052, = x0T = A where A’; = LCZ5.

With this P’ the above formulae have a less complicated form:

2
~v8|o?

(3.1) 0759{R§75\9 + P'me[L)ao - PlgabKéw} =
vs0{ —LOL g AN Kb s — 27 AS Kb 5 Mo},
0s50{R 519 + (P'asio = Plasnie) = St K5 + Plagy (853X = 0,154} =
(3.2)' Uv69{—L_1L\9A§L 078 — LéLAgoASXKéw
— Al 0 (LK 5)AGy + Lig(05T3 — 0,T735)
+LOTR (X O,TEY — P'Sy,) — LTS (05T — LP'345)},
(3.3) Q(Plfmsw + A%P'Faxw] + Si[af(x‘%]r;%) + Sgaow =
{L1o(05 — Abs)DL35 + L2 (3) — AYy)0n[0.T35 (35 — Apy)]
+0p Ags L, — AZ,0x 05T Ay — LOAG(COTE, — Ployg)} — {6/8},
(3.4) 0360 (2P" 0510 + 285, Ti + Ssg,) =
o0 {{L10(85 — Abs)OTTE + L2(55 — A,)O[(05T35(55 — Aby)]
+59A€6L|v - AgbéxéﬁrvaAga
—LAZI(C BT, — Ployg)} — {6/63}.
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