PUBLICATIONS DE L’INSTITUT MATHEMATIQUE
Nouvelle série, tome 38 (52), 1985, pp. 13-15

AN ORDERING OF THE SET OF SENTENCES OF
PEANO ARITHMETIC

Aleksandar Ignjatovié

Abstract. We consider a partial ordering of the set of sentences of Peano arithmetic P
induced by a theory T' extending P, which orders sentences according to the complexity of their
“proofs”. Using some properties of the ordering induced by the theory P + —Con, we prove
that P doesn’t have the Joint Embedding Property. We also describe models for P which do
not enrich the ordering induced by P, i.e. models satisfying <ry,9n)=<p, and we prove that for

every consistent theory T, T' D P, there is a theory T’ D P such that the ordering induced by the
theory T" is a linear extension of the ordering induced by the theory T'.

By Lp we denote the language of P and by S(P) the set of sentences of P. Any
consistent extension of P we denote by T', and N stands for the structure of natural
numbers. By 9,M,... we denote nonstandard models for P, and by |92, |0, ...
their domains respectively. If 9 and 91 are models for P, then 9 Cy~ 91 means
that for all ) ,-formulas ¢ and all a1,...,a, € ||, M = ¢las,...,a,] implies
N pla,. .., a,]; similarly, we write M <5= 9N when M = plai, . .., an] holds iff
N E plai,...,a] holds.

We use the following model-theoretical consequence of Matijasevi¢’s theorem.

LEMMA 0. Let M, N be models for P; then M C N implies M <5~ N and
m Cy, M. O

For any sentences ¢ and ¢ from S(P), by ¢ < ¢ we denote the ) _,-sentence
Ju(Prfy (2,77 A (Vy < 2)=Prfy(y,747)).

The following lemma enables us to introduce the ordering in S(P). msk
LEMMA 1. Let T be a consistent extension of P; then the relation <r defined by
e <t ¢ iff T+ o <) is transitive and irreflecive. O
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Since the sentence ¢ < % is >, it is obvious that ¢ <p ¢ holds iff ¢ <
Th(N)y holds, i.e. <p=<rp(n). The order type of <p is w+A; the set of theorems
of P has order type w, and A is the type of the empty ordering of the countable
set of sentences from S(P) not provable in P.

The ordering induced by the theory of a model 9 = P is linear iff MM =
—Conp. If M |= Conp, then the ordering consists of a linearly ordered set of
sentences having “proofs” in 90, i.e. sentences satisfying 9 |= Thmp('y)), and the
countable remainder of S(P) with empty ordering; it is obvious that if ¢ belongs
to the first set and ¢ to the second, then ¢ <rp(9n) ¥ holds.

Suppose that 9t and 9 are models for P and 9t C N. Since p < P isa ) ;-
sentence, ¢ <rp(om) v implies @ <Th(M) Y, i.e. <o) C<Th(m)- Also, <17 C<Th(9M)
holds for any T' D> P and 9t | T. The next proposition describes models for P
Satisfying <P:<Th(§m) .

PROPOSITION 1. Let I be a model for P; then <p=<rtym) iff N <y, M.

Proof. Since <p=<tn(n), from N <5~ M, it immediately follows ¢ <p 1 iff
¢ <tn(n) ¥ iff © <ppem) ¥ ie. <p=<rpar). Conversely, suppose that <,=<rpn)
holds, and let ¢ be a ), -sentence true in M. Since for ) ,-sentences ¢, P F ¢ —
Thmp(¢7) holds (see 5.3.4 in [SM]), we get that 9 = Thmp(¢1). Then, for every
other sentence 1) € S(P), either ¢ <rtno) ¥ or ¥ <ppeam) @ holds. This and the
assumption < p=< Th(9) imply that ¢ belongs to the linearly ordered part of <p.
Thus, ¢ is a theorem of P and consequently 9t |= ¢. Since for all ), -sentences ¢,
N | ¢ implies M | ¢, we get N <5~ M. square

Using Corollary 2.9.1 from [MI], asserting that N <y~ 9, iff ({N|N C.
M, N =2 M} = n, we get the following algebraic characterization of models satisfy-
ing <p=<rnm)-

COROLLARY 1. <p=<rpeam) iff ({{N|N C. M, N=N} =N. O

We use the following lemma to prove that, although the ordering <-y,(gy) is
linear for any model 9 of the theory P + —Conp, the ordering <pi-con, itself is
not linear.

LEMMA 2. There is a sentence varphi, independent of the theory P+ —-Conp,
such that P+ ¢ < ((¢ = Conp) < (=Conp — ¢)).

Proof. Godel’s diagonalization technique and usual arguments for sentences
of the Rosser type.

PROPOSITION 2. There are two sentences o, ¥ € S(P), such that neither
0 <pPt—Conp ¥, NOT Y <pi-Conp 0 holds.

Proof. Let o be the sentence o — Conp and 1 the sentence =~Conp — ¢,
where ¢ is the sentence from Lemma 2. From the same lemma we get that there
are two models 9t and 9y of the theory P + —Conp such that M; | ¢ and
My = . It is obvious that o <ppon,) ¥ and =(0 <py(om,) ¥). But My = =Conp
implies that the ordering <ty (gn,) is linear; so we get ¢ <ty(9n,) 0. Thus, neither
o < P+ ~Cony, nor ¢ < P + ~Conpo holds.
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Models M; and M, described in the proof of Proposition 2 don’t have a
common extension which is a model for P: 9t C 9, My C N and 9 = P would
imply o <tne)y and ¥ <tnm)s, which is a contradiction. Thus, we get the
following corollary.

COROLLARY 2. Peano arithmetic does not have the Joint Embedding Property,

i-e. there are two models of P which cannot be embedded in any common extension
which is a model for P. O

Let T be a consistent extension of P; if the theory T = T + —Conp is
consistent and 9 |= 7", then the ordering <rn(on) is a linear extension of the
ordering <. Using the following lemma [KR] we prove that the ordering <rp
induced by any consistent extension 7" of P can be extended in a similar way.

LemMA 3 (Kreisel). The theory P + =Conp is a II;-conservative extension
of P, i.e. for any Il -sentence ¢, P+ —Conp F ¢ iff P F .

PROPOSITION 3. For any consistent theory T D P there is a theory T' D P
such that the ordering <t is a linear extension of <r.

Proof. Let S = {p < | <1 ¥;p,¢ € S(P)}. The theory P+ —~Conp+ S is
consistent: for any finite Sy C S, Lemma 3 and P 4+ —-Conp - =A,cs, would imply
P = —A,es0; this is a contradiction, since 7" D P is consistent and 7' F Ayes,-
Let 9 be a model for the theory P + —Conp + S; the ordering <Ty(gn) is a linear
extension of <p induced by the consistent extension 7' = Th(9M) of P.
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