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NOTE ON THE CIRCUITS OF A PERFECT MATROID DESIGN

Danut Marcu

Abstract. For a perfect matroid design M(E,r) on a finite set E with r as a rank function
and B C E a basis of M(E,r), the number of circuits of cardinality 7(E) + 1 containing B is
given.

Preliminaries. Throughout this paper we use some notions and results
according to the standard literature on matroid theory (e.g., see [1, 2]). Let E be
a finite set and M (E,r) a matroid on E with r as a rank function (r: P(E) — N,
where N is the set of non-negative integers and P(FE) the power set of E). A subset
S C E is called independent if r(S) = |S|, where |S| denotes the cardinality of S,
a basis of M(E,r) being a maximal independent subset of E. A subset S C E
is called dependent if r(S) < |S|, a circuit of M(E,r) being a minimal dependent
subset of E. The span S of a subset S C E is

S={ecEr(Su{e})=r(S)}
For any integer 1 < k < r(E) we consider the set
CLIM(E,r),k] ={SCE:S=S5, r(S) =k},

and M(E,r) is called a perfect matroid design if every set of CL[M (E,r), k] has
a common cardinal ¢(k), 1 < k < r(E). In the sequel we shall use without proofs
(e.g., see [1, 2]) the following well-known results from matroid theory:

(a) r(S) =r(S) for each S C E,
(b) if C is a circuit of M(E,r), and e € C, then e € C' — {e},
(c) if B is a basis of M(E,r), then B = E,
(d) if C is a circuit of M(E,r), then r(C) = |C| -1,
)

(e) if B is a basis of M (E,r) and e € E — B, then there exists a unique circuit
C(e, B) such that e € C(e, B) C BU {e}.
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The main result. Throughout, M (E,r) will be a perfect matroid design on
E and B C E an arbitrary fixed basis of M (E,r), the following sets of pairs being
used:

A(B,k) ={(F,e): FC B, |F|=k, ec F}, forany 1<k <r(E),
(E)
AB) = | AB, k),
k=1
A(B,e) = {(F,e):(F,e) € A(B)}, for each e € E,
A(B,k,e) = {(F,e):(F,e) € A(B),|F| =k}, foreach e € E and any 1 <k <r(E).

Obviously, according to (a) and (c) we have

|A(B, k)| = <’“(]€E)>c(k), for any 1< k < r(E). (1)

Considering the function e: A(B) — {—1,1} defined by [(F,e)] = (=1)"E)~*
where (F,e) € A(B, k), we obtain from (1)

(E)

DIECI B N (a O} @)
(F,e)€A(B) k=1
For each e € E let a(e, B) = Z e[(F,e)].

(F,e)€A(B,e)
LeEmMA 1. Ife € B, then a(e,B) = 0.
Proof. By (a), (c) and the definition of A(B,k,e), if e € B, then

A kol = ("), oraw 1<k <)
Thus o
r(E
_ _qyr(m)—k (T(B) =1 = (1—1)r®-1 =
ale, B) kz::l( 1) ( 1 (1-1) 0.

LEMMA 2. Ife € E — B, then a(e, B) € {0,1}.

Proof. Let C(e, B) be as in (e) and |C'(e, B)| = p. Obviously, p < r(E) +1
by (a), (c¢) and (e). Therefore, if F' C B, then by (b) and (d) we have

(F,e) € A(B) & C(e,B) C F U {e}.

Hence

("), i p—1<k <r(E),

0, if 0<k<p-2,

|A(B, k, e)]| :{
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that is,
)= 3y @ (TE P oy S e (”
ae, —k:p_l kopl or afe, _m:0 m )’

where n =r(E) —p+ 1 and m = k — p+ 1. Consequently

(1-1)"=0, if n>0,

B) =
ale, B) {1, it n=0.

Remark. From the above lemmas it follows that a(e,B) = 1 iff e ¢ B and
|C(e, B) = r(E) + 1, that is, iff BU {e} is a circuit of M (E,r) by (d), (a) and (c).

Let us denote by w[B, r(E)+ 1] the number of circuits of cardinality r(E) + 1
containing B.

THEOREM.

r(E)

WlB,r(B) +1]= ¥ (~1)/®)-* <T(]f)>c(k).

k=1

Proof. Tt follows from (2) and remark since

Yoae,B) =) Y eFEel= Y dFEe)

eckE e€E (F,e)cA(B,e) (F,e)eA(B)
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