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ON A NEW SUBCLASS OF ANALYTIC P-VALENT FUNCTIONS

Shigeyoshi Owa

Abstract. There are many classes of analytic and p-valent functions in the unit disk U.
N. S. Sohi studied a class Sp(«) of analytic and p-valent functions

f(z) =2P + Z*)ap_,_nzp"'”, (peN)
in the unit disk U satisfying the condition
If'(2)/pz"" " —al <a,  (z€U)
for a > 1/2. In this paper, we consider a new subclass S, () of analytic and p-valent functions
f(2) :zp+Zap+nzp+”, (peN)
in the unit disk U satisfying the condition

‘F(p +1— k)Dk(z)

T(p+ 1)zp—F < a, (z€U)

for 0 < k < 1, @« > 1/2 and p € N, where D¥ f(2) means the fractional derivative of order k
of f(z). It is the purpose of this paper to show a distortion theorem, the coefficient estimates
and a convolution theorem for the class Sp (a). Further we give a theorem about convex set of
functions in the class Sj, ().

1. Introduction

There are many definitions of the fractional calculus, that is, the fractional
derivatives and the fractional integrals. In 1978, S. Owa [8] showed the following
definitions for the fractional calculus.

Definition 1. The fractional integral of order k is defined by

e L[S
D) =1 |, T
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*)3" stands for Z unless stated otherwise.
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where k£ > 0, f(z) is an analytic function in a simply connected region of the z-
plane containing the origin and the multiplicity of (z—¢)*~! is removed by requiring
log(z — ¢) to be real when (z — ¢) > 0.

Definition 2. The fractional derivative of order k is defined by

11 /1 F(Qde
r1—k)dz J, (z—¢)*’

where O < k1, f(z) is an analytic function in a simply connected region of the z-
plane containing the origin and the multiplicity of (z—¢)~* is removed by requiring
log(z — ¢) to be real when (z — ¢) > 0.

Dif(2) =

Definition 3. Under the hypotheses of Definition 2, the fractional derivative
of order (n + k) is defined by D?**f(2) = d"D¥ f(2)/d2" where 0 < k < 1 and
n € N U{0}.

Remark 1. For other definitions of the fractional calculus, see R. P. Agarwal
[1], W. A. Al-Salam [2], K. Nishimoto [6], T. J. Osler [7], B. Ross [10] and M.
Saigo [11].

Let Sp(a) denote the class of functions f(z) = 2P + Y ap4n2?™, (p € N)
which are analytic and p-valent in the unit disk U = {|z| < 1} and which satisfy the
condition |f'(2)/pzP~! —a| < a, (z € U) for a > 1/2. This class Sp(a) was studied
by N. S. Sohi [12]. In particular, R. M. Goel [3], [4] studied the class S;(a).

Further let S, () denote the class of functions f(z) = 2P + Y aptn2? ™™,
(p € N), which are analytic and p-valent in the unit disk U and which satisfy the

condition
L(p+1-k)DEf(2)

L(p+1)zp—F
forO<k<1l,a>1/2and p€e N.

—al, (z€U)

Remark 2. R. M. Goel and N. S. Sohi [5], H. M. Srivastava and S. Owa [13]
studied other subclasses of analytic and p-valent functions in the unit disk U.

2. Distortion theorem

THEOREM 1. Let the function f(z) = 2P + > apn2?t™, (p € N) be in the
class Sp.r(«). Then we have

L(p+ D]z[P~*(1 = |2))
T(p+1-k)(1— A

(p+ Dl2lP~* (L +|2])
(p+1-k)(1+ A

<IDEFC) < 1

for z € U, where A=1/a— 1. The estimates are sharp.

Proof. Let
L(p+1—k)DIf(2)
al'(p+ 1)zp—F

9(z) =

_]_’
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then g(z) has modulus at most 1 in the unit disk U and ¢(0) = 1/ — 1. Again
let h(z) = (g(z) — ¢(0))/(1 — ¢g(0)g(z)), so that h(z) vanishes at the origin and
|hz)| < 1 for z € U. Therefore, by Schwarz’s lemma, we have h(z) = z¢(2), where
©(z) is an analytic function in the unit disk U and satisfies |p(z)| < 1 for z € U.
Consequently we obtain

L(p+1-k)DFf(2) _ 1+h(z) 14 20(2)
D(p+1)zr-*k 1+ Ah(z) 1+ Azp(z)’

where A = 1/a — 1. After a simple computation, we get

Lp+1-k)Dif(z) 1-A]zP | _ (1= A)z]
T(p+1)zp—*k 1—A2z2| — 1— A2|z]?

which shows that

L(p+1=k)2[""(1 = |2])
T(p+1—k)(1—-Az))

Llp+1—k)l2" (1 + |2])
T(p+1-k)(1—-Af]z))

<Dif(z) <

for z € U. Finally, choosing the function f(z) such that

T(p+1—Fk)zP7*(1 +2)

DEf(z) = Tp+1-k)(1+Az)

we can show that the estimates of this theorem are sharp.
COROLLARY 1. Under the hypotheses of Theorem 1, we have

T(p+1=kDEf(2)| ., [ (1=A)
Tp+ et | =" ((1—A>|z|2>’

arg

where A =1/a — 1.
Proof. Since f(z) € Spr(), in view of Theorem 1, we have

(1—A)7|
S1- A

L(p+1—k)D¥f(2) 1= Alz|?
L(p+1)zp—F 1— A2|z|2

where A = 1/a — 1. This gives the corollary.

3. Coefficient estimates

THEOREM 2. Let the function f(z) = 2P + > apn2?t™, (p € N) be in the
class Sp.i(c). Then we have
2-1/a)T(p+1I'(p+n+1-k)
p+n+1T(p+1—k)

lap+n| <

for n < 2. The estimates are sharp.
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Proof. Since f(z) € Sp r(c), in view of Theorem 1, we have

L(p+1—Ek)D¥f(2) _ 1+4+h(2)
C(p+1)zp—Fk 1+ Ah(z)’

where h(z) vanishes at the origin, |h(z)] < 1 for z € U and A = 1/a — 1. Conse-
quently we obtain

C(p+n+D(p+1—k) . B
{ )4, Tp+Dp+n+l—k) 7° hz) =

—Z p+n+1F(p+1—k)a o
T(p T(p+n+1—k) »™"

Hence we can write

(p+n+1)T(p+1—k)
—A 2 -
{ E:Fp+1p+n+1—k)%+z hz)

m+1
_ F'p+n+1l(p+1—k) n n
_;:F@+DF@+n+1—m%”M +m§;fm
¢n, being some complex numbers. Since |h(z)| < 1 for z € U, by using Parseval’s
identity, we have

m—+1

r 1)2r 1— k)2 >
Z (p+n+ ) (p+ k) Z |Cn|2|Z|2n§

21,2n
«T(p+1)’Tp+n+1-k)? gl 1ol + n=m-+1

m 2 AT
S(IA)2+A22F(p+n+1) F'(P+1-k)

|apsnl?l2*",
L(p+1)2T(p+n+1-k>2""

n=1
that is,
i D20(p+1— k)2
Z (p+n+ ) (p+ - ) |a |2|Z|2n<
T(p+1)2T(p+n+1—k2" P =

2 Cp+n+1)°T(p+1-k)?* 2120
A ZI‘p+12Fp+n+1 )2|ap+n| 217"

On letting |2z| — 1,

’”2*:1 T(p+n+1)2T(p+1—k)?

2
<
Tt DI (ptnr ik el <

2 (P+n+1)°T(p+1—k)? 2
+Azf‘p+12f +n+1—Fk )2|ap+n|'
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Accordingly we get

2 2
Fp+m+1)T(p+1—k) (a2 <
Flp+1)2T(p+m+1—k) -

o= T(p+n+1)T(p+1—k
<@ _A) -(1-4 )Z FE§I 1)_2:1(;_‘_(511 ;2| p+”|

(2-1/a).

Thus we can show that

|apin| < (2-1/a)l(p+1)I(p+n+1—k)
TS T 4n+ DL(p+1-k)

for n > 2. Considering the function f(z) € Sp(c) which has the expansion

o (2—1/a)F(p+1)F(p+n+1—k)Zp n
&) = G DT+ 1= B T

for z € U, we can see that the estimate is sharp.

4. Convolution for the class S, ;(a)

THEOREPM 3. Let the functions f(z) = 2P + Y aptn2?*™, (p € N) and
9(z) = 2P 4+ > bpyn2P™ (p € N) be in the same class Sy («). Then the function

p+n

_p (p+n+1)T(p+1—k) b
=2ty Z[‘p+1 Tp+n+1-— k)ap-i-np—i-nz

is also in the class Sp r(a).
Proof. Since f(z) € Sp () and g(z) € Spr(a), we have

D(p+1- BDE/(2)
L(p+ 1)zp—k

r 1)D*
_a‘<a, (z € U) ‘W—a <a, (zel).

Now, it is well-known that if the function

is analytic in the unit disk U and |w(z)| < M, then

> ldal? < M.
n=0
Applying the above estimate to the functions
L(p+1—k)D¥g(2)

T(p+1-k)DEf(2)
— d —
T(p+ 1)z0—F @ an T(p+ 1)z0—F @
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we obtain

(p+n+1)2TC(p+1—k)?

r )
Flp+1)T(p+n+1-k)?
r )
r )

|apsnl* < 20 -1

(p+n+1)°T(p+1—k)? )
bpin|° <2a—-1
(p+1)21‘(p+n+1—k2|p+| ==

Hence we have

T(p+1-Fk)Df(2)
L(p+1)zp—k
Z p+n+ F(p—l—l k) a b o
T(p+1)2T(p+n+1—Fk32 PHen
) D ks Rt PPN
C(p+1)2T(p+n+1—k)2rrmien
E: Tp+n+1)Tp+1- m|a b IVWQ
Cp+ 1)’ T(p+n+1—k)? ptnllTptn

(p+n+1)°T(p+1—k)?
<(1-a)? ZFp+12Fp+n+l )2|ap+n||bp+n|

<(1-a)+(1

1 T(p+n+1)2T(p+1—k) ?
Jr4{ZF(p+1)2r(p+n+1—1~c)2|"”*"”bf'+"|

1/2
(p+n+1)°Tp+1-k)? >
<(1-a)?
_( Oé + {er+12rp+n+1 )2|ap+n|

T(p+n+1)2T(p+1—k)? 07
x Z |bp+n|
Flp+1)2T(p+n+1-k)?
Z T(p+n+1)°C(p+1— k)2|a E ’
Cp+ 1)’ T(p+n+1—k)? ptn

Cp+n+1)To+1-k>
: {Z Flp+ 1) T(p+n+1-— k)2|bp+n| }
< (l—a)2+(1—a)(2a—1)+(2a_1)2/4<a2

because o > 1/2. This proves that F(z) belongs to the class S, ().

5. Convex set of functions

THEOREM 4. Let the functions f(z) = 2P + > apyn2?t™, (p € N) and g(z) =
2P+ bpinzPT™, (p € N) be in the same class Sy (). Then Af(z) +(1—X)g(z)
is also in the class Sp (), where 0 < AL.

Proof. Since f(z) € Spr(a) and g(z) € Sy (a), we have

L(p+1—k)DEf(2) L(p+1—k)Dig(2)
al'(p+ 1)zp~* al'(p+1)zr—F

—1‘<1, (zeU)‘ -1l <1, (z€U).
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Consequently we obtain

‘)\F(p +1—k)DEf(2)+ (1 —NT(p+1—k)D¥g(2) _
al'(p+ 1)zp—k
L(p+1—k)Dtg(2)
al'(p + 1)zp—k

‘F(p +1-k)DEf(2)

al'(p+ 1)zp—F B 1‘ + (1 =) ‘

—1‘g1

for z € U. This completes the proof of the theorem.

N. S.

(1]
(2]

[13]

Remark 3. Letting £ — 1 in our theorems, we have the results obtained by
Sohi [13].
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