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ON EXTRAPOLATION OF MOVING AVERAGE AND

AUTOREGRESSIVE PROCESSES

Pavle Mladenovi�c

1. Introduction

LetX(s) = (X1(s); . . . ; Xn(s)); s 2 R, be a multidimensional wide sense sta-
tionary random process with the mean value zero, spectral density matrix kfxjk(�)k

and spectral process Zx(�) = (Zx
1 (�); . . . ; Z

x
n(�)); � 2 R. Suppose we know the

values of the process X(s) on the �nite interval [t � T; t]. The problem of linear
extrapolation of stationary random process X(s) at the point t+ �; � > 0, can be
formulated as follows: Find the random variable

~X1(t; �; T ) =

nX
k=1

+1Z
�1

eit��k(�) dZ
X
k (�) (1.1)

which is the linear least-squares estimator of X1(t + �) given Xk(s); t � T � s �
t; k = 1; 2; . . . ; n. The function (�1(�); . . . ;�n(�)) will be called the spectral
characteristic for extrapolation of the process X(s) at the pont t + � . Let H(X)
denote the Hilbert space generated by fXk(s);�1 < s < +1; k = 1; 2; . . . ; ng,
and H(X; t; T )-the smallest Hilbert space spanned by fXk(s) t � T � s � t;

k = 1; 2 . . . ; ng. Then, ~X1(t; �; T ) is the projection of X1(t+ �) into H(X; t; T ).

For the class of stationary random processes X(s) = (X1(s); . . . ; Xn(s)) hav-
ing the nonsingular spectral density matrix kfjk(�)k, where all fjk(�) are rational
functions of �, this extrapolation problem was studied in [6].

Now, let X(s) = (X1(s); . . . ; Xn(s)) and Y (s) = (Y1(s); . . . ; Yn(s)) be two
multidimensional stationary random processes satisfying the following equation

Y (s) =
NX
�=0

a�X(s� ��); a0 = 1; a� 2 R; � > 0 (1.2)
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and let the roots of the equation

�N + a1�
N�1 + � � �+ aN�1�+ aN = 0 (1.3)

be smaller than one in absolute value. Then,

Xk(s) =

1X
�=0

c�Yk(s� ��); k = 1; 2; . . . ; n; (1.4)

when the series on the right side of (1.4) converges in quadratic mean and the
coeÆcients c� satisfy the homogeneous di�erence equations

a0ck + a1ck�1 + � � �+ aNck�N = 0; k � N (1.5)

and the initial conditions

c0 = 1; a0ck + a1ck�1 + � � �+ akc0 = 0; 0 < k < N: (1.6)

If kfXjk(�)k and kf
Y
jk(�)k are the spectral matrices of the processes X(s) and Y (s),

then we have

fYjk(�) =

????
NX
�=0

a�e
�i���

????
2

fXjk(�): (1.7)

In this paper we shall �nd:

I) the linear least-squares estimator ~Y1(t; �; T ) of Y1(t + �) given the values
Yk(s); t � T � s � t; k = 1; 2; . . . ; n; if X(s) is a nonsingular process with a
rational spectrum,

II) the linear least-squares estimator ~X1(t; �; T ) of X1(t+�) given the values
Xk(s); t� T � s � t; k = 1; 2; . . . ; n, if Y (s) is a nonsingular stationary random
process with a rational spectrum.

For the single processes Y (s) = Y1(s) and X(s) = X1(s) this problem was
studied in [3].

The following lemma will be used:

Lemma 1. (Yaglom, A. M., [6 275{277]): A function (�1(�); . . . ;�n(�)) is
the spectral characteristic for extrapolation of a stationary random process X(s) at
the point t+ �; � > 0, given Xk(s); t� T � s � t; k = 1; . . . ; n, if and only if:

1Æ:

+1Z
�1

j �k(�) j
2 fXkk(�) d� <1; k = 1; 2; . . . ; n (1.8)

2Æ:The functions

 k(�) =
�
ei�� ��1(�)

�
f1k(�) �

nX
j=2

�j(�)fjk(�); k = 1; 2; . . . ; n
(1.9)

can be represented in the form

 k(�) =  
(1)
k (�) + e�i�� 

(2)
k (�) (1.10)
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where: a1) the function  1(k)(�) is analytic in the upper half-plane and

a2) as j � j! 1 in the upper half-plane,  1(k)(�) falls o� faster than

j � j�1�"; " > 0,

b1) the function  
(2)
k (�) is analytic in the lower half-plane and

b2) as j � j! 1 in the lower galf-plane,  
(2)
k (�) falls o� faster than j

� j�1�"; " > 0.

3Æ the functions �k(�); k = 1; 2; . . . ; n, are analytic functions represented
in the form

�k(�) =
X
�

ei���Rk;�(�) (1.11)

where Rk;�(�) are rational functions and �� 2 [�T; 0].

For a stationary random process with the nonsingular spectral density matrix
kfjk(�)k, where all fjk(�) are rational functions of �, we shall use the following
notation

D(�) = detkfjk(�)k = det
Qjk(�)

Pjk(�)

www =
Q(�)

P (�)
;

P (�) = (�� �1) � � � (�� �L)(�� �1) � � � (�� �L)

and we shall denote the degrees of polynomials Pjj(�); Qjj(�); P (�); Q(�), by
2Njj ; 2(Njj �mj); 2K; 2L, respectively.

2. Exstrapolation of moving average processes

Theorem 2.1. Let X(s) = (X1(s); . . . ; Xn(s)) be a nonsingular stationary
random process with a rational spectrum, and let Y (s) be given by (1.2) where the
roots of the equations (1.3) are less than one in absolute value. Suppose we know
the values Yk(s); t�T � s � t; k = 1; 2; . . . ; n, and suppose T=� is not an integer.
Denote [T=�] = l and [�=�] = S.

If S � N , then the spectral characteristic (�Y
1 (�); . . . ;�

Y
n (�)) for extrapo-

lation of a stationary random process Y (s) at the point t + � has the following
form:

�Y
k (�) = R

(1)
k (�)

lX
j=0

c1kje
�i�j� + e�i�TR

(2)
k (�)

lX
j�0

c
(2)
kj e

i�j� ; k = 1; 2; . . . ; n (2.1)

where

R
(i)
k (�) =

!
(i)
k (�)

(� � �1) � � � (�� �L)(�� �1)� � � � (�� �L)
(2.2)

and !
(i)
k (�); i = 1; 2 are the polynomials of the degree 2L+mk � 1.

Proof . The functions �k(�); k = 1; 2; . . . ; n, given by (2.1) and (2.2) have
the form (1.11) and satisfy the condition 1Æ. of Lemma 1. We shall de�ne the
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coeÆcients c
(1)
kj ; c

(2)
kj and the coeÆcients of the polynomials !

(i)
k (�) so that these

functions satisfy the conditions 2Æ and 3Æ.

Using (1.7), we have

 Ym(�) = (ei�� ��Y
1 (�))f

Y
1m(�) +

nX
k=2

�Y
k (�)f

Y
km(�) =

=

�
(ei�� ��Y

1 (�))f
X
1m(�) +

nX
k=2

�Y
k (�)f

X
km(�)

�????
NX
j=0

aje
�i�j�

????
2

: (2.3)

Using the following equations

????
NX
j=0

aje
�i�j�

????
2

=

NX
j=�N

bje
i�j� ; � 2 R (2.4)

lX
j=0

c
(1)
kj e

�i�j�
NX

j=�N

bje
i�j� =

NX
j=�N�l

�kje
i�j� (2.5)

lX
j=0

c
(2)
kj e

i�j�
NX

j=�N

bje
i�j� =

N+lX
j=�N

�kje
i�j� (2.6)

the functions  Ym(�); m = 1; 2; . . . ; n can be represented in the form

 Ym(�) =

NX
j=�N

bje
i�(�+j�)fX1m(�)�

nX
k=1

 k;1(�)f
X
k;m(�)�

�e�i�T
nX

k=1

 k;2(�)f
X
km(�) �

nX
k=1

�k(�)f
X
km(�) (2.7)

where

 k;1(�) = R
(1)
k (�)

NX
j=0

�kje
i�j� +R

(2)
k (�)

l+NX
j=l+1

�kje
i�(�T+j�) (2.8)

 k;2(�) = R
(1)
k (�)

�l�1X
j=�N�l

�kje
i�(T+j�) +R

(2)
k (�)

0X
j=�N

�kje
i�j� (2.9)

�k(�) = R
(1)
k (�)

�1X
j=�l

�kje
i�j� + e�i�TR

(2)
k (�)

lX
j=l

�kje
i�j� (2.10)

The condition S � N implies the following inequalities

� + j� � 0; j = �N; �N + 1; . . . ; N:
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If we de�ne

 (1)m (�) =

NX
j=�N

bje
i�(�+j�)fX1m(�)�

nX
k=1

 k;1(�)f
X
km(�) (2.11)

 (2)m (�) = �

nX
k=1

 k;2(�)f
X
km(�) (2.12)

and if we put
�k(�) = 0; k = 1; 2; . . . ; n (2.13)

then, the functions  Ym(�) will have the form (1.10), and the conditions a2) and b2)
of Lemma 1. will be satis�ed.

The equations (2.13) imply the following equations

�k;j = 0; j = �l; �l+ 1; . . . ;�1; k = 1; 2; . . . ; n (2.14)

�kj = 0; j = 1; 2; . . . ; l; k = 1; 2; . . . ; n (2.15)

If we put c
(1)
k0 = c

(2)
k0 = 1; k = 1; 2; . . . ; n, then, from (2.14) and (2.15) we can

determine

c
(1)
1j = c

(1)
2j = � � � = c

(1)
nj (= c

(1)
j ); j = 1; 2; . . . ; l; (2.16)

c
(2)
1j = c

(2)
2j = � � � = c

(2)
nj (= c

(2)
j ); j = 1; 2; . . . ; l; (2.17)

The coeÆcients of the polynomials !
(i)
k (�); i = 1; 2; k = 1; . . . ; n (there are

4nL+ 2(m1 +m2 + � � � +mn) of such coeÆcients) can be found as in [6] so that
the conditions a1); a2) and 3Æ are satis�ed.

Remark 1 : If we consider the following equations

Yj(s) =
NX
�=0

a(j)� X(s� ��); a
(j)
0 = 1; j = 1; 2; . . . ; n

instead of (1.2) and if the roots of the equations

�N + a
(j)
1 �N�1 + � � �+ a

(j)
N�1�+ a

(j)
N = 0; j = 1; 2; . . . ; n

are less than one in absolute value, then the spectral characteristic has the form

(2.1). In this case the coeÆcients c
(1)
kj ; c

(2)
kj ; k = 1; 2; . . . ; n; j = 1; 2; . . . ; l may be

obtained from the equations (2.14) and (2.15) but the equalities (2.16) and (2.17)
do not hold.

Theorem 2.2. Let the assumptions be as in Theorem 2.1. If S < N , the
spectral characteristic (�Y

1 (�); . . . ;�
Y
n (�)) has the form:

�Y
1 (�) = R

(1)
1 (�)

lX
j=0

c
(1)
1j e

�i�j� + e�i�TR
(2)
1 (�)

lX
j=0

c
(2)
1j e

i�j� +
X
�2A

c(3)� ei�(�+��)

(2.18)

�Y
k (�) = R

(1)
k (�)

lX
j=0

c
(1)
kj e

�i�j� + e�i�TR
(2)
k (�)

lX
j=0

c
(2)
kj e

i�j� ; k = 2; . . . ; n
(2.19)
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where A = f� j �T < � +�� < 0g and the functions R
(i)
k (�) are as in Theorem 2.1.

Proof . In this case we have

 Ym(�) =

NX
j=�N

bjei�(�+j�)fX1m(�)�
X
�2A

c(3)� ei�(�+��)
NX

j=�N

bjei�j�fX1m(�)

�

nX
k=1

 k;1(�)f
X
km(�) � e�i�T

nX
k=2

 k;2(�)f
X
km(�) �

nX
k=1

�k(�)f
X
km(�) (2.20)

where  k;1(�);  k;2(�); �k(�), where given by (2.8)|(2.10). We determine the

coeÆcients c
(3)
� ; � 2 A, from the condition that the functions ei�(�+j�); �T <

� + j� < 0, are not included in the sum

NX
j=�N

bje
i�(�+j�)fX1m(�)�

X
�2A

c(3)� ei�(�+��)
NX

j=�N

bje
i�j�fX1m(�):

Then, let us represent this sum as
P

1+
P

2 where the functions e
i�(�+j�); �+

j� � 0, are included in
P

1 and the functions ei�(�+j�); � + j� � �T , are included
in
P

2. If we de�ne

 (1)m (�) =
X
1

�
nX

k=1

 k;1(�)f
X
km(�) (2.21)

 (2)m (�) = ei�T
X
2

�

nX
k=1

 k;2(�)f
X
km(�) (2.22)

and if we put again �k(�) = 0; k = 1; 2; . . . ; n, the functions  m(�) will have the
form (1.10), and the proof is completed as in the previous case.

Remark . The function �Y
1 (�) given by (2.1), is also given by (2.18), where

A = f� j �T < � + �� < 0g = ?.

Corollary. If T = l�, we have

�Y
1 (�) = R1(�)

lX
j=0

c1je
�i�j� +

X
�2A

k�e
i�(�+��) (2.23)

�Y
k (�) = Rk(�)

lX
j=0

ckje
�i�j�k = 2; . . . ; n: (2.24)

This form of the function (�Y
1 (�); . . . ;�

Y
n (�)) is obtained if T ! l� in (2.18)

and (2.19).

Theorem 2.3. Let the assumptions be as in Theorem 2.1. Then:
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a) If T=� is not an integer, we have

~Y1(t; �; T ) =

nX
k=1

�mk�1X
j=0

lX
j=0

[A
(�)
kj Y

(�)
k (t� j�) +B

(�)
kj Y

(�)
k (t� T + j�)]+

+

TZ
0

wk(s)Yk(t� s) ds

�
+
X
�2A

c(3)� Y1(t+ � + ��) (2.25)

b) If T = l�; ~Y1(t; �; T ) will have the form

~Y1(t; �; T ) =

nX
k=1

�mk�1X
�=0

lX
j=0

c
(�)
kj Y

(�)
k (t� j�)+

+

TZ
0

wk(s)Yk(t� s) ds

�
+
X
�2A

k�Y1(t+ � + ��) (2.26)

Proof . a) After separating the polynomials from the rational functions

R
(i)
k (�); i = 1; 2; k = 1; 2; . . . ; n, the functions �Y

k (�); k = 1; . . . ; n, can be repre-
sented in the form

�Y
1 (�) =

mk�1X
�=0

lX
j=0

fA
(�)
1j e

i�(�j�) +B
(�)
1j e

i�(�T+j�)g(i�)� + '1(�) +
X
�2A

c(3)� ei�(�+��)

(2.27)

�Y
k (�) =

mk�1X
�=0

lX
j=0

fA
(�)
kj e

i�(�j�) +B
(�)
kj e

i�(�T+j�)g(i�)� + 'k(�); k = 2; . . . ; n:
(2.28)

Then,
+1R
�1

j 'k(�) j
2 d� < 1; k = 1; . . . ; n, and as j � j! 1 in the lower

halfplane, the functions 'k(�) fall o� not slower than j � j�1, and as j � j! 1 in
the upper half-plane, they behave as j � j�k eTIm�; k � 1. We can easily see that
the Fourier transform Wk(s) of 'k(�) is equal to zero if s 2 (�1;�T ] [ [0;+1)
and consequently we have

'k(�) =

TZ
0

e�i�swk(s) ds; k = 1; 2; . . . ; n (2.29)

where Wk(�s) = 2� �w(s). The formula (2.25) can be obtained from the equations
(1.1), (2.27), (2.28) and (2.29).

3. Extrapolation of autoregressive processes

Theorem 3.1. Let Y (s) = (Y1(s); . . . ; Yn(s)) be a nonsingular stationary
random process with a rational spectrum, and X(s) the process given by (1.2), where
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the roots of the equation (1.3) are less than one in absolute value. Suppose we know
the values Xk(s)t � T � s � t; k = 1; 2; . . . ; n, and T=� is not an integer. Denote
[T=�] = l; [�=�] = S. Then, the spectral characteristic (�X

1 (�); . . . ;�
X
n (�)) for

extrapolation of the stationary random process X(s) at the point t + �; � > 0 has
the following form:

a) If 0 � l < N , then

�X
1 (�) = R

(1)
1 (�)

lX
j=0

c
(1)
j e�i�j� + e�i�TR

(2)
1 (�)

lX
j=0

c
(2)
j ei�j� +

X
�2A

c(3)� ei�(����)

(3.1)

�X
k (�) = R

(1)
k (�)

lX
j=0

c
(1)
j e�i�j� + e�i�TR

(2)
1 (�)

lX
j=0

c
(2)
j ei�j� ; k = 2; . . . ; n:

(3.2)

b) If l � N , then

�X
1 (�) = R

(1)
1 (�)

NX
�=0

a�e
�i��� + e�i�TR

(2)
1 (�)

NX
�=0

a�e
i��� +

X
�2B

c(3)� ei�(����)

(3.3)

�X
k (�) = R

(1)
k (�)

NX
�=0

a�e
�i��� + e�i�TR

(2)
k (�)

NX
�=0

a�e
i���; k = 2; . . . ; n:

(3.4)

The functions R
(i)
k (�) are rational functions as in Theorem 2.1 and

A = f� j �T < � � �� < 0g; Bf� j �T < � � ��; � � Ng:

Theorem 3.1 can be proved in the same way as Theorems 2.1 and 2.2 and
then we have the following result:

Theorem 3.2. Under the assumptions of the Theorem 3.1. we have:

a) If 0 � l < N , then the linear least-squares estimator ~X1(t; �; T ) of X1

(t+ �) has the following form

~X1(t; �; T ) =

nX
k=1

�mk�1X
�=0

lX
j=0

[A
(�)
kj X

(�)
k (t� j�) +B

(�)
kj X

(�)
k (t� T + j�)]+

+

TZ
o

wk(s)Xk(t� s) ds

�
+
X
�2A

c(3)� X1(t+ � � ��): (3.5)

b) If l � N , then

~X1(t; �; T ) =

nX
k=1

�mk�1X
�=0

lX
j=0

[A
(�)
kj X

(�)
k (t� j�) +B

(�)
kj X

(�)
k (t� T + j�)]+

+

TZ
o

wk(s)Xk(t� s) ds

�
+
X
�2B

c(3)� X1(t+ � � ��): (3.6)
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Remark 2: If m1 = m2 = � � � = m = 1 then the predictor formulae (2.25),
(2.26), (3.5) and (3.6) would not involve di�erentiation.

Example. Let x1(t) and x2(t) be two independent stationary random pro-
cesses with the rational spectral densities f1(�) = (�2 + 1)�1; f2(�) = (�2 + 4)�1

and de�ne X1(t) = x1(t) + x2(t); X2(t) = x1(t) + x2(t). Then, (X1(t); X2(t)) is a
stationary random process with the spectral density matrix

�
(�2 + 1)�1 + (�2 + 4)�1 (�2 + 1)�1 � (�2 + 4)�1

(�2 + 1)�1 � (�2 + 4)�1 (�2 + 1)�1 + (�2 + 4)�1

�

and D(�) = 4(�2 + 1)�1(�2 + 4)�1; 2L = 0; 2k = 4; m1 = m2 = 1.

Now, let Y (t) be the process given by Y (t) = X(t) � �X(t � 1); j � j< 1,
and suppose we know the values of the process Y (t) in the interval [�1:5; 0]. If we
apply Theorem 2.1. we can �nd for � > 1:

N = 1; n = 2; l = 1; S > 1; 2L+mk � 1 = 0

R
(1)
1 (�) = K1; R

(2)
1 (�) = K2; R

(1)
2 (�) = k1; R

(2)
2 (�) = k2

�Y
1 (�) = K1(1 + c

(1)
11 e

�i�) + e�3i�=2K2(1 + c
(2)
11 e

i�)

�Y
2 (�) = k1(1 + c

(1)
21 e

�i�) + e�3i�=2k2(1 + c
(2)
21 e

i�)

The equalities (2.5) and (2.6) become

(1+c
(1)
k1
e�i�)(��e�i� + (1 + �2)� �ei�) = ��c

(1)
k1
e�2i�+

+(�� + (1 + �2)c
(1)
k1
)e�i� + (1 + �2 � �c

(1)
k1
)� �e�i�

(1+c
(2)
k1
ei�)(��e�i� + 1 + �2 � �ei�) = ��e�i�+

+(1 + �2 � �c
(2)
k1
) + (�� + (1 + �2)c

(2)
k1

)ei� � �c
(2)
k1
e2i�:

From the equations (2.14) and (2.15) we can �nd

c
(1)
11 = c

(1)
21 �

�2

1 + �2
; c

(2)
11 = c

(2)
21 =

�

1 + �2

and consequently

�Y
1 (�) = K1

�
1 +

�

1 + �2
e�i�

�
+ e�3i�=2K2

�
1 +

�

1 + �2
ei�
�

�Y
2 (�) = k1

�
1 +

�

1 + �2
e�i�

�
+ e�3i�=2k2

�
1 +

�

1 + �2
ei�
�



146 Pavle Mladenovi�c

 
(1)
1 (�) =f��ei�(��1) + (1 + �

2)ei�� � �e
i�(�+1)gf(�2 + 1)�2 + (�2 + 4)�1g

�

�
K1

�
1 + �

2 �
�2

1 + �2
� �e

i�

�
�K2

�2

1 + �2
e
i�=2

�
f(�2 + 1)�1 + (�2 + 4)�1g

�

�
k1

�
1 + �

2 �
�2

1 + �2
� �e

i�

�
� k2

�2

1 + �2
e
i�=2

�
f(�2 + 1)�1 � (�2 + 4)�1g

 
(1)
2 (�) =f��ei�(��1) + (1 + �

2)ei�� � �e
i�(�+1)gf(�2 + 1)�1 � (�2 + 4)�1g

�

�
K1

�
1 + �

2 �
�2

1 + �2
� �e

i�

�
�K2

�2

1 + �2
e
i�=2

�
f(�2 + 1)�1 � (�2 + 4)�1g

�

�
k1

�
1 + �

2 �
�2

1 + �2
� �e

i�

�
� k2

�2

1 + �2
e
i�=2

�
f(�2 + 1)�1 + (�2 + 4)�1g

 
(2)
1 (�)=

�
�K1

�2

1 + �2
e
�i�=2+K2

�
1 + �

2 �
�2

1 + �2
� �e

�i�

��
f(�2+1)�1+(�2 + 4)�1g

+

�
�k1

�2

1 + �2
e
�i�=2+k2

�
1 + �

2 �
�2

1 + �2
��e�i�

��
f(�2+1)�1�(�2 + 4)�1g

 
(2)
2 (�)=

�
�K1

�2

1 + �2
e
�i�=2+K2

�
1 + �

2 �
�2

1 + �2
� �e

�i�

��
f(�2+1)�1�(�2 + 4)�1g

+

�
�k1

�2

1 + �2
e
�i�=2+k2

�
1 + �

2 �
�2

1 + �2
� �e

�i�

��
f(�2+1)�1+(�2 + 4)�1g

If we de�ne B
(j)
k (�) = (�2 + 1)(�2 + 4) 

(j)
k ; k; j = 1; 2, then the constants

K1;K2; k1; k2 can be found from the equations

B
(1)
1 (i) � B

(1)
2 (i) = 0; B

(1)
1 (2i) � �B

(1)
2 (2i) = 0

B
(2)
1 (�i) � B

(2)
2 (�i) = 0; B

(2)
1 (�2i) � �B

(21)
2 (�2i) = 0

Then,

~Y1

�
0;
3

2
; �

�
= K1Y1(0) +

�

1 + �2
K1Y1(�1) +K2Y1

�
�
3

2

�
+

�

1 + �2
K2Y1

�
�

1

2

�

+ k1Y2(0) +
�

1 + �2
k1Y2(�1) + k2Y2

�
�
3

2

�
+

�

1 + �2
k2Y2

�
�
1

2

�
:
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