PUBLICATIONS DE L’INSTITUT MATHEMATIQUE
Nouvelle série, tome 34 (48), 1983, pp. 125-135

DERIVATIONAL FORMULAS OF A SUBSPACE OF A GENERALIZED
RIEMANNIAN SPACE

Svetislav M. Min¢ié

Summary. L. P. Einsenhart has defined in [1, 2] a generalized Riemannian space with
nonsymmetric basical tensor, R. S. Maishra and M. Prvanovi¢ in [3,4] have studied derivational
formulas and Gauss-Codazzi equations in a subspace of a generalized Riemannian space. In [5,6]
we used 4 kinds of covariant derivation of a tenzor in a sbspaces of this space.

In the present work we obtain 4 kinds of derivational fdormulas, using the above mentioned
kinds of derivation.

0. Introduction. Let Vi be a generalized Riemanian space with cordinates
y*(a@=1,...,N) and a basical tensor aqz(aqg # aag)

The equations
(1) y* =yt

define a subspace Vs of the space V. The coorinates in the Vj; are xi(z =
1,...,M), and the basical tensor is g;; (gi; # 9ji)-

The next relations (see [1-3]) are valid,;
(2) Capyy = aaptit] = gij,
where the comma (,) signifies the usual partial derivation, and we have
(3) oy ozt = yi =t

If we denote by a8 and a8 the symmetrisation and antisymmetrisation over indices
- \%

a, beta and analogically in other cases, we have

(4a, b) gij = a%t?tf, 9ij = aavgt?t?,
(5a, b) gﬂgﬁ = 5;-“, aﬂaﬁl =07.
The Christoffel symbols for Vx are

(6) Lagy = (@ga,y — @8y,a + Gay,5)/2
) 5, = 4%, (TG, £15)
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and analogousely for V3. Further, for example, it is

(7) GMFEW = 0e0™ U'r gy = 05 3y = Ta gy

For unit, mutally orthogonal vectors N(D; ) which are also orthogonal on the Vjy,
we have

(8a) CL%N(@) = 6(9)590 (e(g) = +1),

(8b) aas Nt =0

where the Greek indices in the brackets take values from M + 1 to N and have
not a tensor nature.

Because of non-symmetry of the connexion coefficients, we can define 4 kinds
of covariant derivation in the generalized Riemannian space (see [5, 6]). For exam-
ple, for a tensor ags, whose Greek indices are related to the space Vy, and Latin
to the subspace Vj, for a covariant derivation on z™, we have
(9a,b)

a5 m = 0 jm + (Truaf; — Thuazi)tn, + Dpmagy — imag,,
é pm nB mp mj
(9¢, d)
G5 1m = @G jm + (Truafy — Thuazi)tn, + Domagy — imad,,
s nr B mp mj
If all indices of a tensor are related to the space, we can find its derivation by y*

or by ™. For example

(10a,b) alp, = a8 + 12,07 + T2 a2™ —T7 a2%,
1 p p 1251
2
(10c,d) alp, =aSf + 15,07 + T2 a™ —T7 a2%,
3 p p ny
4
aB  _ _aB pu
(11) avlm_avlutm'

Further, using (6) we have

(12a,b) Lagy +Ugay = Gapys Tapy + 15,80 = Gay 8
(12¢) Loy +Layp = Gapy = 8y,0 + Gya,3-
From (10a) and (77)
Aagly = Gapy — Laytrg = I'hy0ar = aagy —T'gay — Ta,py,
aB| b Lt B
whence, using (12a) we obtain

(13) a5y = 0.
1
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It the same way, we prove that;

(13’) Gijlm =Y,

Therefore, the following is valid:

(14a,b) aagly =0, Gijim =0, #=1,...4
9 2]

and, based on (11), it is

(14c) aﬂyzo 0=1,...,4).

1. First derivational formulas. By derivational formulas one expresses

covariant derivatives of the tensors ¢7, N, as linear combinations of these tensors.

From (9a-d) we have

(15a) fim = thm + DRt ti =TTt
1

(15b) m = tom + Duntint? — Iyt
2

(15¢) fm = tom + Tautint? — Iyt
3

(15d) fm = tom + Duntint? — Iyt
4

and we can interpret the tensors tf“m(ﬁ =1,...,4) in the following manner:

6
N
(16) fm =0ty + D QimNG,)
? o=M+1

For 8 = 1,...,4 we obtain from (16) 4 kinds of I derivational formula of the
subspace Vis of the generalized Riemannian space V.

Multiplying the last equation by (54 and using (4a) and (8b) be obtain

(a7 Gagtfmty = ®hutastyty = BF,gpn = Phim, ie.
[
(17) Bl = By img™ = aagt]nty g™
[

Multiplying the equation (16) by aagN(i) based on (8a, b) it follows

o B8 _ _
Gapti]mN(g) = €)Y eim (e(o) = £1),
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whence

_ a B
(18) %(a)im = e(U)aﬂtilmN(a)'

We shall prove now that the tensors ?fm are antisymmetric on lower indices,

and %)him on all indices. Since

(19) mil = tim = Yim = 82y“\8wi oz,

m,l

we conclude from (15a-d) that

(20) AR (tﬁgmﬂ‘fngi)/?:tﬁmﬁ@“ th4T TP g

i|lm mtmbi im°p-*
g

If, on the same manifold on which generalized Riemanni@ space Vn and its
subspace V) are defined, we define a usual Riemannian space V y and its subspace
V ur using as basical tensors a,g and g;; the equation (2) becomes

(20”) i|m = tim
]

where by the semicolon (;) we denote covariant derivation by using symmetric
connexion coefficients ng respectively I‘;._k obtained by a.g (gﬂ)

The derivational formulas of the subspace Vi (see [7, § 47]) are
(21a) 12 =Y pim NG
e

(21b) N(O:T);m = —6(0)gEQ(J)SMt;Y + Z ‘II(QJ)mN(Oé) (\I!gg)m =0).

4
Using (18), (20)’

Qoyim = €(0)0astmNiy) = €(0)0astim Ny,
8

and from (21a):
(22) Qo)im = Uoyim-
According to (21a), it is

(23) Aagtemty = aﬂt;ﬁlmtf =0
]

and, based on (17’), we have

h __ h
O = aapg it ty -
8




Derivational formulas of a subspace of a generalized Riemannian space
From this, according to (23), one obtains
(24) ??m =0 ie.
1) #h, = 2%, =4t
which means that the tensors %)fm are antisymmetric on indices.

Taking into consideration (14 b, c) from (4a) there follows

(25a) aagtzlmt] + aqpti't Jlm =0

By cyclical interchange of the indices we obtain

(25h) aagtjll o+ aagtity =0,
0

(25¢) aagtmljtz + aagtmtﬁ] =0.

Adding (25b, ¢) and subrtacting (25a), we get
aag(tf‘ntflj + tj‘tfn“ +1¢t? ) =0.

v mIJ
From this and (23)
(26) aapts tm“ +aaptSt), i = =0.
V V

On the basc ofd (16) and (24’) we have

\/

which put into (26), gives

aagto‘fbm] . +aa5t”"l>p 2 =0, ie.

mi’p

9y + 95 ®ri = 0= Rimj = —Pjmi.

From here and (24’), we have

27 P = —0 =&, = —D .
( ) "™ 0 jmi "™ 0 mij

We see that tensors %)ijm are antisymmetric on all pairs of indices.

z|m = q’fmt? ZQ(Q inNi = (I>zm » Z%(g)iC”Na’)’
4

129

2. Second derivational formulas. From (9a-d), for covariant derivation

of normals we have

(28a) Ny Im = N(@\m Ny + T2, thnT

o)|m = Noym + Db NG -

(28b) N = NG
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From (8a) we get
o B8 _ _
aas N Niy =€) (e = 1),

and, based on (14c):

aaﬁN(

Q)Im

B

[
2

(Q)Im )= 0, i.e.

(29) N@)gmlN&)-

We can express the tensors N&)lm in the following way:
6

(30) N°(o | m = BP(g)m + > Wy NG, ¥ (roym =0,
[

where the condition %I(w)m = 0 follows from (29). From (28a, b) and (30)

h _ nh

J)m 3 (0)m 2 (o)m?
(323') b) 1 (ga)m = %’(ga)m; %’(ga)m = %’(ga)m-

n order to determine the tensors = ??g)m, we shall didfferentiate covariantly

the relation (8b). Taking into acount (14c), we obtain

aaﬁN(anm i T aapNG) jlm = 0-

From here, by a change based on (30), (16) we obtain

aast] (BY,)uts + Z Voo NGy ) + asNes) (0,0 + ZQ (im By ) =0, ie.
(33) gjlg(a)m + e(a)?(g)jm =0.
Multiplying the previous relation by ¢, we get
0Bl + €197 Qe jm = 0,
respectively
(34) Bloym = ~€()9"Qa)sm = =€) Yoym-
With respect to (31, 34) we conclude
(35a,b) Uoym = Uoym» Hoym =N
From (33)

(36) fg(a)im = _e(a)gi_pgl()g)ma
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and from this and (31a, b) we have

(35 a, b) ?(g’)im =0 gz(a)im = g}(a)im'

5 (0)im>

Changing g{’a)m based on (34) into (30), we obtain
(37) N(O:T)‘m == _6(0)%€a)mtg + Z %’(gg)mN&), %’(aa)m =0, ie.
0 p
(37) N(Cf,)im = =€) 9" (o)smlty + Z%’(ga)mN(oé)) Yiooym = 0. ie.
P

From this and (28a, b) we obtain 2 kinds of the second derivational formula of the
subspace Vs (for 8 =1,2).

We shall now investigate some properites of the tensors
h
Yim» Yerim> ¥eo)m:
From (37’) and (8a, b) we have

B8 _ 8 _
@0 Ny | Nimy = Y(xo)mas N Nizy = €)Y (no)ms

(o)|m
6

from where it is
o

_ B _
(38) %’(m,)m = e(ﬂ)aﬂN(pi)N(a)(\;m (E(W) = :i:l).

On the other hand, by covariant differentiation of the relation
aﬂN&i)N{;) =e(n)0rs, we get

a B a nb _
a%(N(ﬂ)lmN(U) +N(ﬂ.)B ) = 0,

(o)|m
6
whence, from (28), we have
(39) e(ﬂ)\:o[l(ﬂ'o')m + e(a)\g(an)m =0, or

’ v = — v =40 .
(39 ) 0 (mo)m €(m)€(0) 0 (om)m 9 (om)m

With regard to (8a), one obtains the sing — in the case when both normals N(“W)
and N, (Of; ) are either real or imaginary, and the sign + in the case when one of these
normals is real and the other is imaginary.

From the definitions (15a-d) it is
(40a, b) s

ilm
2

AT

i|lm m|i’
4 3

=t

mli’
and from this and (16), 24’), we have
(i1, ) T T

1mi im> im*
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From (40a, b), (16) and (35’a, b)

g(a)im = glz(a)mi = g(a)mia Q((J’)im = Q(U)mi = g}(o’)mia L.e.
(42) Qoyim = Loymi = Lorim = Yoymi-

Further, using (15a-d)

(43a) fim = tim Fﬁutfnt;’ Ffmtg,
1

(43b) z|m =13, ant‘,ﬁltf Ffmtg ,

(43c) fim = tim + Fﬁutfntf Fﬁutg ,
3

(43d) tlm =15, Fg,,tfnt;’ Ffmtg ,

From the previous equations we see that
(44) (t5m + 8 ) /2= (£ + llm)/z_tlm,
1 2 3

and, taking into account (16) and (21a), we obtain

Bl + P = Pl + Bl =0,

1 2 3 4
which affirm the equations (41a, b). We have also
(45) (Sll(a)im + g(a)im)/2 = (gz(a)im + %(a)im)/2 = Q(o’)im'

From (22), (45) one affirms (42).
If we make a change in (43a) using (16), (21a), (22), we get

(46) Lty + D [Qgim — QeyimI Ny = Doy tith — Tiyty.
p

Multiplying this equation by a%tﬁ) , we have

(47a) Phim = aﬂf%utgt;ftﬁl —Thign-

In the same way, using (43b - d), we obtain

(47b) Phim = aaﬁra gk — — Thgis -

(47c) him = Aol tatF thy = Thomic

(47d) Phim = aaﬁra o — —Thip-
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Considering (41a, b) and (47a-d), we conclude that

(48a, b) %’him = _?him; %’him = ?him + 2L higp,
(48c) %’him = _?him = 2T h.igp,
respectively

(48,35 b) g)?m = _q)?m7 (I)h - q)h + QF?ma

(48'c.) P}, = — @, — 20,
If me multiply equation (46) by aagN gf ) we obtain
(o) [Q(Uzm Q(U zm] = aagl““ N(i)tmtzr, ie.
(49) ?(U)i(/n = e(a)aﬂFvN(a)tfntf.
By a direct ckeck based on (43b-d), or using (49), (42), we get
) _ _ _ _ B 4
(497) Qi = Yormi = Yorigp = Yormi = () dagl ', Nig) -
From this

Loyim = Qoyim = Yoyim + Lo)ip = Loyim + Loyign

Lorim = Qoyim = Yoyim + Lo)im = Loyim = Loyim, 1o

(50) Qayim = Uoyim £ Qo)ign:

where for 6 = 1,3 we take the sign +, and for § = 2,4 the sign —, and Q(4);, is
\%2

given by (49’).
Further, from (28a, b)

(51a) Nioy m = Nioyjm = Nioym + TNz s

(51b) Ny jm = Nsym = Nisyom + g Nyt

and this

(52) (NGoym + Nioy m) /2 = (Nioy i+ Niy | m) /2 = Nizyim

From here, considering (37’) and (21b) we obtain (45) and also

(53) ( (ga)m + \IJ ga)m)/2 - ( (eo)m + \I’ ga)m)/2 = *oo)m-

133
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If we put the covariant derivation into (51a) based on (37’) and (21b), we get

(59 e oty + D (Yarm = Carn) Ny = TN th
P
If we multiply this equation by aﬂt? , we get

(3
\%

—E(J)QEQPJ{P(U)SW = aﬂfﬁut@t"mN{;), i.e.

_ a 48 T
(55) Qo = €() 0o, ti tm Ny,

Vv

which is another form for (49). From here, in accordance with (42), we have

’ — — _ _ a 4B ™
(357 Loy = Loymi = Lorip = Yoymi = €(0)tasliuxti ttm NG,

\%

which is another form of (49’).

Multiplying the equation (54) by aqsN (BT ) we get
_ a a8 ™
(56) e(‘r)(?(‘ra)m - \I’(To)m) = G%F%uN(T)N(a)t,;m
respectively
’ — — B ™
(56°) Vioym = Yiroym = Y(roym + e(r)a@F%MN(T)N(U)t“m-

Analogously to (56), we get

(57) e(r) (\g(m)m - \I/(Ta>m) = a5, Nyt L.
(57’) Yroym = Yeroym = Yiroym — €<r>aﬂr%uNfr)N&)t¢z-
From (56°, 57’) one gets (53). If we introduce a tensor
(58) hiroym = e(T)aﬂF%uN(ﬁT VNGt
from (56°, 57)
(59) Uiroym = Yiroym £ hiroym,
where for # = 1,3 we taje the sing + and for § = 2,4 tje sing —.
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