
PUBLICATIONS DE L'INSTITUT MATH�EMATIQUE
Nouvelle s�erie, tome 34 (48), 1983, pp. 121{124

ON �0
1-EXTENSIONS OF !!!

�Zarko Mijajlovi�c

We shall consider �0
1-extensions of the standard model of arithmetic by mod-

els of Peano arithmetic. Even if the notation we shall use is standard in the study
of models of Peano arithmetic, we recall some of it.

Peano arithmetic is denoted by P , and its language by Lp. By M, N, etc.
we denote models of Lp, or simple expansions of models of this language, and
M;N; . . . stand for their domains respectively. The standard model of natural
numbers is denoted by !!!, thus !!! = (!;+; :�;0 ; 0). The sequence a0; . . . ; an 2 M

will be abbreviated by
*
a 2M . If a 2M , then a denotes the name of a.

The symbols �e;�e;�c;�c have the usual model-theoretic meaning, namely,
they denote respectively the relations of: end-extension, elementary end-extension,
co�nal extension, and elementary co�nal extension. If � is some of the usual
arithmetical hierarchies, e. g. �0

n;�
0
n, then the symbol �� is used to denote the

restriction of the relation � to the formulas of �.

By Sat �0

k

(x; y1; . . . ; yn) we denote a formula of Lp which represents the

satisfaction relation for �ok formulas of P with free variables y1; . . . ; yn. If M is a
model of P , then SSy(M) denotes the standard system of M, i.e. the collection of

all sets of the form fn 2 ! : M j= 'n~bg for some
*

b 2 M and a formula ' of Lp.
Observe that SSy(!!!) is exactly the set of all de�nable subsets of !!!. By Th(M) we
denote the set of all sentences of Lp true in M.

We are now able to state precisely the question we are interested in. Assume
!!! ��0

1
M, where M is a model of P . By a classical compactness argument there is

a model N such that ! �M � N, and !!! � N. Using Gaifman's splitting theorem,
cf. [4 b Theorem 2.5]; we can �nd K such that M �c K �e N. Thus, we proved
the following sandwich-type fact:

Let ! ��0

1
M;M j= P . Then there are K, N so that !!! � M �c K �e N,

and Th(N)=Th(!!!).
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Now we turn to the natural question raised by this proposition: which �0
1

exstansions of !!! have end-extension elementary equivalent to !!!? We shall answer
this question completely for countable models.

Theorem 1. Let N be a countable model of P such that ! ��0

1
N.

Then the following are equivalent:

1Æ There is a model M of Lp such that N �e M, and !!! � �0
1M

2Æ SSy(!!!) � SSy(N).

3Æ For each n 2 ! the code set of Th(!!!) \ �0
n belongs to SSy(N).

Proof . (1Æ ! 2Æ) If 'x de�nes A � !, then A = fn 2 ! : !!! j= 'ng =
fn 2 ! : M j= 'ng, hence A 2 SSy(M). As N �e M, it follows that SSy(N) =
SSy(M), i.e. A 2 SSy(N).

(2Æ ! 3Æ) Assume SSy(!!!) � SSy(N). The code set A of Th(!!!) \ �0
n is

de�nable in !!! for each n as A = fppp'qqq : ' 2 �0
n; !!! j= Sat�0

n
(ppp'qqq)g, where ppp'qqq

denotes the code number of the formula '. Hence A 2 SSy(N).

(3Æ ! 1Æ) This part follows immediately by the following theorem of D.
Jensen and A. Ehrenfeucht (cf. [2, Theorem 3]):

IfM is a countable nonstandard model of P and T is a complete extension of
P , then there is an end-extension N of M with Th(N)=T i� both of the following
holds:

(i) Th(M)\�0
1 � T .

(ii) For each n 2 ! the code set of T \ �0
n belongs to SSy(M).

Originally, it was assumed in (ii) that T \ Bn belongs to SSy(M), where Bn

denotes the set of all Boolean combinations of �0
n formulas. However, this is not a

stronger assumption as SSy(M) is a �eld of sets.

In [5] a criterion is given for a model M having an end-extension regardless
of the cardinality of M. A variant of Theorem 1 in [5] is:

Theorem 2. Let M be a nonstandard model of P and T a complete exten-

sion of P . Then there is a model M1 of T satisfying M �e M1 i� both of the

following conditions hold:

1Æ Th(M) \ �0
1 � T .

2Æ There is a model M2 of T such that SSy(M2) = SSy(M).

Thus, taking T = Th(!!!) we have the following

Corollary 2.1. Let N be a model of P such that !!! ��0

1
N. Then the

following propositions are equivalent:

1Æ There is a model M such that N �e M and !!! �M.

2Æ There is a model M of Th(!!!) such that SSy(M) = SSy(N).

Some further improvements can be made. For example, using the Arithmeti-
zated Completeness Theorem we obtain at once for any model M of P such that
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!!! ��0

1
M and Th(!!!) 2 SSy(M), that there is a (recursively saturated) model N

which satis�es M �e N and N j= Th(!!!). For related details one may consult [4a,
p. 860], and also Lemma 2 in [5].

Now, we shall exhibit a countable �0
1-elementary extension of !!! which has no

end-extension elementary equivalent to !!!. This result shows that Theorem 1 is not
vacuous.

Theorem 3. There is a model M of P such that !!! ��0

1

M and SSy(!!!) �

SSy(M) 6= ?.

Proof . Let T = P +Th(!!!) \ �0
2. Then the code set of T is �0

2 as

Th(!!!) \�0
2 = f' : ' 2 �0

2; !!! j= Sat�0

2

(ppp'qqq):

Now, de�ne A = fn 2 ! j !!! j= Sat�0

2
(m;m)g. Thus, A belongs to �0

2, i.e.

A 2 SSy(!!!). If A would be �0
2, then Ac would be �0

2, so for some e 2 ! Ac =
fm 2 ! : !!! j= Sat�0

2
(e;m)g. Hence, e 2 A i� !!! j= Sat�0

2
(e; e) i� e 2 Ac, a

contradiction. Therefore A is �0
2 � �0

2. As Th(!!! \ �0
2 � T , we see that A is

recursively enumerable in T . However, A is not recursive relative to T as A is
not representable in T : if there were  of Lp such that n 2 A implies T `  n, and
n 62 A implies T ` e n then A and Ac would be recursively enumerable in T , and
so, as T is �0

2, it would follow that Ac is �0
2, a contradiction.

Let '0x; '1x; . . . be an enumeration of formulas of Lp with x as the only
free variable. De�ne a sequence Tn; n 2 !, of theories as follows:

Let T0 = T . Assume Tn has been de�ned. We distinguish two cases:

1Æ If fm 2 ! : Tn ` 'nmgc = fm 2 ! : Tn ` e'nmg, then Tn+1 = Tn.

2Æ Assume for some m 2 ! not Tn ` 'nm and not Tn ` e'nm.

If m 2 A, then let Tn+1 = Tn [ fe'nmg

If m 62 A, then let Tn+1 = Tn [ f'nmg.

Let T 0 = [n2!Tn and let M be any prime model of T 0. Then every X 2
SSy(M) is de�nable in M without parameters. So if A 2 SSy(M), then for some
n;A = fm 2 ! :M j= 'nmg. If 'n satis�ed case 1Æ, then A would be represented
in T , a contradiction. Thus 'n satis�es case 2Æ; so for some m 2 !!! not Tn `
'nm, and not Tn ` e'nm. But then A 2 SSy(M) contradicts the choice of Tn+1.
Therefore A 62 SSy(M)

Corollary 3.1. There is a model M of P such that !!! ��0

1
M and this

model has no end-extension which is elementary equivalent to !!!.
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