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THE GENERAL REPRODUCTIVE SOLUTION OF BOOLEAN EQUATION

Dragi�c Bankovi�c

Abstract. We give the formula of the general reproductive solution of Boolean equation
using Pre�si�c theorem related to the formula of the general reproductive solution of the equation
of the �nite set and Vaught theorem. We also give a very simple proof of the theorem which gives
the consistency condition of Boolean equation.

De�nition. Horn formulas over language L are de�ned as follows:

|Elementary Horn formulas are de�ned as the atomic formulas of L and the
formulas of the form F1 ^ � � � ^ Fn ) G, where F1; . . . ; Fn; G are atomic

|Every Horn formula is built from elementary Horn formulas by use ^; 8; 9.

Theorem 1. (Vaught) Let H be a Horn sentence in the language LB of

Boolena algebras. If B2 j= H then B j= H.

Corollary 1. Let X = (x1; . . . ; xn) 2 Bn; T = (t1; . . . ; tn) 2 Bn; f :
Bn ! B and P = (p1; . . . ; pn), where pi : B

n ! B for i = 1; . . . ; n. If X = P (T )
is the general solution of Boolean equation f(X) = 0 in B2, then X = P (T ) is the

general solution of f(X) = 0 in B.

Proof . The sentence \X = P (T ) is general solution of f(X) = 0" can be
written in the form

(8X)(f(X) = 0, (9T )(X = P (T )))

i.e. in the form

(8X)(9T )(f(X) = 0) X = P (T )) ^ (8T )(X = P (T )) f(X) = 0)):

Since this formula is Horn's, it holds in B if it holds in B2.

Corollary 2. If X = P (T ) is the general reproductive solution of Boolean

equation f(X) = 0 in B2, then X = P (T ) is the general reproductive solution of

f(X) = 0 in B.
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Proof . The sentence \X = P (T ) is the general reproductive solution of
f(X) = 0" can be written as Horn sentence

(8X)(f(X) = 0) X = P (X)) ^ (X = P (X)) f(X) = 0)):

Theorem 2. (Boole, Sch�oder) Boolean equation f(X) = 0 is consistent if and

only if �Af(A) = 0, where �A means the conjuction over all A = (a1; . . . ; an) 2
f0; 1gn.

Proof . Theorem 2 can be written in the form

(9X)f(X) = 0, �Af(A) = 0

or, equivalently,

(8X)(f(X) = 0) �Af(A) = 0) ^ (9X)(�Af(A) = 0) f(X) = 0):

This is a Horn sentence and it obviously holds in B2. This means that it holds in
B.

Theorem 3. (Pre�si�c) Let 0 2 E and J : S ! E, where S = fs1; . . . ; skg.
Let J(x) = 0 be the consistent equation and Cq be a cycle of q 2 S, i.e.

fq; Cq(q); C
2
q (q); . . . ; C

k�1
q (q)g = S

Let + and � be binary operations on S [ E satisfying

0 � e = e � 0 = 0 � 0 = 0; e � e = e; 0 � q = 0; e � q = q

q + 0 = 0 + q = q; 0 + 0 = 0 (q 2 S; e 2 E)

and let � and � be functions from E into E de�ned by

y� = 0 for y = 0 �y = e for y = 0

y� = e for y 6= 0 �y = 0 for y 6= 0:

Then the general reproductive solution of J(x) = 0 is de�ned by the following

formula

(1)

x = �J(q)q + J�(q)J(Cq(q))Cq(Q) + � � �

+ J�(q)J�(Cq(q)) . . . J
�(Ck�3

q (q))J(Ck�2
q (q))Ck�2

q (q)+

+ J�(q)J�(Cq(q)) . . . J�(Ck�2
q (q))Ck�1

q :

De�nition 2. Let T = (t1; . . . ; tn) 2 Bn. Then

T � i
def
= (tb11 ; . . . ; t

bn
n (i = 1; . . . ; 2n � 1)

where b1; . . . ; bn are the binary digits of the number i� 1.

For example, (t1; t2; t3)� 3 = (t01; t
1
2; t

0
3) = (t01; t2; t

0

3) because 3� 1 i.e. 2 can
be written as 010.
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We also use the following notation: m(1); m(2); . . . ;m(n) are the binary
digits of the number m 2 f0; 1; 2; . . . ; 2n� 1g. For example, since we write number
5 as 0101 for n = 4, then 5(3)=0.

Lemma. Let f : Bb ! B. Then f(T � i) = [Af(A� i)TA (i = 1; . . . ; 2n� 1)

Proof . Since T � i = (tb11 ; . . . ; t
bn
n ), where bj = (i� 1)(j), we have

f(T � i) = [Af(a1; . . . ; an)(t
b1
1 ; . . . ; t

bn
n )(a1;... ;an)

= [Af(a1; . . . ; an)(t1; . . . ; tn)
(a
b1

1
;... ;abn

n
)

Denoting ab11 = c1; . . . ; a
bn
n = cn we have a1 = cb11 ; . . . ; an = cbnn i.e.

f(T � i) = [Cf(c
b1
1 ; . . . ; c

bn
n )(t1; . . . ; tn)

(c1;... ;cn)

= [Cf(C � i)TC :

Theorem 4. The general reproductive solution of consistent Boolean equation

f(X) = 0 is de�ned by the following formulas:

(2)

xj = [A(ajf
0(A) [ a

0(j)
j f(A)f 0(A� 1) [ a

1(j)
j f(A)f(A� 1)f 0(A� 2) [ . . .

[ a(2
n
�3)(j)f(A)f(A � 1) . . . f 0(A� (2n � 2))

[ a(2
n
�2)(j)f(A)f(A � 1) . . . f(A� (2n � 2)))TA; (j = 1; . . . ; n):

Proof . By Corollary 2 it is suÆcient to prove in B2 that (2) is the general
reproductive solution of f(X) = 0. It is obvious that

fT; T � 1; T � 2; . . . ; T � (2n � 1)g = f0; 1gn

for every T 2 f0; 1gn. Using the formula (1) with �z = z0 and z� = z we get

X =f 0(T )T [ f(T )f 0(T � 1)(T � 1) [ . . .

[ f(T )f(T � 1) . . . f 0(T � (2n � 2))(T � (2n � 2))

[ f(T )f(T � 1) . . . f(T � (2n � 2))(T � (2n � 1)):

Using Lemma we get

X =
�[

A

f 0(A)TA
�
T [

�[

A

f(A)TA
��[

A

f 0(A+ 1)TA
�
(T � 1) [ . . .

[
�[

A

f(A)TA
�
. . .
�[

A

f 0(A� (2n � 2)
�
TA

�
T � (2n � 2)

�

[
�[

A

f(A)TA
�
. . .
�[

A

f(A� (2n � 2)
�
TA

�
T � (2n � 1)

�

i.e.

xj =
�[

A

f 0(A)TA
�
Tj [

�[

A

f(A)f 0
�
(A� 1)TA

�
(T � 1)j [ . . .

[
�[

A

f(A) . . . f 0(A� (2n � 2))TA
��
T � (2n � 2)

�
j

[
�[

A

f(A) . . . f(A� (2n � 2)
�
TA

�
T � (2n � 1)

�
j
; (j = 1; . . . ; n)
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Since TA(T � i)j = ta11 . . . tann t
(i�1)(j)
j = a

(i�1)(j)
j TA and

TATj = ta11 . . . tann tj = ajT
A, then

xj =
[

A

ajf
0(A)TA [

[

A

a
0(j)
j f(A)f 0(A� 1)TA [ . . .

[
[

A

a
(2n�3)(j)
j f(A)f(A� 1) . . . f 0(A� (2n � 2))TA

[
[

A

a(2n�2)(j)f(A)f(A� 1) . . . f
�
A� (2n � 2)

�
TA; (j = 1; . . . ; n)

From this we get (2).

I, we de�ne the scalar product of two vectors P = (p1; . . . ; ps) and Q =
(q1; . . . ; qs) as p ÆQ = (p1q1 [ � � � [ pnqn), we can write (2) in the form

xj =
[

A

�
aj ; a

0(j)
j ; a

1(j)
j ; . . . ; a

(2n�2)(j)
j

�
Æ F (A)

where F (A) = (f 0(A); f(A)f 0(A� 1); . . . ; f(A) . . . f(A� (2n � 2))).

Example. Solve the Boolean equation axy [ bx0y0 [ cx0y [ dxy0 = 0.

The consistency condition is abcd = 0

F (1; 1) =(f 0(1; 1); f(1; 1)f 0(10; 10); f(1; 1)f(10; 10)f 0(10; 11);

f(1; 1)f(10; 10)f(10; 11)) = (a0; ab0; abc0; abc)

F (0; 0) =(f 0(0; 0); f(0; 0)f 0(00; 00); f(0; 0)f(00; 00)f 0(00; 01);

f(0; 0)f(00; 00)f(00; 01)) = (b0; ba0; bad0; bad)

F (0; 1) =(f 0(0; 1); f(0; 1)f 0(00; 10); f(0; 1)f(00; 10)f 0(00; 11);

f(0; 1)f(00; 10)f(00; 11)) = (c0; cd0; cda0; cda)

f(1; 0) =(f 0(1; 0); f(1; 0)f 0(10; 00); f(1; 0)f(10; 00)f 0(10; 01);

f(1; 0)f(10; 00)f(10; 01)) = (d0; dc0; dcb0; dcb)

x = (1; 10; 10; 11)(a0; ab0; abc0; abc)tu [ (0; 00; 00; 01)(b0; ba0; bad0; bad)t0u0

[ (0; 00; 00; 01)(c0; cd0; cda0; cda)t0u [ (1; 10; 10; 11)(d0; dc0; dcb0; dcb)tu0

= (a0 [ abc)tu [ (ba0 [ bad0)t0u0 [ (cd0 [ cda0)t0u [ (d0 [ dcb)tu0 =

= (a0 [ bc)tu [ b(a0 [ d0)t0u0 [ c(d0 [ a0)t0u [ (d0 [ cb)tu0

y = (1; 10; 11; 10)(a0; ab0; abc0; abc)tu [ (0; 00; 01; 00)(b0; ba0; bad0; t0u0

[ (1; 10; 11; 10)(c0; cd0; cda0; cda)t0u [ (0; 00; 01; 00)(d0; dc0; cdcb0; dcb)tu0

= (a0 [ abc0)tu [ (ba0 [ bad)t0u0 [ (c0cda0)t0u [ (dc0 [ dcb)tu0 =

= (a0 [ bc0)tu [ b(a0 [ d)t0u0 [ (c0 [ da0)t0u [ d(c0 [ b)tu0:
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