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THE GENERAL REPRODUCTIVE SOLUTION OF BOOLEAN EQUATION

Dragic¢ Bankovié

Abstract. We give the formula of the general reproductive solution of Boolean equation
using Presi¢ theorem related to the formula of the general reproductive solution of the equation
of the finite set and Vaught theorem. We also give a very simple proof of the theorem which gives
the consistency condition of Boolean equation.

Definition. Horn formulas over language L are defined as follows:

—Elementary Horn formulas are defined as the atomic formulas of L and the
formulas of the form Fy A --- A F}, = G, where Fi,..., F,,G are atomic

—Every Horn formula is built from elementary Horn formulas by use A, V,3.

THEOREM 1. (Vaught) Let H be a Horn sentence in the language Lp of
Boolena algebras. If Bo |= H then B = H.

COROLLARY 1. Let X = (z1,...,z,) € B", T = (t1,...,t,) € B", f :
B" - B and P = (p1,-..,pn), where p; : B = B fori=1,... .n. If X = P(T)
is the general solution of Boolean equation f(X) =0 in By, then X = P(T) is the
general solution of f(X) =0 in B.

Proof. The sentence “X = P(T) is general solution of f(X) = 0” can be
written in the form

(VX)(f(X) =0« 3T)(X = P(T)))
i.e. in the form
(VX)(ET)(f(X) = 0 = X = P(T)) A (VT)(X = P(T) = f(X) = 0)).
Since this formula is Horn’s, it holds in B if it holds in Bs.

COROLLARY 2. If X = P(T) is the general reproductive solution of Boolean

equation f(X) = 0 in Bz, then X = P(T) is the general reproductive solution of
f(X)=01in B.
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Proof. The sentence “X = P(T) is the general reproductive solution of
f(X) =0" can be written as Horn sentence

VX)(f(X) =0= X = P(X)) A (X = P(X) = f(X) =0)).

THEOREM 2. (Boole, Schider) Boolean equation f(X) = 0 is consistent if and
only if af(A) = 0, where Il4 means the conjuction over all A = (a1,... ,a,) €

{0,1}".
Proof . Theorem 2 can be written in the form
(3X)f(X) =0& Taf(4) =0
or, equivalently,
(VX)(f(X) = 0= T4 f(4) =0) A BX)(ITaf(4) = 0= f(X) =0).

This is a Horn sentence and it obviously holds in Bs. This means that it holds in
B.

THEOREM 3. (Presi¢) Let 0 € E and J : S — E, where S = {s1,...,s1}.
Let J(x) = 0 be the consistent equation and Cy be a cycle of g € S, i.e.

{q’ClI(q)a Cg(q)a s 7C5_1(q)} =S

Let + and - be binary operations on S U E satisfying

0-e=e-0=0-0=0,e-e=e, 0-¢q=0, e-q=q
qg+0=04+qg=gq, 0+0=0 (g€ S,e€ E)

and let * and ~— be functions from E into E defined by

y* =0 for y=0 y=e for y=0
y*=e for y #0 y=0 for y#0.

Then the general reproductive solution of J(x) = 0 is defined by the following
formula

z=J(g)g+ J"(0)J(Cq(0)Cy(Q) + -
(1) +JH@) 5 (Cyla) .- T*(Cq (@) I (Cq2(a))Cy 2 (a)+
+ (@) (CUq) ... T (Cy 2 (a)) Oy
Definition 2. Let T = (t1,... ,t,) € B™. Then

Toi @, .t (i=1,..,2"-1)

n

where b1, ... ,b, are the binary digits of the number 7 — 1.

For example, (t1,ta,t3) ® 3 = (t9,¢1,13) = (¢}, 2, t5) because 3 — 1 i.e. 2 can
be written as 010.
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We also use the following notation: m(1), m(2),...,m(n) are the binary
digits of the number m € {0,1,2,...,2" —1}. For example, since we write number
5 as 0101 for n = 4, then 5(3)=0.

LEMMA. Let f : B® — B. Then f(T ®i) =Uaf(A®))TA(G=1,...,2" 1)
Proof . Since T @i = (t5,... ,t), where b; = (i — 1)(j), we have
F(T @3 =Uaf(ar,... a,)(t, ... the)laran)

b by
=Uaflar, ... an)(t1,. .. ty)01 woon")

Denoting a?l =cy,...,a% = ¢, we have a; = c?l, sy a, = cbr e,
FT@i) =Ucf(cd .. )ty ty) o)
=Ucf(Coi)T*

THEOREM 4. The general reproductive solution of consistent Boolean equation
f(X) =0 is defined by the following formulas:

2 =Uala; (A iV fA) fAeua fA)fAe D (Ae2)u
(2) Ua®" O A fADl)... fl(As (2" - 2))
Ua?" 2O fA) f(Aa1) ... f(Ad (2" —2NT4, (=1,...,n).
Proof. By Corollary 2 it is sufficient to prove in By that (2) is the general
reproductive solution of f(X) = 0. It is obvious that
(T,T®1, To2,...,Te 2" —1)) ={0,1}"
for every T € {0,1}". Using the formula (1) with Z = 2’ and z* = z we get
X=f(DTUfDf(Te)(Tel)U
UFfMFfTal)...f(Te2"-2)(T® (2" -2))
UM f(Tel)...f(Te (2" -2))(Td (2" - 1)).

Using Lemma we get

= (Jr@r*ru( Uf AT ( Uf’(A+1)TA)(T691)U
A

u (U r@ UfAea "-2)THT o (2" - 2)
A
u (U rar? UfA@ "-2)T (T e (2" - 1)
A
i.e.
z; = ([ JFATHT; U ( Uf fl(Ae )T (T e1); U
A
U(Uf(A)...f(Aea( -2)T4) (T o (2" -2),
A

u(Jr@...fae @ -2)TTe 2" ~1), (G=1L...,n)

A
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Since TA(T ®i); = t1* .. t”"t(l D) = ag.i_l)(j)TA and
TAT; =7 ...t ¢; = a; T, then

x; = Uajf’(A)TA U Uag(j)f(A)f’(AEB l)TA U
A A
U U a§2n_3)(j)f(A)f(A ®1)...flAe (2" —2)T4
A

Ul a0 fA) f(Ae ). f(Ae (2" -2)T*, (i=1,...,n)
A

From this we get (2).

I, we define the scalar product of two vectors P = (p1,...,ps) and Q =
(q1,-.-,qs) aspoQ = (p1q1 U---Uppgqy), we can write (2) in the form

Z’j = U(a],a]('), ](]), .. ,a§-2 _2)(j)) OF(A)
A

where F(A) = (f/(A), f(A)f'(A®1),...,f(A)... f(AD (2" — 2))).

Ezample. Solve the Boolean equation azy U bz'y’ U cx'y U dzy' = 0.

The consistency condition is abed = 0
F(1,1) =(f'(1,1), f(1,1)£/(1°,1°), F(1, 1) F(1°,1°) £'(1°, 1),
F(1,1)f(1°,19 F(1°,11)) = (', ab’, abc', abc)
F(0,0) =(£'(0,0), f(0,0) f ( ,0%), £(0,0)£(0°,0%) (0% 01),
£(0,0)£(0°,0% £(0°,0")) = (¥',ba’, bad', bad)
F(0,1) =(f'(0,1), f(0,1) f ( ,19), £(0,1) £(0°,1%) f(0°,1%),
£(0,1)f(0°, lo)f(OO, 1Y) = (¢, ed', cda’, cda)
£(1,0) =(f'(1,0), £(1,0)'(1°,0, f(1,0).£(1° 0°) f'(1°,0%),
f(1,0)£(1°,0°) f(1°,0")) = (&', dc’, dcb’, deb)
r=(1,1°,1°1Y(a’, ab', abc’, abe)tu U (0,0°,0°,01)(b', ba', bad', bad)t'u’
U (0,0°,0%,0Y) (¢, ed’, cda’, cda)t'u U (1,1°,1° 11 (d', dc’, deb', deb)tu’
= (a' Uabe)tu U (ba' Ubad')t'v' U (cd' U eda')t'uw U (d' U deb)tu’ =
= (a' Ube)tu Ub(a' Ud)t'u' Ue(d Uad)t'uU (d' Uch)tu
y=(1,1° 14 1% (d', ab’, abc', abe)tu U (0,0°,01,0°)(b', ba', bad', t'u’'
U (1,1°,111%) (¢, ed', eda’, cda)t'u U (0,0°,0",0°)(d', dc’, cdeb', deb)tu’
= (a’ Uabc')tu U (ba' U bad)t'u' U (c'eda’)t'u U (dc’ U deb)tu' =
= (a' UbctuUb(a' Ud)t'u' U (¢ Uda')t'u U d(c Ub)tu'
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