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EXTRAPOLATION OF MOVING AVERAGE AND
AUTOREGRESSIVE PROCESSES WHEN THE ENTIRE
PAST OF THE PROCESSES IS KNOWN

Pavle Mladenovié

1. Introduction. Let X(¢) = (Xi(¢),...,Xn(¢)), t € R, be a multidi-
mensional and wide sense stationary random process with the mean value zero, the
correlation matrix ||BJf (7)|| and the spectral process Z* (A) = (Z{X (), ..., Z;X (V)
A € R. Suppose that all elements B, (7) of the correlation matrix ||B;(7)|| fall off
sufficiently rapidly at infinity so that they can be represented in the form:

+0o0
B(\) = /ei”f;,g(A)dA, ik=1,2,...,n (1.1)

— 00

(i.e. there exist the spectral densities f]),g N).

Let H denote the Hilbert space of all second-order random functions, where
a scalar product is defined by (£,n7) = E¢7, and let H(X) be the Hilbert space
generated by {X(t) :t € R,k =1,2,...,n}. Let L?(F) be the space of functions
D(N) = (P1(N),...,Po(N)) satisfying the following condition:

n n +OO
SO [ BTN < 12)

k=1j=1_"

The space L?(F) becomes a Hilbert space if we define the scalar product
(2(X), ¥ (X)) by:

n n

+o0
(@N),TN) = [ DD e (NT; N5 (NdA < 0o (1.3)

oo k=1j=1

AMS Subject Classification (1980): 60G10, 60G25



144 Pavle Mladenovié¢

A random function ¢ belongs to H (X) if and only if there exists ®(\) € L?(F)
so that

TL+OO

=3 / BN dZi () (1.4)

The mapping of H(X) to L?(F) given by & = Z/@k()\)de(/\) -

(®1(A), ..., P, () is an isometry.

A stationary random process X (t), t € R, is said to be a process with a
rational spectrum if all the functions f]),f()\) are rational functions, i.e. fjr(A) =
Qjr(A)/Pji(A), where Pj,(\) and Qjx()) are polynomials in A\. The spectral den-
sities f;;(A) can be represented in the form:

Bo|M + BIAM 4o BNPAR + AN o Ap| 2 (1.5)

where By > 0 and M < P. Denote the determinant of the spectral matrix
1761 by DY) (= QN)/P(N)). Let 285, 2(Nj; —m;), 2K, 2L be the degrees
n

of Pj;(X),Qj;(A), P(A), Q(A) respectively. Then 2K — 2L > 2 ka
k=1
A stationary random process with a rational spectrum is nonsingular if the

determinant D()\) has no real zeros and 2K —2L > 2 Z mg. The polynomial Q(\)
k=1
can be represented in the form B(A — 8y)...(A — 0)(A —61) ... (A — 0) where
30, >0,i=1,2,...,L.
Now, suppose we know the values X (s), s <t, k=1,2,...,n. The simplest
problem of linear extrapolation of a stationary random process X (¢) is the following:
Find a random variable

Xn: / N)dZ,(\) € H(X)

k=1

—o0
which is the best approximation of X (¢t + 7), depending linearly on X (s), s < t,
k=1,2,...,n. As an index of approximation quality we shall use the mean square
error. We shall call X;(¢,7) the linear least-squares estimator of X; (¢t + 7). We see
that X (t,7) is the projection of X (¢ + 7) into the smallest Hilbert space H (X, t)
spaned by {X(s),s <t, k=1,2,...,n}.

In the paper [7] the following theorem was proved:

THEOREM 1. (Yaglom): If X(t) = (X1(¢),...,Xn(t)) is a nonsingular sta-
tionary random process with a rational spectrum, then the linear least-squares esti-
mator of X1 (t+ 1) is given by:

Z{ Z wk 7) ) /wk(S,T)Xk(t—s)ds} (1_6)

k=1 j=0 0
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where the coefficients w,(cj) (1) and the functions w (s, T) can be found (in a unigue

way) from the condition: the functions

e (N) = Y wd (1)) + / e Ay (s, 7)ds (1.7)
j=0 0
have the form
BN =wrN{A=01)...(A=8)} Y, k=1,2,...,n. (1.8)

where wi(\) is a polynomial of degree L +my, —1 (but not of a greater degree) such
that the functions

Tip(N) = (€7 = 21(N) fe () = Y 25N fix(N) (1.9)

M-

[|
o

J

are analytic in the upper half plane.

The functions ®;(\), k= 1,2,...,n, will be called the spectral characteristic
for extrapolation of the random process X () at the point ¢ + 7.

2. Moving average and autoregressive processes

Let X(t) = (X1(t),...,Xn(t)) and Y (t) = (Y1(¢)), ..., Ya(t)) be two multidi-
mensional stationary random processes satisfying the following equation

N
Y(t) =Y aX(t—v8), ag=1, §>0 (2.1)
v=0

The process Y (t) is called the moving average process of order N associated
with the process X (t). We shall denote it by M Ax(N,#). The process X(t) is
called the autoregressive process of order N associated with the process Y (). We
shall denote it by ARy (N, #6).

It the roots of

tN it +--+ay =0 (2.2)

are less than one in absolute value, then the following equations also hold:

Xe(t) = eVi(t—vh), k=1,2,...,n. (2.3)
v=0

The series on the right side of (2.3) converges in quadratic mean and the
coefficients ¢, satisfy the homogeneous difference equation

aocy +aicp_ 1 +---+ancg_n=0, k>N (2.4)
and the initial conditions
ag = 1

2.5
aock + aicrp_1 +---+arco =0, O<k<N. (2.5)
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THEOREM 2. Let X (t) and Y (t) be a multidimensional stationary random
processes with spectral processes (Z{&X(N\),...,ZX(\)) and (Z¥(N),...,ZY()\)) and
let X(t) and Y (t) satisfy (2.1). Then:

N
a) dzZ} (\) = { Zaue—“"a}dz,fm, k=1,2,....n (2.6)

v=0

—ivhA

b f]k f]k( )> jvk:172>---;n (27)

c) If the roots of (2.2) are less than one in absolute value then

H(X,t) = H(Y,1). (2.8)

Proof: The equation (2.6) follows from

+00 +oo

N
/ zt)\dZY Z / i(t—vb) )\dZX()\) / eit)\ Z ayefiue)\dzlg( ()\)
—00 — 0 S v=0
The equation (2.7) follows from
+o0
/ e (N = B (7) = EYj(t + 7)Yi(t) =
—0
N
:EZa,, i(t+71—v6) Zauth—,uG ZZauau (T — (v =)o)
n=0 v=0 pu=0
N N +o0 +o0
— Z Z a,,, / eir)\ei(u—u)H)\fj)]g( — / iTA Z a, e—w9>\ ]),(C(A)d)\
v=0 p=0 oo o nu=0

The result (2.8) follows from (2.1) and (2.3).

In this paper, we shall solve the simplest extrapolation problem for the mov-
ing average and autoregressive processes associated with a nonsingular stationary
process with a rational spectrum.

3. Linear extrapolation of moving average processes

THEOREM 3. Let X (s) and Y (s) be two multidimensional stationary processes
satisfying (2.1) and let the roots of the equation (2.2) be less than one in absolute
value. If @ﬁT(A) and (I>kY7T()\) are the spectral characteristics for extrapolation of
the processes X (s) and Y (s) at the point t + 7 (7 > 0), then:
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a) If /0 is not an integer and [7/8] =S < N, then:

S N N —1
@fr()\) = { Z aV@fT—V@(A) + Z ayei(Tl/e))\}{ Z ayeiuﬂ)\} -
=0 3.1

v=S+1 v=0

s N -1
EVEDY awaf_ue(x){ > ”} k=2,...n. (3.2)
v=0 v=0

b) If T = S0 and S < N, it is only necessary to replace S by S — 1 in the
equations (3.1) and (3.2).

c) If /6 is not an integer and S > N or if T = S6 and S > N, then:

N N -1
%(A):Zau@ﬁ_m){xaue""“} k=20 (3.3)
v=0 v=0

Proof: a) If 7/6 is not an integer and S < N, we have 7 —vf > 0 for
vr=0,1,2,...,.Sand r—vf <0forv=5+1,...,N.
It follows from (2.8) that

N
Yi(t,7) = Proj gy Yi(t + 1) = Z Proj gxpnXi(t + 7 —vb) =
v=0
s } N
= Za,,Xl(t,T —vh) + Z a, X1 (t + 1 —vl).
v=0 v=S+1

If we apply (1.6) and (2.6), we obtain

~ +OO . S N - N . _1
Yi(t,7) = / e’“‘{ a,®) oA+ Y a,,el(T_”e)A}{ Za,,e_“’”‘} Az (V) +
0

v=S+1 v=0

) v=

n T S N -1
+ Z / elth Z ayq)k,T_,,g()\){ Z a,,e_“’”‘} dZ¥(\)
k=2_"1 v=0 v=0
and the desired result follows.
b) and c) The proof is similar.
COROLLARY: If X(s),s € R, is a nonsingular stationary random process with

rational spectrum, then the spectral characteristics (I>kY7T()\), k=1,2,...,n, can be
represented in the form:

a) If 7/0 is not an integer and S < N then:

Y (MR ()Y Ve 4 N cDeilrriA (3.4)
v=0 v=S+1

@XT()\)RIC()\) Z ce VP k=2 . n. (3.5)
v=0
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b) If T = s0 and S < N, it is necessary to replace S by S — 1 in the formulae
(3.4) and (3.5).
c) If 7/0 is not an integer and S > N or if T = S0 and S > N then:

Y (N =Re(N)Y ce ™, k=12, ,n. (3.6)

The functions Ry (\) = Z ay®r,r—vo(N\) are rational functions.

Proof: If a,,, v =1,2,...,n, are the roots of the equation (2.2), we have
{ N -1 N
Zaye—iVH)\} — H (1 _ —w9>\ Z cy 6—11/0)\
v=0 nu=0

and the proof follows.

THEOREM 4. Let X(s) and Y (s) satisfy the assumptions of Theorem 3, and
let X(s) be a nonsingular stationary process with rational spectrum. Suppose we
know the values Yi(s), s <t, k=1,2,...,n. If /8 is not an integer and S < N,
then the linear least-squares estimator of Y1(t + 1) is given by:

mkloo o0

Yi(t, T Z{ S S AP VGt - af) + /Bk(u)Yk(t—u)du}+

e 0 (3.7)

+ ZDqu(t+T —(S+1)6 — pb),
pn=0

where

5
A,(j)a =Cq Z a,,w,(cj) (r —vb),

- (3.8)
By (u) = Z caDi(u—ab, 1),
a=0
|0 0<u<al
Dy(u = af,7) = {Zfoaywk(u—aﬂ,v'—l/ﬂ) u > af » @=0,1..,
(3.10)
N
D, = Z apF(p, v) (3.11)
v=S+1

F(u,u):{o O<pu<v-S5-1

Cp—vis+1 p2v—S-—1 , v=5+1,...,N (3.12)

where the coefficients ¢, were given by (2.4) and (2.5) and w,(cj), wi (s, T) were
determined by Theorem 1.
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Proof: Using the formulae (1.6) and (2.3) we obtain

N N
:Za,,Xl(t,T—l/B)—k Z a, X(t+1—1v0) =
v=0 v=S+1
N n mp—1 ' ' s
= ay{ 3 l S wd(r - o)X (1) + /wk(s,T — v0) Xy (t — s)ds }+
v k=1 j=0 0

=0
N n oo mr—1 S ) )

+ Z a, X1(t+71—-0vf) = ZZCQ{ Z Zauwl(c])(T—Vﬁ)Yk(j)(t—aﬁ)-i—
v=S+1 k=1 a=0 j=0 v=0
x s

+/Z
0

a,wi (s, 7 —v0)Y(t —s — a9)ds}+
v=0

o) N
+ {ca Z a,,a,,}Yl(t—kT—l/B—aB),
a=0 v=S+1

and (3.7) follows from (3.8) — (3.12) and

Z /Za,,wk T —v0)Y(t —s—7—ab)ds =
xS

:Z /Za,,wk (u—ab, 7 —v0) - Yi(t — u)du =
a=0

ap V=0

Z ay Z cY1(t+7—v0 —ab)Yi(t —u)du =

v=S+1 a=0

N 00
=Y a Y cuwpsaVilt+r—(S+1)0—pf) =
v=S+1 p=r—S—1

N 00
= Y aF(u)Yilt+7—(S+1)0—ph) => DYi(t+7—(S+1)0— pb).
v=S+1 pn=0

THEOREM 5. If T = S8 and S < N, we can obtain Yy (t,) if we replace S
by S — 1 in the formulae (3.7) — (3.12).

If 7/6 is not an integer and S > N, or if T = S8 and S > N, then Yi(t,T) is
given by:
n mr—1 oo o0
Y(t,1) = Z{ S Y AP vt - ab) + / Bie(u)Y(t — u)du} (3.13)

k=1 j=0 a=0 0
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where
A,EJ)CY =cCq Z a,,w,(f)(T —vh), (3.14)
v=0
By, (u) is given by (3.9) and
_J 0 0<u<al
Dy(u—ab,7) = { Ef:o a,wi(u —ab, 7 —vl)  u>ab ’ (3.15)
a=01,...

4. Linear extrapolation of autoregressive processes

THEOREM 6. Let X (s) and Y (s) satisfy the assumptions of Theorem 3. Then:
a) If 70 is not an integer and [7/60] = S, then

s S+N
X (N =) a® 0\ Za,, WAL N Dyl (4.1)
v=0 n=S+1
n—S—1
Z ayCy—y, p=S+1,...,5+N. (4.2)
v=0
N
@?T Zc,,@kT ol Za,,e_i"”‘, k=2,...,n. (4.3)
v=0

b) If T = SO, then it is necessary to replace S by S — 1 in the equations (4.1) —
(4.3).

Proof. a) It follows from (2.3), (2.6) and (2.8) that

X1(t,7) = Proj m(x. X1(t +7) = Proj vy D e Yi(t + 7 — vb)

v=0
S ~ [e%e
:chyl(t,T—V9)+ Z e, Yi(t+ 71— vl)
v=0 v=S+1
n T
— Z cy Z / eitkék,‘rfl/ﬂ( de Z / i(t+1— I/Q))\dZy(A)
v=0  k=1_r, v=5S+l
o0 00 N
/ e' { Z @1 V9 ) + Z cyei(‘r—VO))\}{Zaye—iVH)\dzlx (/\)
—00 v=S+1 v=0

n T® S N
+ Z / et Z v ®rr—va(N) Z ay,e” "z (N).
k=2_" v=0 v=0
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[e%s) N
The term E c, elT=vx E aye” 9 can be represented in the form
v=0 v=0
S+N p—S-1
E E Ay Cp— LeT—HON 4 E Za,,cu, e T —ro)A
p=S+1 v=0 pu=S+N+1v=0

and the desired result follows if we use (2.4) and (2.5).

COROLLARY: If Y(s), s € R, is a nonsingular stationary process with a
rational spectrum and X = ARy (N,0), then the spectral characteristics @y ()
can be represented in the form:

N S'+N—-1
X _ —w9>\ (T—po)X
¥ A= (NS a + S D
v=0 n==s’

N
X, (A=Re(N)Y ae ™, k=2,....n
v=0

where S"' =S + 1 if /8 is not an integer and S' = S if T = S6..

The functions R (\), k = 1,2,...,n, are rational functions.

THEOREM 7. Let X (s) and Y (s) be two multidimensional stationary processes
satisfying (2.1) and let the roots of the equation (2.2) be less then one in absolute
value. Let Y (s) be a nonsingular random process with a rational spectrum. Suppose
we know the values of the stationary process X (s) = ARy (5)(N,0) for s <t. Then,
the linear least-squares estimator of X1(t + 1), 7 > 0, is given by:

a) If 7/0 is not an integer and [7/0] = S, then:

n (mpg—1 N o0
Xt =Y { S S BIXD (- ah) /Bk( )Xk (t — u)du}
lc=11 j=0 a=0 0 (4.4)
= S DX+~ (S+1) - i),
n=0
where
. S .
B,(fi = aq Z C,,’LU](C])(T —v0), (4.5)
N

By, (’U,) = Z ao Dy, (U, - 040, T)7 (46)

a=0
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0 0<u<ald

Di(w — af,7) = { Zf:o cowp(u—ab, 7 —v)  u>ab (4.7)
Du:ZaaF(,u,a), np=0,1,....N -1 (4.8)

_Jo 0<p<a _
F(u,u)-{cSJrlJrua L>a , a=0,1,2... N (4.9)

b) If 7 = S0, it is necessary to replace S by S — 1 in the equations (4.4) —
(4.9).

Proof: a) Since Y (s) is a nonsingular stationary process with a rational spec-
trum, we have

Yi(t, Z{ Z )+/wk(5>T)Yk(t—5)d5}
k=1 j=0 0
and
S n mp—1 0
Xi(t,7) = ZCV{ 3 l w (r = vB) Y (1) + /wk(s,T — V)Y (t — s)ds | +
v=0 k=1 L j=o0 o
+ Z eYi(t+71— VG)} =
v=S1
n mr—1 N S ) )
:Z{ Z (aaZc,,w,(j)(T—VO))X,E])(t—QO)—F
k=1 j=0 a=0 v=0
% g
+/ cywi (s, T — v0) Zaan t—s—aﬂ)ds}
0 V= 0 a=0

oo

N
+ Z c,,ZaaXl(t+T—V0—a9)

v=S+1 a=0
and (4. ) follows from (4.5) — (4.9) and

N s
Zaa/Zc,,wk (s, 7 —v0) X (t — s — af)d :Zaa/Zc,,wk(u—a(),T—m‘))-
a=0 0 v=0

N
Xk(t—u)duzz / u—aHTXk(t—udu—/Bk ) Xk (t — u)du,

0

0o N N oo
Z c,,z anX1(t +7— vl —ab) = Z Z CSt1+p—aX1(t+7— (S +1)0 — ub)
v=S+1 a=0 a=0 p=«a
N ] N-—-1

:Zaa Z Fu,a)X1(t+7— (S +1)0—pd) = Z D, X (t+7—(S+1)0—pub).

a=0 = n=0
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The last equation follows from (2.4).
5. Let us now give some examples.

Ezample 1. Let z1(s) and z2(s) be two independent stationary random pro-
cesses with the rational spectral densities

fl(A) = Cl(>\2 +Oé%)71, f2(>\) = 02()\2 +Oé%)71, C1,C2,01, 02 > 07 aq #70527

and let X1(s) = z1(s) + x2(s), Xa(s) = z1(s) — x2(s). It is easy to see that
the spectral density matrix || fi’g-()\)Hng of the stationary random process X (s) =
(X1(s), X2(s)) is given by

MY = IF500 =

N +ad) eV +ad)™t (M +af) -V +a3)!
WV +ad) =N +ad) ™t e f(M+a?) t+ea(N+ad) !

(5.1)

In this case D(X) = 4c1e2(A? + a?)71(A2 + a2) ! has no real zeros, n = 2,
2L = 0,2K =4, m; = my =1, 2K — 2L = 2(my + my), and thus X(s) is a
nonsingular stationary random process with a rational spectrum.

Suppose we know the values of the process X (s) for s < ¢t. Using Theorem 1
we have:

@1()\) = W1(>\) = Kl, ‘1)2()\) = WQ(A) = KQ,
Ti(A) = (e = K1) fin(A) — Ka far (M),
Uy(A) = (™ = K1) fi2(A) — Kafaa (M),

From the fact that the functions ¥;(\) and ¥2(\) are analytic in the upper
half-plane, it follows that

2K, =2K (T)=e "™ 4e 792, 2K, = K2(1) = "% —e 792 (5.2)

Then, we have wg)) (1) = Ki(7), wéo)(T) = Ky(7), wi(s,7) = wa(s,7) = 0,
and
2X1(t,7) = (e7TM +eTT)X () + e T — e T2 X, (). (5.3)

Ezample 2. Let X (s) be the process given in the example 1, Y(s) = X(s) —
BX(s—1),|8| <1, and suppose we know the values of the process X (s) for s < t.

In this case: N =1, a0 = 1, a1 = —f, Y(s) = MAx(1,68), X(s) =
ool o B2Y (s — ab).
a) If0 <7< 6 (0=S < N =1), using the formulae (3.8) - (3.12) we obtain
AL = Baoui” (7) = B K (7), A, = B aowy () = B Ko(7),
Bi(u) = B2(u) =0, D, =a1F(u,1) =aic, = a; " = -+,
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where K (7) and K> (7) were given in the example 1, and finally

% 1 —Ta1 —Tasz = o 1 —Ta1 —Tasz = e
Yl(t,T)zi(e +e )az::oﬁ Yl(t—a0)+§(e —e )az::()ﬂ Ya(t — ab)
=) B Yt + 7 — 0 — ). (5.4)
n=0

b) If 7 =6, (S = N = 1), then replacing 7 by 8, Y — 1(£,6) can be obtained
from (5.4).
c) If 7 = 0, using the formulae (3.9) and (3.13) — (3.15) we obtain:

B1 (U) = BQ(’LL) = 0,

241), = 28%(ag 1 (7 — 0)) = B%(e 7T + 7702 — ﬂe—<r—o>m _ Be—(r=0)az).
2A0), = 207 (o Ky (7 — ) = B (e ™™ — ¢ T — G (O _ g (r0)ea).
and finally
21 (t,7) = (€7 + € T — BeT — fe T i BoY1(t — ab)+
" (5.5)
+(eT — T2 ﬁe_(T ) ﬁe_(T 0)as Zﬁayé t— ab)

a=0

Ezample 3. Let Y (s) be a process with the spectral density matrix (5.1) and
X(s) = BX(s—1) = Y(s), |#] < 1. Then X(s) = ARy(1,6), N =1, ap = 1,
a; = —f and using the formulae (4.4) — (4.9) we obtain:

S S
2B\") = 2a, S B K (7 —v8) = a0 3 A7 (eI 4 (v
v=0 v=0
S S
2B = 200 3 9 Kalr ) = 0 3007 o)
v=0 v=0

Dy = aoF(1,0) + a1 F(p, 1) = aocs 1+ arcsyy = 1 = g5 =0, p>1

6S+1

Dy = apcsy1 = and

S
K =3 Do (e e ) ~ B0 - )+

+ = Zﬁl/ (r—vh)a +e —(7— 1/9)&2}( ( )_ﬁXz(t—O))-F (56)

+ [35+1X1 (t4+71— (S +1)8).
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