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EXTRAPOLATION OF MOVING AVERAGE AND

AUTOREGRESSIVE PROCESSES WHEN THE ENTIRE

PAST OF THE PROCESSES IS KNOWN

Pavle Mladenovi�c

1. Introduction. Let X(t) = (X1(t); . . . ; Xn(t)), t 2 R, be a multidi-
mensional and wide sense stationary random process with the mean value zero, the
correlation matrix kBX

jk(�)k and the spectral process ZX(�) = (ZX
1 (�); . . . ; ZX

n (�))

� 2 R. Suppose that all elements Bjk(�) of the correlation matrix kBjk(�)k fall o�
suÆciently rapidly at in�nity so that they can be represented in the form:

BX
jk(�) =

+1Z
�1

ei��fXjk(�)d�; i; k = 1; 2; . . . ; n (1.1)

(i.e. there exist the spectral densities fXjk(�)).

Let H denote the Hilbert space of all second-order random functions, where
a scalar product is de�ned by (�; �) = E��, and let H(X) be the Hilbert space
generated by fXk(t) : t 2 R; k = 1; 2; . . . ; ng. Let L2(F ) be the space of functions
�(�) = (�1(�); . . . ;�n(�)) satisfying the following condition:

nX
k=1

nX
j=1

+1Z
�1

�k(�)�j(�)f
X
j;k(�)d� <1 (1.2)

The space L2(F ) becomes a Hilbert space if we de�ne the scalar product
(�(�);	(�)) by:

(�(�);	(�)) =

+1Z
�1

nX
k=1

nX
j=1

�k(�)	j(�)f
X
j;k(�)d� <1 (1.3)
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A random function � belongs to H(X) if and only if there exists �(�) 2 L2(F )
so that

� =
nX

k=1

+1Z
�1

�k(�)dZk(�) (1.4)

The mapping of H(X) to L2(F ) given by � =

nX
k=1

Z
�k(�)dZk(�) !

(�1(�); . . . ;�n(�)) is an isometry.

A stationary random process X(t), t 2 R, is said to be a process with a
rational spectrum if all the functions fXjk(�) are rational functions, i.e. fjk(�) =

Qjk(�)=Pjk(�), where Pjk(�) and Qjk(�) are polynomials in �. The spectral den-
sities fjj(�) can be represented in the form:

B0j�
M +B1�

M�1 + � � �+BN j
2j�P +A1�

P�1 + � � �+AP j
�2 (1.5)

where B0 > 0 and M < P . Denote the determinant of the spectral matrix
kfjk(�)k by D(�) (= Q(�)=P (�)). Let 2Njj , 2(Njj �mj), 2K, 2L be the degrees

of Pjj (�); Qjj(�); P (�); Q(�) respectively. Then 2K � 2L � 2
nX

k=1

mk.

A stationary random process with a rational spectrum is nonsingular if the

determinant D(�) has no real zeros and 2K�2L � 2

nX
k=1

mk. The polynomial Q(�)

can be represented in the form B(� � �1) . . . (� � �L)(� � �1) . . . (� � �L) where
=�i > 0, i = 1; 2; . . . ; L.

Now, suppose we know the values Xk(s), s � t, k = 1; 2; . . . ; n. The simplest
problem of linear extrapolation of a stationary random processX(t) is the following:
Find a random variable

~X1(t; T ) =

nX
k=1

+1Z
�1

�k(�)dZk(�) 2 H(X)

which is the best approximation of X1(t+ �), depending linearly on Xk(s), s � t,
k = 1; 2; . . . ; n. As an index of approximation quality we shall use the mean square
error. We shall call ~X1(t; �) the linear least-squares estimator of X1(t+ �). We see
that X1(t; �) is the projection of X1(t+ �) into the smallest Hilbert space H(X; t)
spaned by fXk(s); s � t; k = 1; 2; . . . ; ng.

In the paper [7] the following theorem was proved:

Theorem 1. (Yaglom): If X(t) = (X1(t); . . . ; Xn(t)) is a nonsingular sta-
tionary random process with a rational spectrum, then the linear least-squares esti-
mator of X1(t+ �) is given by:

~X1(t; �) =

nX
k=1

(
mk�1X
j=0

wk(j)(t) +

1Z
0

wk(s; �)Xk(t� s)ds

)
(1.6)
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where the coeÆcients w
(j)
k (�) and the functions wk(s; �) can be found (in a unigue

way) from the condition: the functions

�k(�) =

mk�1X
j=0

w
(j)
k (�)(i�)j +

1Z
0

e�is�wk(s; �)ds (1.7)

have the form

�k(�) = !k(�)f(�� �1) . . . (�� �l)g
�1; k = 1; 2; . . . ; n: (1.8)

where wk(�) is a polynomial of degree L+mk�1 (but not of a greater degree) such
that the functions

	k(�) = (ei�� ��1(�))f1k(�)�
nX
j=2

�j(�)fjk(�) (1.9)

are analytic in the upper half plane.

The functions �k(�), k = 1; 2; . . . ; n, will be called the spectral characteristic
for extrapolation of the random process X(t) at the point t+ � .

2. Moving average and autoregressive processes

Let X(t) = (X1(t); . . . ; Xn(t)) and Y (t) = (Y1(t)); . . . ; Yn(t)) be two multidi-
mensional stationary random processes satisfying the following equation

Y (t) =

NX
�=0

a�X(t� ��); a0 = 1; � > 0 (2.1)

The process Y (t) is called the moving average process of order N associated
with the process X(t). We shall denote it by MAX(N; �). The process X(t) is
called the autoregressive process of order N associated with the process Y (t). We
shall denote it by ARY (N; �).

It the roots of
tN + a1t

N + � � �+ aN = 0 (2.2)

are less than one in absolute value, then the following equations also hold:

Xk(t) =
1X
�=0

c�Yk(t� ��); k = 1; 2; . . . ; n: (2.3)

The series on the right side of (2.3) converges in quadratic mean and the
coeÆcients c� satisfy the homogeneous di�erence equation

a0ck + a1ck�1 + � � �+ aNck�N = 0; k > N (2.4)

and the initial conditions

a0 = 1

a0ck + a1ck�1 + � � �+ akc0 = 0; O < k < N:
(2.5)
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Theorem 2. Let X(t) and Y (t) be a multidimensional stationary random
processes with spectral processes (ZX

1 (�); . . . ; ZX
n (�)) and (ZY

1 (�); . . . ; Z
Y
n (�)) and

let X(t) and Y (t) satisfy (2.1). Then:

a) dZY
k (�) =

(
NX
�=0

a�e
�i���

)
dZX

k (�); k = 1; 2; . . . ; n (2.6)

b) fjk(�) =

�����
NX
�=0

a�e
�i���

�����
2

fjk(�); j; k = 1; 2; . . . ; n (2.7)

c) If the roots of (2.2) are less than one in absolute value then

H(X; t) = H(Y; t): (2.8)

Proof: The equation (2.6) follows from

+1Z
�1

eit�dZY
k (�) = Y (t) =

NX
�=0

a�

+1Z
�1

ei(t���)�dZX
k (�) =

+1Z
�1

eit�
NX
�=0

a�e
�i���dZX

k (�):

The equation (2.7) follows from

+1Z
�1

ei��fYjk(�)d� = BY
jk(�) = EYj(t+ �)Yk(t) =

= E
NX
�=0

a�Xj(t+ � � ��)
NX
�=0

a�Xk(t� ��) =
NX
�=0

NX
�=0

a�a�B
X
jk(� � (� � �)�)

=

NX
�=0

NX
�=0

a�a�

+1Z
�1

ei��ei(���)��fXjk(�) =

+1Z
�1

ei��

�����
NX

nu=0

a�e
�i���

�����
2

fXjk(�)d�:

The result (2.8) follows from (2.1) and (2.3).

In this paper, we shall solve the simplest extrapolation problem for the mov-
ing average and autoregressive processes associated with a nonsingular stationary
process with a rational spectrum.

3. Linear extrapolation of moving average processes

Theorem 3. Let X(s) and Y (s) be two multidimensional stationary processes
satisfying (2.1) and let the roots of the equation (2.2) be less than one in absolute
value. If �X

k;� (�) and �Y
k;� (�) are the spectral characteristics for extrapolation of

the processes X(s) and Y (s) at the point t+ � (� > 0), then:
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a) If �=� is not an integer and [�=�] = S < N , then:

�Y
1;� (�) =

(
SX
�=0

a��
X
1;����(�) +

NX
�=S+1

a�e
i(����)�

)(
NX
�=0

a�e
�i���

)
�1

(3.1)

�Y
k;� (�) =

SX
�=0

a��
X
1;����(�)

(
NX
�=0

a�e
�i���

)
�1

; k = 2; . . . ; n: (3.2)

b) If � = S� and S � N , it is only necessary to replace S by S � 1 in the
equations (3.1) and (3.2).

c) If �=� is not an integer and S � N or if � = S� and S > N , then:

�Y
k;� (�) =

NX
�=0

a��
X
1;����(�)

(
NX
�=0

a�e
�i���

)
�1

; k = 2; . . . ; n: (3.3)

Proof: a) If �=� is not an integer and S < N , we have � � �� > 0 for
� = 0; 1; 2; . . . ; S and � � �� � 0 for � = S + 1; . . . ; N .

It follows from (2.8) that

~Y1(t; �) = ProjH(Y;t)Y1(t+ �) =

NX
�=0

ProjH(X;t)X1(t+ � � ��) =

=

SX
�=0

a� ~X1(t; � � ��) +

NX
�=S+1

a�X1(t+ � � ��):

If we apply (1.6) and (2.6), we obtain

~Y1(t; �) =

+1Z
�1

eit�

(
SX
�=0

a��
X
k;����(�) +

NX
�=S+1

a�e
i(����)�

)(
NX
�=0

a�e
�i���

)
�1

dZX
1 (�)+

+

nX
k=2

+1Z
�1

eit�
SX

�=0

a��k;����(�)

(
NX
�=0

a�e
�i���

)
�1

dZX
k (�)

and the desired result follows.

b) and c) The proof is similar.

Corollary: If X(s); s 2 R, is a nonsingular stationary random process with
rational spectrum, then the spectral characteristics �Y

k;� (�), k = 1; 2; . . . ; n, can be
represented in the form:

a) If �=� is not an integer and S < N then:

�Y
1;� (�)R1(�)

1X
�=0

c(1)� e�i��� +

1X
�=S+1

c(2)� ei(����)� (3.4)

�Y
k;� (�)Rk(�)

1X
�=0

c�e
�i���; k = 2; . . . ; n: (3.5)
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b) If � = s� and S � N , it is necessary to replace S by S � 1 in the formulae
(3.4) and (3.5).

c) If �=� is not an integer and S � N or if � = S� and S > N then:

�Y
k;� (�) = Rk(�)

1X
�=0

c�e
�i���; k = 1; 2; . . . ; n: (3.6)

The functions Rk(�) =
X
�

a��k;����(�) are rational functions.

Proof: If �� , � = 1; 2; . . . ; n, are the roots of the equation (2.2), we have(
NX
�=0

a�e
�i���

)
�1

=
NY

nu=0

(1� �e�i���)�1 =
1X
�=0

c�e
�i���

and the proof follows.

Theorem 4. Let X(s) and Y (s) satisfy the assumptions of Theorem 3, and
let X(s) be a nonsingular stationary process with rational spectrum. Suppose we
know the values Yk(s), s � t, k = 1; 2; . . . ; n. If �=� is not an integer and S < N ,
then the linear least-squares estimator of Y1(t+ �) is given by:

~Y1(t; �) =

nX
k=1

(
mk�1X
j=�

1X
�=0

A
(j)
k;�Yk(j)(t� ��) +

1Z
0

Bk(u)Yk(t� u)du

)
+

+

1X
�=0

D�Y1(t+ � � (S + 1)� � ��);

(3.7)

where

A
(j)
k;� = c�

SX
�=0

a�w
(j)
k (� � ��);

Bk(u) =
1X
�=0

c�Dk(u� ��; �);

(3.8)

Dk(u� ��; �) =

�
0 0 � u < ��PS

�=0 a�wk(u� ��; � � ��) u � ��
; � = 0; 1; . . . ;

(3.10)

D� =
NX

�=S+1

a�F (�; �) (3.11)

F (�; �) =

�
0 0 � � < � � S � 1
c���+S+1 � � � � S � 1

; � = S + 1; . . . ; N (3.12)

where the coeÆcients c� were given by (2.4) and (2.5) and w
(j)
k , wk(s; �) were

determined by Theorem 1.
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Proof: Using the formulae (1.6) and (2.3) we obtain

~Y1(t; �) =

NX
�=0

a� ~X1(t; � � ��) +

NX
�=S+1

a�X(t+ � � ��) =

=
NX
�=0

a�

(
nX

k=1

"
mk�1X
j=0

w
(j)
k (� � ��)X

(j)
k (t) +

1Z
0

wk(s; � � ��)Xk(t� s)ds

#)
+

+

NX
�=S+1

a�X1(t+ � � ��) =

nX
k=1

1X
�=0

c�

(
mk�1X
j=0

SX
�=0

a�w
(j)
k (� � ��)Y

(j)
k (t� ��)+

+

1Z
0

SX
�=0

a�wk(s; � � ��)Yk(t� s� ��)ds

)
+

+
1X
�=0

(
c�

NX
�=S+1

a�a�

)
Y1(t+ � � �� � ��);

and (3.7) follows from (3.8) { (3.12) and

1X
�=0

c�

1Z
0

SX
�=0

a�wk(s; � � ��)Yk(t� s� � � ��)ds =

=

1X
�=0

c�

1Z
��

SX
�=0

a�wk(u� ��; � � ��) � Yk(t� u)du =

=

1X
�=0

c�

1Z
0

Dk(u� ��; �)Yk(t� u)du =

1Z
0

Bk(u)Yk(t� u)du;

NX
�=S+1

a�

1X
�=0

c�Y1(t+ � � �� � ��)Yk(t� u)du =

=
NX

�=S+1

a�

1X
�=��S�1

c���+S+1Y1(t+ � � (S + 1)� � ��) =

=
NX

�=S+1

a�F (�; �)Y1(t+ � � (S + 1)� � ��) =
1X
�=0

D�Y1(t+ � � (S + 1)� � ��):

Theorem 5. If T = S� and S � N , we can obtain ~Y1(t; �) if we replace S
by S � 1 in the formulae (3.7) { (3.12).

If �=� is not an integer and S � N , or if � = S� and S > N , then ~Y1(t; �) is
given by:

~Y (t; �) =

nX
k=1

(
mk�1X
j=0

1X
�=0

A
(j)
k;�Y

(j)
k (t� ��) +

1Z
0

Bk(u)Yk(t� u)du

)
(3.13)
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where

A
(j)
k;� = c�

NX
�=0

a�w
(j)
k (� � ��); (3.14)

Bk(u) is given by (3.9) and

Dk(u� ��; �) =

�
0 0 � u < ��PS

�=0 a�wk(u� ��; � � ��) u � ��
;

� = 0; 1; . . .

(3.15)

4. Linear extrapolation of autoregressive processes

Theorem 6. Let X(s) and Y (s) satisfy the assumptions of Theorem 3. Then:
a) If �� is not an integer and [�=�] = S, then

�X
1;� (�) =

SX
�=0

c��
Y
1;����(�)

NX
�=0

a�e
�i��� +

S+NX
�=S+1

D�e
i(����)� (4.1)

D� =

��S�1X
�=0

a�c��� ; � = S + 1; . . . ; S +N: (4.2)

�X
k;� (�) =

SX
�=0

c��
Y
k;����(�)

NX
�=0

a�e
�i���; k = 2; . . . ; n: (4.3)

b) If � = S�, then it is necessary to replace S by S � 1 in the equations (4.1) {
(4.3).

Proof. a) It follows from (2.3), (2.6) and (2.8) that

~X1(t; �) = ProjH(X;t)X1(t+ �) = ProjH(Y;t)

1X
�=0

c�Y1(t+ � � ��)

=

SX
�=0

c� ~Y1(t; � � ��) +

1X
�=S+1

c�Y1(t+ � � ��)

=

SX
�=0

c�

nX
k=1

+1Z
�1

eit��k;����(�)dZ
Y
k (�) +

1X
�=S+1

c�

+1Z
�1

ei(t+����)�dZY
1 (�)

=

+1Z
�1

eit�

(
SX
�=0

c��1;����(�) +

1X
�=S+1

c�e
i(����)�

)
f

NX
�=0

a�e
�i���dZX

1 (�)

+
nX

k=2

+1Z
�1

eit�
SX

�=0

c��k;����(�)
NX
�=0

a�e
�i���dZX

k (�):
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The term
1X
�=0

c�e
i(����)�

NX
�=0

a�e
�i��� can be represented in the form

S+NX
�=S+1

��S�1X
�=0

a�c���e
i(����)� +

1X
�=S+N+1

NX
�=0

a�c���e
i(����)�

and the desired result follows if we use (2.4) and (2.5).

Corollary: If Y (s), s 2 R, is a nonsingular stationary process with a
rational spectrum and X = ARY (N; �), then the spectral characteristics �k;� (�)
can be represented in the form:

�X
1;� (� = R1(�)

NX
�=0

a�e
�i��� +

S0+N�1X
�=S0

D�e
i(����)�

�X
k;� (� = Rk(�)

NX
�=0

a�e
�i���; k = 2; . . . ; n

where S0 = S + 1 if �=� is not an integer and S0 = S if � = S�..

The functions Rk(�), k = 1; 2; . . . ; n, are rational functions.

Theorem 7. Let X(s) and Y (s) be two multidimensional stationary processes
satisfying (2.1) and let the roots of the equation (2.2) be less then one in absolute
value. Let Y (s) be a nonsingular random process with a rational spectrum. Suppose
we know the values of the stationary process X(s) = ARY (s)(N; �) for s � t. Then,
the linear least-squares estimator of X1(t+ �), � > 0, is given by:

a) If �=� is not an integer and [�=�] = S, then:

~X1(t; �) =

nX
k=1

(
mk�1X
j=0

NX
�=0

B
(j)
k;�X

(j)
k (t� ��) +

1Z
0

Bk(u)Xk(t� u)du

)

=
N�1X
�=0

D�X1(t+ � � (S + 1)� ��);

(4.4)

where

B
(j)
k;� = a�

SX
�=0

c�w
(j)
k (� � ��); (4.5)

Bk(u) =

NX
�=0

a�Dk(u� ��; �); (4.6)
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Dk(u� ��; �) =

�
0 0 � u < ��PS
�=0 c�wk(u� ��; � � ��) u � ��

(4.7)

D� =

NX
�=0

a�F (�; �); � = 0; 1; . . . ; N � 1 (4.8)

F (�; �) =

�
0 0 � � < �
cS+1+��� � � �

; � = 0; 1; 2 . . . ; N (4.9)

b) If � = S�, it is necessary to replace S by S � 1 in the equations (4.4) {
(4.9).

Proof: a) Since Y (s) is a nonsingular stationary process with a rational spec-
trum, we have

~Y1(t; �) =

nX
k=1

(
mk�1X
j=0

w
(j)
k (�)Y

(j)
k (t) +

1Z
0

wk(s; �)Yk(t� s)ds

)

and

~X1(t; �) =

SX
�=0

c�

(
nX

k=1

"
mk�1X
j=0

w
(j)
k (� � ��)Y

(j)
k (t) +

1Z
0

wk(s; � � ��)Yk(t� s)ds

#
+

+
1X

�=S1

c�Y1(t+ � � ��)

)
=

=

nX
k=1

(
mk�1X
j=0

NX
�=0

 
a�

SX
�=0

c�w
(j)
k (� � ��)

!
X

(j)
k (t� ��)+

+

1Z
0

SX
�=0

c�wk(s; � � ��)

NX
�=0

a�Xk(t� s� ��)ds

)
+

+

1X
�=S+1

c�

NX
�=0

a�X1(t+ � � �� � ��)

and (4.4) follows from (4.5) { (4.9) and

NX
�=0

a�

1Z
0

SX
�=0

c�wk(s; � � ��)Xk(t� s� ��)ds =

NX
�=0

a�

1Z
0

SX
�=0

c�wk(u� ��; �� ��)�

�Xk(t� u)du =

NX
�=0

a�

1Z
0

Dk(u� ��; �)Xk(t� u)du =

1Z
0

Bk(u)Xk(t� u)du;

1X
�=S+1

c�

NX
�=0

a�X1(t+ � � �� � ��) =

NX
�=0

1X
�=�

cS+1+���X1(t+ � � (S + 1)� � ��)

=
NX
�=0

a�

1X
�=�

F (�; �)X1(t+ �� (S + 1)����) =
N�1X
�=0

D�X1(t+ �� (S + 1)����):
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The last equation follows from (2.4).

5. Let us now give some examples.

Example 1. Let x1(s) and x2(s) be two independent stationary random pro-
cesses with the rational spectral densities

f1(�) = c1(�
2 + �21)

�1; f2(�) = c2(�
2 + �22)

�1; c1; c2; �1; �2 > 0; �1 6=; �2;

and let X1(s) = x1(s) + x2(s), X2(s) = x1(s) � x2(s). It is easy to see that
the spectral density matrix kfkij(�)k2�2 of the stationary random process X(s) =
(X1(s); X2(s)) is given by

MX(�) = kf
(X)
ij (�)k =

=

 c1(�2 + �21)
�1 + c2(�

2 + �22)
�1 c1(�

2 + �21)
�1 � c2(�

2 + �22)
�1

c1(�
2 + �21)

�1 � c2(�
2 + �22)

�1 c1(�
2 + �21)

�1 + c2(�
2 + �22)

�1

 (5.1)

In this case D(�) = 4c1c2(�
2 + �21)

�1(�2 + �22)
�1 has no real zeros, n = 2,

2L = 0, 2K = 4, m1 = m2 = 1, 2K � 2L = 2(m1 + m2), and thus X(s) is a
nonsingular stationary random process with a rational spectrum.

Suppose we know the values of the process X(s) for s � t. Using Theorem 1
we have:

�1(�) = !1(�) = K1; �2(�) = !2(�) = K2;

	1(�) = (ei�� �K1)f11(�)�K2f21(�);

	2(�) = (ei�� �K1)f12(�)�K2f22(�):

From the fact that the functions 	1(�) and 	2(�) are analytic in the upper
half-plane, it follows that

2K1 = 2K1(T ) = e���1 + e���2 ; 2K2 = K2(�) = e���1 � e���2 (5.2)

Then, we have w
(0)
1 (�) = K1(�), w

(0)
2 (�) = K2(�), w1(s; �) = w2(s; �) = 0,

and

2X1(t; �) = (e���1 + e���2)X1(t) + e���1 � e���2X2(t): (5.3)

Example 2. Let X(s) be the process given in the example 1, Y (s) = X(s)�
�X(s� 1), j�j < 1, and suppose we know the values of the process X(s) for s � t.

In this case: N = 1, a0 = 1, a1 = ��, Y (s) = MAX(1; �), X(s) =P
1

�=0 �
�Y (s� ��).

a) If 0 < � < � (0 = S < N = 1), using the formulae (3.8) { (3.12) we obtain

A
(0)
1;� = ��a0w

(0)
1 (�) = ��K1(�); A

(0)
2;� = ��a0w

(0)
2 (�) = ��K2(�);

B1(u) = B2(u) = 0; D� = a1F (�; 1) = a1c� = a1�
� = ���+1;
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where K1(�) and K2(�) were given in the example 1, and �nally

~Y1(t; �)=
1

2
(e���1+ e���2)

1X
�=0

��Y1(t� ��) +
1

2
(e���1� e���2)

1X
�=0

��Y2(t� ��)

�
1X
�=0

��+1Y1(t+ � � � � ��): (5.4)

b) If � = �, (S = N = 1), then replacing � by �, ~Y � 1(t; �) can be obtained
from (5.4).

c) If � = �, using the formulae (3.9) and (3.13) { (3.15) we obtain:

B1(u) = B2(u) = 0;

2A
(0)
1;� = 2��(a0K1(� � �)) = ��(e���1 + e���2 � �e�(���)�1 � �e�(���)�2);

2A
(0)
2;� = 2��(a0K2(� � �)) = ��(e���1 � e���2 � �e�(���)�1 � �e�(���)�2);

and �nally

2 ~Y1(t; �) = (e��1 + e���2 � �e��1 � �e���2
1X
�=0

��Y1(t� ��)+

+ (e��1 � e���2 � �e�(���)�1 � �e�(���)�2)

1X
�=0

��Y2(t� ��)

(5.5)

Example 3. Let Y (s) be a process with the spectral density matrix (5.1) and
X(s) � �X(s � 1) = Y (s), j�j < 1. Then X(s) = ARY (1; �), N = 1, a0 = 1,
a1 = �� and using the formulae (4.4) { (4.9) we obtain:

2B
(0)
1;� = 2a�

SX
�=0

��K1(� � ��) = a�

SX
�=0

��(e�(����)�1 + e�(����)�2)

2B
(0)
2;� = 2a�

SX
�=0

��K2(� � ��) = a�

SX
�=0

��(e�(����)�1 + e�(����)�2)

D� = a0F (�; 0) + a1F (�; 1) = a0cS+1�� + a1cS+� = �S+1+� � ��S+� = 0; � � 1

D0 = a0cS+1 = �S+1 and

~X1(t; �) =
1

2

SX
�=0

��fe�(����)�1 + e�(����)�2g(X1(t)� �X1(t� �))+

+
1

2

SX
�=0

��fe�(����)�1 + e�(����)�2g(X2(t)� �X2(t� �))+

+ �S+1X1(t+ � � (S + 1)�):

(5.6)
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