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A FIXED POINT THEOREM IN A REFLEXIVE

BANACH SPACE

Zvonimir Mavar

In [1] the following theorem is proved:

Theorem A Let B a reexive Banach space, K a nonempty bounded closed

and convex subset of B and T : K ! K a mapping satisfying the following condi-

tions:

kTx� Tyk � maxfkx� Txk; ky� Tyk; (kx� tyk+ ky � Txk)=3;

(kx� yk+ kx� Txk+ kyTyk)=3g; x; y 2 K

and

sup
z2D

kz � Tzk � Æ(D)=2;

where D is any nonempty closed convex subset of K which is mapped into itself by

T and Æ(D) = sup
x;y2D

kx� yk the diameter of D. Then T has a unique �xed point in

K.

In the present note we shall prove a theorem which is certain generalization
of Theorem A, and its proof is simpler than that of Theorem A. Namely, we have
the following:

Theorem 1. Let B a reexive Banach space, K a nonempty bounded closed

and convex subset of B and T : K ! K a mapping satisfying the following condi-

tions:

(1)

kTx� Tyk � maxfkx� Txk; ky� Tyk; akx� Tyk+ bky � Txk;

(kx� yk+ kx� Txk+ ky � Tyk)=3

x; y 2 K; a � 0; b � 0; a+ b < 1
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and

(2) sup
z2D

kz � Tzk � rÆ(D); 0 � r = r(D) < 1;

where D and Æ(D) have the same meaning as in Theorem A. Then T has a unique

�xed point in K.

Proof. Let F denote the family of all nonempty bounded closed convex subsets
of K, which are mapped by T into itself. F is nonempty since K 2 F . If kF�g
is any nonincreasing sequence in F , then by the well known result [2] of Smulian,
F =

T
� F� is in f. Now, by Zorn's lemma it follows that F has a minimal element.

If C is such a minimal element of F , we shall prove that C contains only one
point, i.e. that T has a �xed point in K. Supposing that C contains more than one
element we obtain

(3) sup
x;y2C

kx� yk = Æ(C) > 0

Since T (C) � C, for any x; y 2 C we have, by (1), (2) and (3)

kTx� Tyk � maxfrÆ(C); (a+ b)Æ(C); (Æ(C) + 2rÆ(C))=3g

Putting r = maxfa+ b; (1 + 2r)=3g < 1 we have

(4) kTx� Tyk � frÆ(C); (r < 1) for each x; y 2 C:

If by coD we denote the convex hull of D, and by coD the closed convex hull of
D we have

(5) coT (C) � coC = C = C

because C 2 F , T (C) � C and C is closed and convex. Therefore

(6) T (coT (C)) � T (C) � coT (C) � coT (C):

Since C is a minimal element of F , by (5) and (6) we have coT (C) = C. Let
x; y 2 coT (C). Then we can write

x =
nX

i=1

aiTxi; ai � 0 (i = 1; . . . ; n);
nX

i=1

ai = 1; xi 2 C

y =

mX

j=1

bjTyj ; bj � 0 (j = 1; . . . ;m);

nX

j=1

bj = 1; yj 2 C

Now, by (4), and
X

i;j

aibj = 1

kx� yk =



nX

i=1

aiTxi �

mX

j=1

biTyj


=



X

i;j

aibjTxi �
X

i;j

aibjTyj


=

=



X

i;j

aibj(Txi � Tyj)


�
X

i;j

aibjrÆ(C) = rÆ(C)
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Hence kx� yk � rÆ(C), for every x; y 2 coT (C) and therefore

(7) sup
x;y2coT (C)

kx� yk � rÆ(C)

Now, Æ(C) = sup
x;y2C

kx� yk and coT (C) = C implies

Æ(C) = sup
x;y2coT (C)

kx� yk; and by (7) we obtain Æ � rÆ:

where r < 1 and Æ > 0. This contradiction proves that C contains only one point,
i.e. that T has a �xed point in K. Now we shall complete the proof demonstrating
that the �xed point of T is unique. Let x0 and y0 be two �xed points of T .

Then by (1) we have

kx0 � y0k = kTx0 � Ty0k � maxfkx0 � Tx0k; ky0 � Ty0k;

akx0 � Ty0k+ bky0 � Tx0k;

(kx0 � y0k+ kx0 � Tx0k+ ky0 � Ty0k)=3g

= maxf0; 0; (a+ b)kx0 � y0k; kx0 � y0k=3g

From this inequality immediately follows x0 = y0.
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