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A GENERALIZATION OF A THEOREM OF A. D. OTTO

Th. Exarchakos

Abstract. In this paper we prove that if G is a finite p-group of class ¢ with G/G’ of
exponent p” and L;/L;4 is cyclic of order p” for i = 1,2,...,¢— 1, where L;, 4 =0,1,...,cis the
lower central series of G, then the order of G divides the order of the group A(G) of automorphisms
of G.

Introduction and notation. Let G be a finite p-group of class c. Let
G=Ly>L D--D>DL.=1,1=2yC Zy C -+ C Z. = G be the lower
and the upper central series of G respectively, where Ly = G' = [G,G] and Z; =
Z = Z(@). If G has no non-trivial abelian direct factor, then G is called a PN-
group. A. D. Otto in [1] proved that if G is a PN-group with |L;/L;+1| = p for
alli = 1,2,...,¢ — 1 and exp(G/G') = p, then the order of G divides the order
of the group of automorphisms of G. We generalize this result by showing that if
G is any finite p-group with L;/L;41 cyclic of order p’ for all i = 1,2,...,c—1
and exp(G/G') = p', then |G| divides A(G). We also show that the same result
holds if Z;/Z;_+ is cyclic of order p’, i = 1,2,...,¢—1, and L; = Z._; for some
J, 1 < j < c¢—1. Throughout this paper, G is a finite non-abelian p-group, |G| is
the order of G, C'(p”) is the cyclic group of order p®, A(G), I(G), A.(G) are the
groups of automorphisms, inner automorphisms, central automorphisms of G.

3 %
*

We begin with
LEMMA 1. Let G be a PN-group. Ifexp(G/G') < |Z|, then |A.(G)| > |C/G"|.
Proof. Let |G/G'| = p™ and G/G' = C(p™) x C(p2) x --- x C(p™),
where my > ms > --- > my > 1 and zt:mj = m. Similarly let |Z| = p* and
j=1

Z = C(pF) x C(p*2) x --- x C(p*s) with ky > ky > -+ > ks > 1 and Zki:k. If

i=1
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m
a, is the number of times p® appears in the invariants of G/G’, then Z Tar = m.
z>1

Since G is a PN-group |A.(G)| = |H0m (G,2)| = |Hom (G/G', Z)| [2]. So we have
|4.(G)| = |Hom (G/G",Z)| = |Hom H p™) Hc . Hence |A.(G)| =

t,s t,s
H |Hom (C(p™7), C(p*?)) Hpmi“(mf’ki) = p for some A. Summing powers over
Jyi Gyi

m; =1,2,...,my for k; = k,,..., ki we have
ks mi1 k1 ma
A= Zxax—l-ksz:ax 4+ 4 Zmax-i—klz:am =
z>1 >k, z>1 >k

s
Zwax—l-k Z Qg +Z (k Z ax> —l—Zwam =
=2 \z>1 x>k >kt z>1
B

20 +k Z a; + ixam, where 6; :imaz—f-ki 21: .
=2

x>k z>1 z>1 z>k;
my my 3 my
Since k > my we have k Z ap > Z za; and so A > k20i+ Z Ta; =

>k >k =2 >k
s
E 0; + m.
=2

LEMMA 2. [4]. Let G be a finite non-abelian p-group. Let G = Ly D L1 D

-DL.=1,1=7yC7Zy C--+-C Z. = @G be the lower and the upper central series

of G. If L;/Liy is cyclic of order p" for alli=1,2,...,¢c—1. then LN Z._;_1 =
Livi,i=1,2,...,c—1.

LeMMA 3. [3]. If G is a finite non-abelian group and Z;/Z;—y is cyclic of
order p” for alli=1,2,...,c—1, then [G,Z;11] = Z; fori=1,2,...,¢— 1.

THEOREM 1. Let G be a finite group of order p" and class c. If L;/L;1, is
cyclic of order p" for alli=1,2,...,c —1 and exp(G/G") = p", then |G| divides,
|A(G)].

Proof. Consider the following:

A:Gisa PN-group. Since L; C Z._; and L; ¢ Z._;_1 we have (Z._;/L;) D
(LiZc—i—l/Li) =~ Zc—i—l/Li N Zc—i—l = Zc—i—l/LH—l (by Lemma 2) Hence

|Ze—i/Ze—i1| > |Li/Liyi| = p

forall i = 1,2,...,c— 1. But |G/Ze_1| = p*" [4] and so |G/Z>| > p*=Y" which
gives |Zy| < p? eV If |Z| = pF then |[(G)| = |G/Z| = p" " and |Z»/Z| <
p=(e=r=k_ Since L._; C Z and |L._1| = p" we have |Z| > p" = exp(G/G")
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and so by Lemma 1, |A.(G)| > |G/G'|. But |L;/Liy1| = p" fori =1,2,...,¢—1
which implies that |L._;| = p'" and so |L;| = p{*=D". Therefore we have |G/G'| =
|G/Ly| = p" (c"V7 and so |A.(G)| > p" (¢"V". Since A.(G) centralizes I(G) in
AG) we have [I(G) 0 A(G)] = |Z(H(@)] = 12(G/2)] = 172/7] < pr—te=r=k.
Hence

|AG)p 2 H(G)A(G)] = [I(G)] - |[A(G)I/II(G) N A(G)| =
> pnfkpnf(cfl)r/pnf(cfl)rfk — pn

B: G = H x K, where H is abeilian of order p¢ and K is a PN-group.
By [1], |A(G)|, > p°|A(K)|,. Since G = H x K, |G'| = |K'|, and by induction
Li(G)| = |Li(K)| for all i = 1,2,...,c. Hence L;y(K)/L;+1(K) is cyclic of order p”
fori =1,2,...,c¢— 1. Moreover G/G' = H x K/K' and so exp(K/K') < p". But
exp(L;(K)/Liy1(K)) = p” and so exp(K/K') = p". Therefore by A, |A(K)|, > | K|
and so |A(G)|, > p°. |K|=]G|.

COROLLARY. Let G be a PN-group. If |L;/Liy1| =p,i=1,2,...,¢— 1, and
exp(G/G") <|Z|, then |G| divides |A(G)].

THEOREM 2. Let G be a finte p-group of order p" and class c¢. If Z;1/Z; is
cyclic of order p" for alli =0,1,...,¢—2, and Z.—j = L; for some j, 1 < j <c—1,
then |G| divides |A(G)|.

PT‘OOf. By Lemma 3, Lj+1 = [Lj,G] = [Zc_j,G] = Zc—j—l and so pr =
exp(Ze—j/Ze—j—1) = exp(L;/Ljt1) < exp(Lj1/Lj) < |Ljo1 [ Lj| < |Ze—jo1/Ze—j]
= pr- Hence |Lj_1| = |Zc—j+1| and since Lj—l g Zc—j+1 we have Lj—l = ZC_]'+1.
Therefore L; = Z.j forall j =1,2,...,¢,and so L;j/L;4 is cyclic of order p” for all
j.- By[4],G/Z.-1 = p*" and so |G/L1| = |G/G'| = p*". Let p™ > p™2 > -.- > p™
by the invariants of G/G’, if ma < r, then exp(Li/Ls) > p™2 < p", which is a
contradiction. Hence my > r and so m; = my = r and exp(G/G’) = p". The result
follows from Theorem 1.
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