PUBLICATIONS DE L’INSTITUT MATHEMATIQUE
Nouvelle série, tome 33 (47), 1983, pp. 49-58

SOME SPECIAL SUBSPACES OF A FINSLER SPACE

Irena Comié

Abstract. In the present paper are studied such subspaces of a Finsler space for which he
absolute differential of the tangent or normal vectors have special positions.

1. Introduction. The equation of a subspace F,, of a Finsler space F,,
the definitions of the tangent vectors B, the normal vectors V', and the induced
m

and intrinsic connection coefficients and curvature tensors are the same as in [6],
[2] and [3]; so they are omitted. The induced connection coefficients and curvature
tensors shall be denoted as usual by —.

Let us denote by Ty (P) the subspace of the tangent space of F,, at P(z,%) =
(X (u®),! 1) spanned by B!, and by Ty (P) the subspace spanned by N*.
w

e

The object of the present paper is to study special subspaces which satisfy
some of the following conditions at a fixed P for every displacement (du®, d4®) on
the subspace F),:

1) DB €Ty & DJXi €Ty & (DB, € Ti) A (D]Xi eTy)
la) DJXi =0=DB. €Ty
1b) DB! = DJ;” €Ty
2) DB! €Ty
3) Dzyi €Ty
2a) = 3a) (DB. € TV)A (DJIYi € Ty)
foreverya =1,2,... . m,u=m+1,...,n.

Cases la) and 1b) are special cases of 1); 2a) = 3a) is a special case of 2) or
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For the case 1) the induced and intrinsic connection coefficients are the same
v

and the normal curvature N(u,%) = 0 for every curve u® = u®(s) trough P.
Theorem 1.1 gives equivalent conditions for F},, to satisfy the conditions of case 1)
for a fixed w and every 4.

For case 2) the subspace F, is Riemannian with

0= 6 05 6 05 6

RQB,YZO, Paﬁvzo, Saﬁvzo.
For case 3) we have

1= v 1= v 15 v

Ry, =0, Pug =0, "S5 =0.

2. Case 1). DBfl € Ty. For any subspace F), of F,, we have
DB, = (T. ydu® + A, ;DI°)B} + (0. ydu” + A AN,
DN’ = (<8 pdu® — A’ s DI°) By + (N, jdu + A, SDIP)N'.
In the case 1) these formulae become
(2.1) DB, = (T) ;du® + A, ;DI°)B},
(2.2) DJX" =\ o’ + A4, DIY)N'.
In this case 8. gdu’ + Al 3DIP =0, for every du” and DIF, so
(2.3) 0, gdu® =0, AL .DI°=0

for all
a,f=12,...m p=m+1,...,n.

From (2.1), (2.3) and

Euaﬁ = _auaﬁﬁ Zuaﬁ = _Zuaﬁ
we obtain
(2.4) 005 =0 Auap=0
for all

a,B=12...mp=m+1,....,n.
As for any subspace F},, we have
DI* = BEDI® + Hpydu®

and for case 1)
Di* = D(B¥1*) = B*Di®
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we conclude that in this case .
H ydu® = 0.

The above equation is true for any du® so that in case 1)

(2.5) Hy=0, k=1,...,n B=1,...,m.

. . . =*0 3
From (2.5) it follows that the corresponding equations for I, 5 and )\:V 8 reduce to

~*kv r i i=*0 —=*1 .
(2.7) Ny 5 =g N"(0sN' = 00t0;N'T,, + rj’kjyaB;;).
Tensors Ay, and A, are determined by
(2.8) Aapy = Aije BL Y = L(u,1)2710, gap (u, )
(2.9) Ay = g,»jjnya'vJL\[i + Aijkzyijijs.

v
The normal curvature N of a curve u® = u®(s) of the subspace F), in the
v
direction of N; is given by

v

N(u,u) = L2 (u, )8, zu*d® (4 = du®/du®)
From (2.3) if follows that
(2.10) N(u, ) = 0

for every curve u® = u(s) through the point (u).
From (2.1) and (2.2) we obtain

i —q° i _ (91050 B,
A
Pog [du’Al] + 27175, [DIPAI")} B;
i =V i _1l= vV
0.12) [ADIN® =Q,,(d, )" = {2 "Ry 5 ldufu)+

1— = Vv

v — _11 =0 i
P, [duAl" + 2715, M[DlﬁAl”]}Jy

It may be seen that in case 1)
0= n 0= n 0= u
Ra By Pq By Sa By
The definitions of curvature tensors given above and in the sequel are given in [6].
Y

Some vector field & (z(u) Bot®) defined on the subspace Fj,,, may be decom-
posed in the following way . . .
£ = Big + Nigr
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Using the known formulae

[AD)¢" = {27'R;",  [da"62*] + P;*,  [da" AlF] + 27187, [DI"AI*]}¢d

dz" = Bhdu®
and for case 1)
Di" = B"Di®
we get
(2.14) Rj\ B =Ry, ¢Bl + szu”Mguzyi

The above formula is true for tensors P and S. Comparing the coefficients of £
and &* we obtain

a) RjithiZ: = O_QEByBé

b) Rjihk],Yijhvk - lﬁﬂuﬁw]yi

c) PjithZst = OFOIEBWBé
(215) d) Pjihk]leBbhwk _ 1?uyﬁ,yjyi

e) Sjithiléﬁ = OgagﬁwBé

f) Sjihk ];Yj Bbhwk _ 1§uyﬁ~, Jyz

1
If we define the induced covariant differentiations % and T for some mixed tensor
TS# in the form

Taﬁl/u%'y = a’YTaﬁVu - 8%T£VHF ')y{ - Tf#foz"}:_‘_
3 —=* 3 Jé; ~*C g <k [
TxVuF%'y - Tac‘uAV"/ + TaVuAE"/
1 . — - B
TaBVuT’Y :La’YTaBVu - TfﬁAa"/ + TE#A%'Y_
Bug < BCAH
Tag Auv +T7, AM.
then the Bianchi identities ([6], (3.1)—(3.3)) for the case 1) reduce to
0— ¢ 1 0— ¢ 1 0—= ¢ 2
a)  Rapg,Ts+ Papysme+ RasuAgfst
0— 00— s 0— N ki L, —c 0=
Sase Koy = Py Dol 3" = ~loAase Koy

1—

Ry %[vAﬁT st

1= v 1 1= v 1
(2.16) by Rug,Tot Pulygme +
1= v 0=

1_
Su 55 Kogy = Py

v
[y[se

0— 5 € >
C) ( Rasﬁ"/%d + OPCY B%OKO "/6) + CyCl(ﬁ’)/(S) = 07

1 0=

- v 1= v 24
d) ( R, 57‘}'6 + Py B K, 75) + cycl(8v6) = 0,

x

N kL L, —v 00—
05T 158" = —ls Ay Ko
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0= € 1 w 0= € 0= ¢ 1 0 & 4 = ..
) PappaTa+ Ad s Plagyy+ SagpTa+ Sja ;)07 =
58ﬂf;ﬁ,
1 1 v o1 1= o N T
B P BMMTﬁl +Agts P+ Suyata + Sy 05Tt =
Ll{g@ﬂ)\uﬁ

7]

If we denote by D; the absolute differential in F,, which corresponds to the
displacement (d;u®,d;u®) (i = 1,2) in F}, then from (2.11), (2.12), (2.15a), (2.15b)

we have

([D2 I]Rjihk)BiZ: = Ea ﬁfyﬂg(d17d2)B6

0

(217) RS B’Y a(d17d2)35 - Ra 5795(d15d2)Bg_
0_
Ro’ 5% (dv, do) B,
1—
([DaD1]R;" hk)NJBM =R,y ,(dl,dQ)
(2.18) 'Ry, (dl,dQ) 'R L5 (dr, d) N

1RH Be 'y(dlv d2)

Formulae of type (2.17), (2.18) are satisfied for tensors P and S and we may get
them substituting the letter R with P and S.

If the space F), satisfies the relation

(2.19) [DyD1]R;*,, =0

then from (2.17) and (2.18) we have

- oéafﬁwﬁg (dy,ds) — ZRE‘:M?Z(dl  do)—
"Ra swgﬁ(dlad2) — Ra"5. 0, (d1, d2) = 0,

1) 'R, Q) dy) —jRJ’Bﬁf(dl,dz)_
'R, Q(dh, do) — "R 0 (dh, do) = 0.

If the space F), satisfies

(2.19) a) [DyDy]P;

e =0 or  b) [D2D4]S;%, =0

. 05 6 15 v 05 ¢ 15 v
then the induced curvature tensors of the subspace " P, 5., P, e Sa gy Su 5y
satisfy the equations of type (2.20) and (2.21) and we get these equations when the
letter R is substituted by P or S.
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If (2.19) is true for every Dy, D, i.e., the tensor R is parallel on the subspace
F,,, then from (2.20) and (2.21) we obtain

a) 0}_3016570}_35(2% _ oﬁsaﬁvoﬁai% _ Ra m RBEW _ 0}_3&6550}_375”( —0
b) of—zasmoﬁgam _ OREJB’YO?Q o Ra m PBSW _ Oﬁaéﬁgoﬁ'yi% —0
o 3 TR
QO 'RSRS 'R RS 'R RS, RMER =0
o 'R, P, 'R, P 'R Py, - "R, P, =0
n 'RS,S,- "R S - RS Ss, ~ R s sw =0

If (2.23) is true for every Dy, Do, then we easily obtain equations similar to
(2.22) for the tensors P and S.

We shall examine what form the intrinsic connection coefficients take for case
1. In the subspace F, with respect to the intrinsic connection coefficients DB,
and DN’ take the form

m

DB, = [(T3% + A p)du” + Al 5)du’ DI°|B} + (6} du” + Aa“ﬁDlﬁ)]X’
Di\fi = —(0"}pdu” + A° .5 DI”)Dj + (X, du” + A,Y s DIP)N'.
As
i 2
0l =0,5— Al A%sN
Aapy = Aapys  Aaus = Aaus,
DIP = DI° = — A% Ndu

we have in case 1)

(2.24) 0l = 9 5 =0
(2.25) Appp = Anpp =0
DI°? = DIP

From the last equation and
DI* = BEDI* = Hfdu”

it follows that

From .
A5 = —An;Blg” (H!B; — BLH))
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and Hj = 0 we get immediately
(2.26) Als=0
AsT,,; and I, o3 are connected by
T3 = Dops + ik BY(HLBE — BLHF) — Aqps A% 5N

using Hg =0, N =0 we have

—k

(2.27) Taps = Tapg.
As

(2.28) Le =4
for any subspace from (2.24) — (2.28) we have:

THEOREM 2.1. If the subspace F,, of the Finsler space F,, has the property
DB! € Ty for the mized lineelement P(u, %) and every (du®, du®), then the induced
and intrinsic conneetion coefficients are the same, from which it follows that the
induced and intrinsic curvature tensors are the same, and satisfy the same equations
at P.

In all previous equations every quantity and tensor was considered at the
fixed lineelement P(u,%). Let us denote by HF,, the subspace of case 1) for all
lineelements (u, @) where w is a fixed point and 4 is any direction in the subspace.
Then we have the following:

THEOREM 2.2. The subspace F,, of the Finsler space F, is HF,, iff one of
the following equivalent equations (2.1) (2.5) or (2.10) is satisfied for all directions
U at fized point 1.

Proof. From the definition it is obvious that the subspace F), is HF,, iff (2.1)
for fixed v and %. Furthermore

(2.1) = (24) = (2.5)
To prove (2.5) = (2.1) from (¥ = Bk, g;;(z,4) Nl = 0 we have
w
gijDN'l! + g;;N'DIV =0
i i
From (2.5) and the equation above we obtain ¢;; DN'BJI® = 0 for all [?; so
DN'DU = (X 3du” + A, 5DI")N'
from which (2.1) follows.

— 1
To prove (2.5) & (2.10) i. e, HIZ =0& N=0foralleand p=m+1,...,n
we have the relation
TP = 0211 N = N(u, i) N’
gt = Vap M (Uau)u-
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3. Case 2). DB! € Ty.

In this case the absolute differentials of tangent and normal vectorc take the
form:

(3.1) DB! = (8, sdu® + A,/;DI°)N’
w
: —* — : ~% U — v —
(3.2) DN' = (6, 5du’ + A SDI°)Bs + (X, 3du’ + 4, [,,Dlﬁ)]‘\lﬂ
As in this case A [j; = 0, we have:

(3.3) Aupy = 27 L(u, 1)y g0p(u, 1) = 0,

from which we conclude that the metric tensor of the subspace is not a function of
the direction u, i. e.,

9ap = gap(u)
and the subspace Fj,, of the Finsler space F}, is Riemannian. From the equations

Lagy + Magy = Tapy = Aagsd,, N

*

(3.4) . o
Aaﬁry - 0, Fozﬁ"/ - 0,

we obtain that in case 2) the intrinsic connection coefficient is the tensor —Aqga.,
i.e. Faﬁ'y = _Aaﬁ'y-

The other connection coefficients are obtained from the same formulae as in
any other subspace.

Using the equations Zaéﬁ =0, F;% = 0 for case 2) we get
[ADIBL, = {2718, 40), [ [du’6u) + (@554, — 8, oA [du" BRI+
2 VA, (o A DU BI B 4 {271 (0Bl + 0o ) 0]
(L, 5’;‘; — O A — AN + 0, 5 A, du A+
(La[wAmm] +4 [BA\VIW])[DIBZ”]}]W-
= {27007 5y + Oy Nl ) 6u7 )+
*I(Léﬁzg—aﬁzuﬁzwxzﬁ A8, ) du R+
27 (L8 Ay )+ A, 157 ) [DIAI) B
{27 a[“rAlulﬁ]+0 [ﬁ9|6|v1+>‘u[ﬁ>‘lwlv])[du o]+
(LOX, 5 — aﬁA N GAY = AN A B+ 0 A AP A+
LA A — A A ) + A A [ AL

Comparing the above formulae with those in [6] we obtain that in case 2) the

curvature tensors — s — 5 — &
Rq B> Pq B> Sa By-
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—* 0
and some others are reduced, because of I' , 3 =0, A, 53 = 0.

4. Case 3). DN € Ty.
w

In this case the absolute differentials of tangent and normal vectors take the
form:

(4.1) DB = (T.%,du® +4,°;DI?) B + (6. 5du® + A, DI?) N,
nw
i —% 0 — 0 i
(4.2) DN'* = (8, 3du’ + A, ;DI°)B;
Also _ _
wy =0, A, =0,
hence

Xy = Ni(@, N - (%N’T*f: +f]kNJB’” + A’kNJH ) =0,

a —N(La N’+A’kNJBk) 0.

The other connection coefficients we get from the same formulae as in any other
subspace.

We also have that the absolute differentials of tangent and normal vectors
take the form:

i —k [l —k €
AD]B {2 a ﬁ’Y + Ha [BGWM)[duﬁéu”]-i—
_10= ¢ — i
o 5005 A, Aweuﬁ)[duﬁmv] +271780 5, Ay 134, ) [DIPAD]} B+
_10= (O 0= i
27 R, BV[du%u”] + Py [’ A + 27178, BV[DWAZ”]J/Y,

‘P

={27! duﬁ&ﬂ] + P [duBAuA’] + Ogugﬁw [duﬁAuA’]}Bé—k

271 (@, (30,1 yldu’ Au] + (A, 0, 5 — A, 0, 5)[du” A+
274, 544 + [DIPAD]IN'.
Finally we have

1= v 1—= v 1= v
S

R“ﬁvzo’ P“BWZO’ “ﬁvzo'

5. Case 2a) or 3a) (DB! € Ty) A (DN' € Ty).
In this case we have

=3 — 3 — v —* v
(51) Fa,Y:O, AD(’Y:()’ AHBZO’ )\MBZO
and
(5.2) DB!, = (9, 5du” + Za"ﬁﬁlﬁ)gi

(5.2) DN; = @, 5du’® + 4., D1°)B



58 Irena Comié¢

For the absolute differential of tangent and normal vectors we obtain:

i _17*0 =% 0 —% [t — 0 —k 0— —-
[AD]B, = {278,450/, ,jldu’0u"] + (0,54, , — 0, A, ) [du’ Al ]+

R i
274, 54, 1 [DIVAI]} B+

(54) {27108} g [du’ A1) + (LO,8, 5 — 05A L) [du” A"+
27 (Lo, A o 5 [DIPADT N,
[AD]]}Yi = {271(0,,0),| g [du’ou™] + (LI, 5 — 954, 5)[du’ A"+
59 o AP B
{2716, 150 5/ [du’6u”] + (8, 545, — 0554, ) [du” Al ]+

-1 S AY PIBA 12
2 AMBAMM[DIBAW]}]IY.

We also have:

0—= & 0= & 0= &

R"BVZO’ P“ﬁv: ’ S"BVZO

1= v 15 v 15 v

R,LM:O, P”Bw_o’ S,LM:O.
The intrinsic connection coefficients are:

F:‘BW =—Aapy, Awp =0, Aup=0, Aapy =0

and the corresponding equations for the intrinsic curvature tensors are the same as
(4.6), (4.7) except for

05 6 5 2 5
Ry g, = =0 A5 5 + Adls + A o)
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