
PUBLICATIONS DE L'INSTITUT MATH�EMATIQUE
Nouvelle s�erie, tome 33 (47), 1983, pp. 41{48

SUBSPACES OF RECURRENT FINSLER SPACES

Irena �Comi�c

1. Introduction. In the Finsler space Fn the metric function is L(x; _x). Let
us de�ne the m vector �elds B�

a (x; _x) and n�m vector �elds N�
k (x; _x)

�; �; 
; Æ; ";{; � � � = 1; 2; . . . ; n

a; b; c; d; e; f; � � � = 1; 2; . . . ;m

k; l;m; n; p; q; � � � = m+ 1; . . . ; n

in such a way that these vector �elds are linearly independent at each (x; _x) and
satisfy the relations

(1.1) g�� = B�
aN

�
k = 0

for each a = 1; 2; . . . ;m k = m+ 1; . . .n. Let us de�ne

gab = g��B
��
ab(1.2)

gkl = g��N
�
k N

�
l(1.3)

Bb
� = gabg��B

�
a(1.4)

Nk
� = gkmg��N

�
m(1.5)

g��, B
�
a and N�

k have zero degree of homogenity in _x, gab and gkm are inverse
matrices of gab and gkm, respectively. From (1.3) and (1.5) we have

(1.6) Nk
�N

�
p = gklg��N

�
l N

�
p = gklglp = Ækp :

As usually

(1.7) Æ�� = B�
aB

a
� +N�

k N
k
�
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Let us denote the absolute di�erential which corresponds to the motion from
(x; _x) to (x + dx; _x+ d _x) by D. Then we may write

dx� = B�
a du

a +N�
k dv

k ;(1.8)

_x� = B�
a _ua +N�

k N
�
k _vk:

If ��(x; _x) is a vector �eld in Fn, then �� = B�
a +N�

k �
k: The induced di�er-

entials D�a, D�k are de�ned by Ba
�D�� = D�a, Nk

�D�� = D�k and

(1.9) D�� = B�
aD�a +N�

k D�k

We shall use the notation l� = L�1(x; _x) _x� = L�1(B�
a _ua + N�

k _vk) = B�
a +N�

k l
k

where la = L�1 _ua, lk = L�1 _vk.

From (1.8) we have

(1.10) Dl� = B�
aDla +N�

k Dlk

2. The connection coeÆcients for the recurrent Finsler space. We
shall suppose that the metric tensor is determined by

(2.1) g��(x; _x) = _@� _@�L
2(x; _x)=2

and that space Fn is recurrent, i.e.

(2.2) Dg�� = K(x; _x)g��

As
Dg�� = g��j
dx


 + g��j
Dl


(2.2) is valid if

g��j
 = �
(x; _x)g��(2.3)

g�� j
 = �
(x; _x)g��(2.4)

K(x; _x) = �
(x; _x)dx

 + �
(x; _x)Dl
 :(2.5)

The absolute di�erential of g�� is

(2.6) Dg�� � dg�� � (��Æ�
 + ��Æ�
dx

)� (AÆ

�
gÆ� +AÆ
�
g�Æ)Dl
 :

We shall determine connection coeÆcients under condition (2.2) and

��Æ�
 = ��Æ
�(2.7)

AÆ
�
 = AÆ


�(2.8)

which have a well known geometric interpretation. Substituting

(2.9) dg�� = @
g��dx

 + _@
g��d _x


 =

= @
g��dx

 + _@
g��(LDl


 + l
DL� ��
Æ dxÆ � LA

0ÆDlÆ)
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into (2.6) and using (2.3), (2.4) we get

g��jÆ = @
g�� � _@Æg���
�Æ

 � ��Æ�
gÆ� � ��Æ�
g�Æ = �
g��(2.10)

g��j
 = L _@Æg��(Æ
Æ

 �AÆ

0
)�AÆ
�
gÆ� �AÆ

�
g�Æ = �
g�� :(2.11)

Using (2.7) and (2.10) from the expression for g��j
 + g�
j� � g
�j� we obtain

(2.12) 2����
 = (@
g�� + @�g�
 � @�g�
)��( _@Æg���
�Æ

 +

+ _@Æg�
�
�Æ
� � _@Æg�
�

�Æ
� )� (�
g�� + ��g�
 � ��g�
)

In the same way using (2.11) and (2.8) we have

(2.13) 2A��
 = L( _@�g�
 + _@
g�� � _@�g�
)� L( _@Æg��A
Æ
0�+

+ _@Æg��A
Æ
0
 �

_@Æg�
A
Æ
0�)� (��g�
 + �
g�� � ��g�
)

On the right-hand side of (2.12) are the undetermined quantities

��Æ� = L��Æ0�:

Multiplying (2.12) by l� we get

(2.14) 2��0�
 = (@
g�� + @�g�
 � @�g�
)l
� � L _@Æg�
�

�Æ
00 � (�
 l� + �0g�
 � ��l
)

Multiplying (2.14) by l
 we obtain

(2.15) 2��0�0 = (@
g�� + @�g�
 � @�g�
)l
�l
 � (2�0l� + ��)

and now ����
 is determined by (2.12), (2.14) and (2.15).

In the same way from (2.13) we obtain

2A=
0�
 � L _@Æg�
A

Æ
00 � (��l

�g�
 � �
 l
� � ��l
)(2.16)

2A0�0 = �(2�0l� � ��):(2.17)

3. The induced connection for the subspace of the recurrent space.

Using the method of O. Varga we de�ne DB�
a and DN�

k as vectors in Fn which
may be decomposed at each lineelement (x; _x) in the direction of the vectors B�

a

and N�
k

(3.1) DB�
a = wd

a(d)B
�
d + wm

a (d)N
�
m

where

wd
a(a) = �

�d
abdu

b + �
�d
akdv

k +A
d

abDlb +A
d

akDlk;(3.2)

wm
a (a) = �

�m
ab du

b + �
�m
ak dv

k +A
m

abDlb +A
m

akDlk;(3.3)
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and

(3.4) DN�
k = wd

k(d)B
�
d + wm

k (d)N
�
m;

where

wd
k(d) = �

�d
kbdu

b + �
�d
kndv

n +A
d

kbDlb +A
d

knDln(3.5)

wm
k (d) = �

�m

kb du
b + �

�m

kn dv
n +A

m

kbDlb +A
m

knDln:(3.6)

From (1.1) and (2.2) we have

D(g��B
�
aN

�
k ) = g��(DB�

a )N
b
keta+ g��B

�
aDN�

k = 0

from which

gmk(�
�m

ab du
b + �

�m

an dv
n +A

m

abDlb +A
m

anDln) =

� gad(�
�d
kbdu

b + �
�d
kndv

n +A
d

kbDlb +A
d

knDln)

follows.

From the relation above we obtain

(3.7)

a) �
�
akb = ��

�
kab

b) �
�
akn = ��

�
kan

c) Aakb = �Akab

d) Aakn = �Akan

i.e.

(3.8) wak = �wka (gkmw
m
b = �gabw

b
k):

After some calculation using (1.8) and (1.16) we obtain

(3.9)
DB�

a = (B�
aj�du

b +B�
a j�Dlb)B�

b +

+ (B�
aj�dv

k +B�
a j�Dlk)N�

k

where

B�
aj� = @�B

�
a �

_@
B
k
a�

�

� + ���
�B



a(3.10)

B�
a j� = L _@ÆB

�
a (Æ

Æ
� �AÆ

0�) +A�
0�B

Æ
a(3.11)

Comparing (3.9) and (3.1) using (3.2) and (3.3) we obtain

(3.12)

a) �
�

acb = g�ÆB
Æ
cB

�
b B

�
aj�

b) �
�
ack = g�ÆB

Æ
cN

�
k B

�
aj�

c) Aacb = g�ÆB
Æ
cB

�
b B

�
a j�

d) Aack = g�ÆB
Æ
cN

�
kB

�
a j�

e) �
�
anb = g�ÆN

Æ
nB

�
b B

�
aj�

f) �
�
ank = g�ÆN

Æ
nN

�
k B

�
aj�

g) Aanb = g�ÆN
Æ
nB

�
b B

�
a j�

h) Aank = g�ÆN
Æ
nN

�
kB

�
a j�
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On the other hand we have for the vector �eld N�
k

(3.13) DNa
k lpha = (N�

kj�du
b +N�

k j�Dlb)B�
b + (N�

k j�dv
m +N�

k j�Dlm)N�
m;

where

N�
kj� = @�N

�
k � _@
N

�
k �

�

� + ���
�N



k(3.14)

N�
k j� = L _@ÆN

�
k (Æ

Æ
� �AÆ

0�) +A�
Æ�N

Æ
k(3.15)

multiplying (3.4) and (3.13) �rst with g�ÆB
Æ
c and then with g�ÆN

Æ
n, and comparing

the coeÆcients of dub, dvl and Dll in these relations we get

(3.16)

a) �
�
kcb = g�ÆB

Æ
cB

�
bN

�
kj� e) �

�
knb = g�ÆN

Æ
nB

�
bN

�
kj�

b) �
�
kcl = g�ÆB

Æ
cN

�
l N

�
kj� f) �

�
knl = g�ÆN

Æ
nN

�
l N

�
kj�

c) Akcb = g�ÆB
Æ
cB

�
bN

�
k j� g) Aknb = g�ÆN

Æ
nB

�
bN

�
k j�

d) Akcl = g�ÆB
Æ
cN

�
l N

�
k j� h) Aknl = g�ÆN

Æ
nN

�
l N

�
k j�

4. Recurrent subspaces of recurrent Finsler spaces. From (1.1), (1.2)
and (1.3) it follows that

(4.1) g�� = gabB
ab
�� + gnkN

n
�N

k
�

From (4.1) we obtain

(4.2)
Dg�� = dgabB

ab
�� + gabDBa

�B
b
� + gabB

a
�DBb

�+

+ dgnkN
n
�N

k
� + gnkDNn

�N
k
� + gnkN

n
�DNk

�

Using (1.7) we have

(4.3) 0 = DBb
�B



b +Bb

�DB

b +DNn

�N


n +Nn

�DN

n :

On the other hand

gabB
b
� = g�{B

��
ab B

b
� = g�{B

�
a (Æ

�
� �Nx

nN
n
� ) = g��B

�
a :

gknN
k
� = g�{N

�
k N

{

nN
k
� = g�{N

{

n (Æ
�
� � B�

aB
a
�) = g�{N

{

n :(4.5)

Using (4.3), (4.4) and (4.5) we have

gabDBa
�B

b
� + gnkDNn

�N
k
� = g{�B

{

aDBa
� + g{�N

{

nDNn
� =

= g{�(B
a
�DB{a +Nn

�DN{

n )
(4.6)

gabB
a
�DBb

� + gnkN
n
�DNk

� = g�{B
{

b DBb
� + g�{N

{

k DNk
� =

= g�{(B
b
�DB{b +Nk

�DN{

k )
(4.7)

Substituting (4.6) and (4.7) into (4.2) and using (3.1) and (3.4) we get

(4.8)
Dg�� = Bab

��dgab � g�{B
a
�(B

{

a w
d
a +N{

k w
k
a)� g�{N

n
� (B

{

d w
d
n +N{

k w
k
n)+

+Nn
�N

k
�dgnk � g�{B

b
�(B

{

d w
d
b +N{

k w
k
�)� g�{N

k
� (B

{

d w
d
k +N{

n w
k
n):
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Using the relations

(4.9)
a) _dua = LDla � �

�a
c duc � �

�a
k dvk + ladL

b) _dvk = LDlk � �
�k
c duc � �

�k
l dvl + lkdL

we obtain

(4.10)
dgab = @cgabdu

c + @kgabdv
k + _@cgab(LDlc � �

�c

d dud � �
�c

k dvk + lcdL)+

+ _@kgab(LDlc � �
�k
d dud � �

�k
t dvt + lkdL)

(4.10) is valid if gab is replaced by gnk. Using again (4.4) and (4.5) some terms in
(4.8) become zero, i.e.

(4.11)
� g�{B

a
�N

{

k w
k
a � g�{N

k
�B

{

d w
d
k =

= �gtkB
a
�N

t
�w

k
a � gdaN

k
�B

a
�w

d
k = Ba

�N
t
�(�wat � wta) = 0

because of (3.8). Similarly we get

(4.12) �g�{N
n
�B

{

d w
d
n � g�{B

b
�N

{

k w
k
b = �Nn

�B
b
�(�wnb � wbn) = 0:

AS gab = g��B
�
aB

�
b is homogeneous of degree zero in _x so _@"gab _x

" = 0 or

(4.13) _@"gab(B
"
c _u

c +N"
k _v

k) = _@cgab _u
c + _@kgab _v

k = 0

Substituting (4.10), (4.11) (4.12) and (4.13) into (4.8) using (4.4), (4.5) we
obtain

(4.14)
Dg�� = Bab

��(gab>cdu
c + gab>kdv

k + gab>cDlc + gab>kDlk)+

Nnt
��(gnt>cdu

c + gnt>kdv
k + gnt>cDlc + gnt>kDlk);

where

(4.15)

a) gab>x = @xgab � _@dgab�
�d

x � _@mgab�
�m

x � gdb�
�d

ax � gad�
�d

ax;

x = c or x = k;

b) gmt>x = @xgnt � _@dgab�
�d
x � _@mgnt�

�m
x � gmt�

�m
nx � gnm�

�m
tx ;

x = c or x = k;

c) ga>bx = L _@xgab � gdbA
d
ax � gadA

d
bx; x = c or x = k;

d) gnt>x = L _@xgnt � gmtA
m
nx � gnmA

m
tx; x = c or x: = k;

Using the relation

(4.16) Dg�� = BÆ
cg��jÆdu

c +N Æ
kg��jÆdv

k +BÆ
cg�� jÆDlc +NÆ

kg�� jÆDlk

from (4.14) we obtain

BÆ
cg��>Æ = Bab

��gab>c +Nnt
��gnt>c(4.17)

NÆ
kg��jÆ = Bab

��gab>k +Nnt
��gnt>k:(4.18)
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Multiplying (4.17) by Bc

 and (4.18) by Nk


 and adding these relations we get

(4.19) g��j
 = Babc
��
gab>c +Bab

��N
k

 gab>k +Nnt

��B
c

gnt>c +Nntk

��
gntjk:

In the same way we obtain

BÆ
cg��jÆ = Bab

��gab>c +Nnt
��gnt>c(4.20)

NÆ
kg�� jÆ = Bab

��gab>k +Nnt
��gnt>k(4.21)

(4.22) g��j
=Babc
��
gab>c +Bab

��N
k

 gab>k +Nnt

��B
c

gnt>c +Nntk

��
gnt>k:

From (4.19) we have

Lemma 4.1. If

(4.23) gabjc = �cgab; gabjk = �kgab; gntjc = �cgnt; gabjk = �kgnt

then g��j
 = �
g�� where,

(4.24) �
 = Bc

�c +Nk


 �k:

and �c, �k, �
 are covariant vectors.

Proof. Substituting (4.23) and (4.24) into (4.19) we have

g��j
 = Bab
��(B

c

�cgab +Nk


 �kgab) +Nnt
��(B

c

�cgnt +Nk


 �kgnt =

�
B
ab
��gab + �
N

nt
��gnt = �
g�� :

In the same way from (4.22) we have

Lemma 4.2. If

(4.25) gabjc = �cgab; gabjk = �kgab; gntjc = �cgnt; gabjk = �kgnt

then g��j
 = �
g�� where,

(4.26) �
 = Bc

�c +Nk


�k:

From (4.19) we have

Lemma 4.3. If g��j
 = �
g�� then gabjc = �cgab, gntjc = �cgnt, gntjk = �kgnt
where:

(4.27) �c = B

c �
 ; �k = N


k �


Proof. Multiplying (4.19) by B

d B�

e B�
f and using the relations:

(4.28) Nk
�B

�
c = 0 B�

aB
c
� = Æca N�

k N
n
� = Ænk

we get

g��j
B

��
def = Æaf Æ

b
eÆ

c
dgabjc ) �
B



dg��B

��
fe = �
B



dgje = gfejd:
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Multiplying (4.19) by B�
f B�

e N

n and using (4.28) we have

g��j
B
�
f B

�
eNn
 = Æabkfengabjk ) �
g��B

�
f B

�
eN



n = �
N



ngfe = gfejn:

Multiplying (4.19) by N��
kl B


d and using (4.28) we have

g��j
N
��
kl B



d = Ænk Æ

t
lÆ

c
dgntjc ) �
g��NB��

kl B


d = �
B



dgkl = gkljd:

Multiplying (4.19) by N��

plm and using (4.28) we obtain

g��j
N
��

plm = Æntkplmgntjk ) �
g��Nplm��
 = �
N



mgpl = gpljd:

Lemma 4.4 If �� j
 = �
g��, then gabjc = �cgab, gabjk = �kgab, gntjc = �cgnt,
gntjk = �kgnt, where �c = B


c ��, �k = N�
k ��.

The proof is similar to that of Lemma 4.3 if we start from (4.22).

From lemma 4.1 and 4.3 we have

Theorem 4.1. The necessary and suÆcient conditions for g��j
 = �
g��
are (4.23) and (4.24)

From lemmas 4.2 and 4.4 we have

Theorem 4.2. The necessary and suÆcient conditions for g��j
 = �
g��
are (4.25) and (4.26)
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