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SUBSPACES OF RECURRENT FINSLER SPACES

Irena Comié

1. Introduction. In the Finsler space F,, the metric function is L(z, ). Let
us define the m vector fields B (z, ) and n — m vector fields N (z, &)

a:ﬁ:’%(s;s;%,"‘:1,2,...,71
a,b,c,d,e,f, "':1,2,...,m
kalamanap7Q7"':m+1,...,n

in such a way that these vector fields are linearly independent at each (z,#) and
satisfy the relations

(1.1) gap = BENP =0

foreacha=1,2,...,.m k=m+1,...n. Let us define

(1.2) Jab = gapBLy
(1.3) 9kt = 9agNE N/
(1.4) B = g""gap B¢
(1.5) NE =g""gasNp,

gas, BY and N have zero degree of homogenity in @, g** and g*™ are inverse
matrices of g.p and ggm, respectively. From (1.3) and (1.5) we have

(1.6) NENS = gHgosN/ NS = gHg,, = oF.
As usually
(1.7) 8§ = By B + NN
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Let us denote the absolute differential which corresponds to the motion from
(z,%) to (x + dz,% + di) by D. Then we may write

(1.8) dz® = Bdu® + Nf dv",
&% = B&u® + NP Ngok.
If £%(z,4) is a vector field in F,, then £¢* = BY + N2¢F. The induced differ-
entials D2, DEX are defined by BEDE™ = DEY, NED¢® = D¢k and
(1.9) D¢* = BADE* + NgDe*

We shall use the notation [* = L~!(z,#)&* = L™1(B24* + N2ok) = BY + NIk
where [¢ = L 'q®, I¥ = L~ 1o,

From (1.8) we have
(1.10) DI* = B®DI® + NZDi*

2. The connection coefficients for the recurrent Finsler space. We
shall suppose that the metric tensor is determined by

(2.1) Gap (@, &) = 0ads L’ (x,)/2

and that space F}, is recurrent, i.e.

(2.2) Dgop = K(x,%)gap
As
Dgap = gaplyda” + gapl, DI
(2.2) is valid if
(23) Japly = Av(mai)gaﬁ
(2.4) gaﬁ|v = (7, 2)gap
(2.5) K(z,%) = A\(z,2)dz” + p(z,2)DI".

The absolute differential of g,z is
(26)  Dgas — dgay — (T + Tida”) — (A% 55 + A%, gas) DL

We shall determine connection coefficients under condition (2.2) and

2.7) T =T,
d __ Al
2.8) AT =A%,

which have a well known geometric interpretation. Substituting

(2.9) dgap = Oygapdr” + &,gaﬁd:&” =
= 8, 9apda” + 8y9a5(Lpl” +1"DL — T3 dz® — LAY DI’)



Subspaces of recurrent Finsler spaces 43

into (2.6) and using (2.3), (2.4) we get

(2.10) Japls = a’ygaﬁ - 869a[3r:/6 - F;{/géﬁ - Fffygad = MGas
(211) Japly = Laégaﬁ(&sy - Ag'y) - Agz'ygéﬁ - A%»ygozé = KyGopB-

Using (2.7) and (2.10) from the expression for gagjy + 9gyja — ya|s We obtain
(2.12) 2T%5, = (9y9ap + 0agsy — O3gay) — — (059053 +
+ 059,15 — 059arT5) — (A\ygas + Aagsy — A3gar)
In the same way using (2.11) and (2.8) we have
(2.13) 240y = L(9agsy + 0190 — 089ay) — L(Osgap e+
+ 0590840y — 059arA0s) — (Ladsy + HyGap — 1Gar)
On the right-hand side of (2.12) are the undetermined quantities
= LIy,
Multiplying (2.12) by I* we get
(2.14) 2T53, = (04908 + 0agpy — 0pgar)® = Ldsgs,T50 — (Als + Aogsy — Asly)
Multiplying (2.14) by 7 we obtain
(2.15) 2650 = (049ap + Oagsy = 95901717 = (2X0ls + Ap)

and now I'; 5 is determined by (2.12), (2.14) and (2.15).

In the same way from (2.13) we obtain

(2.16) 2403, — La&gﬁ'vAgo = (kal®gsy — /"Ylﬁ — pgly)
(2.17) 2A0g0 = —(2p0lg — ).

3. The induced connection for the subspace of the recurrent space.
Using the method of O. Varga we define DB and DN} as vectors in F), which
may be decomposed at each lineelement (z,#) in the direction of the vectors B
and Ng

(3.1) DB? =wi(d)By + w™(d)N2,
where
(3.2) wh(a) = Toydu® + Topdv® + A%, DIt + A%, DIk,

(3.3) w"(a) =T,y du’® + T,y dv* + A, DI’ + 4., DI,

a
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and
(3.4) DNg = w}(d)Bg + (N2,
where
(3.5) wi(d) = Thydu® + Tredv™ + Ay, DIb + Ay, DI
(3.6) wy(d) = Ty du® + T dv™ + A, DI® + A, DI™.
From (1.1) and (2.2) we have
D(gapBEN}) = gap(DBZ)Nleta + gogBSDNY =0
from which
gmk(Tyy du® + T, dv"™ + A, DI’ + A DI") =
— gua(Ttdu® + T dvm + AL, DI° + A, DI
follows.
From the relation above we obtain
a) kab = _fl*mb
(3.7) b) Eakn = _Ekan
¢) Akt = —Akab
d)  Aukn = —Apan
ie.
(3.8) Wak = ke (Gem 0y = —gapy).
After some calculation using (1.8) and (1.16) we obtain
DBg = (BS gdu’ + B |3DI") By +
(29 + (Bpdv* + B2|sDIF)NY
where
(3.10) BS; = 03B — 0,BETY + 4B
(3.11) B2|g = LOsBX (85 — AYs) + A§3B)
Comparing (3.9) and (3.1) using (3.2) and (3.3) we obtain
a) T,., =gas BBy BSs
b) Toer = gaéBgleB:\B
¢) Auch = gas BBy BS |5
(3.12) d) _Zack = 9asBIN{B; |5
e) T,up= gaaNngBsm
£) Thnp = gaaNgleBsm

g) Aanb:gaﬁNngBgm
) Zank:gaJNgNEBmﬁ
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On the other hand we have for the vector field V'

(3.13)  DNjlpha = (Nfzdu’ + N2 |sDI")By + (Ng|gdv™ + N |gDI™)NJ,

where
(3.14) Nig = 95Ny — 0, N T3 + T4 N,
(3.15) N{|s = LOsNg (85 — Ag) + AgsNp

multiplying (3.4) and (3.13) first with JasBY and then with g,sNJ, and comparing
the coefficients of du®, dv' and DI in these relations we get

a) Tho =9asBIByNils  ©) Tpw = 9asNaBy Nijs
b) Thu =9asBIN'Nfjs 1) T = 9as NaN/ N
) Akes = 9as BEBYNE|s  8) Arnp = gas NOBY NP |
) Apet = gasBNPNSls b)) Apwt = gas NI NPNE| 5

(3.16)

o

o

4. Recurrent subspaces of recurrent Finsler spaces. From (1.1), (1.2)
and (1.3) it follows that

(4.1) 9o = 9av By + gnk NINE
From (4.1) we obtain
12) Dgap = dgay Bl + gay DBLBY + gu Bo DBl +
+ dgnk NINE + gnk DNINE + g NI DN
Using (1.7) we have
(4.3) 0= DB}B] + ByDB) + DN;N, + N;DN,!.
On the other hand
9abBY = GaseBoy Bl = gasBg (65 — Ny N§) = gapBy -
(4.5) 9knNE = o NENZNG = 9o N (65 — BEBg) = gpscN;7 -
Using (4.3), (4.4) and (4.5) we have
9abDBLBY + gk DNINJ = g,.3B; DBY + g,.sNDNY =
= ¢8(Ba DB + Ny DN)
9avBeDBY + guik NI DN = gase By DB} + 9o N DNj; =
= gax(BYDB} + N5DNY)

(4.6)

(4.7)

Substituting (4.6) and (4.7) into (4.2) and using (3.1) and (3.4) we get
Dgap = Bijsdgas — 95:Ba (B W, + N{We) — 9g:No (BFw,, + NIw,, )+

(4.8) i B . oo "
+ NUN5dgnk — gase B (BFWY + NFWS) — gax Nj (B W5 + NJWL).
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Using the relations

a) du®=LDI* —T."du® — T, dv* +1°dL

(49) sk .k =*k =k .1 k
b) dv* = LDI* —T. du® — T, dv' + [*dL
we obtain
(.10) dgap = Oegapdu® + Orgapdv® + Oegay(LDIC — T du® — T dv* + 1°dL)+
.10

+ Ok gap(EDI° — T3 du — T; " dv* + 1*dL)

(4.10) is valid if g is replaced by g,. Using again (4.4) and (4.5) some terms in
(4.8) become zero, i.e.

w9 BN~ gl NEBL =
= —gu BEN5w, — gaaNEBLwE = BLNj(~War — Wia) =0
because of (3.8). Similarly we get

(4-12) _gﬁ%NgB;wZ - .gou«ng]VI:{wlbc = _NgB{bi(_wnb - wbn) =0.
AS gop = gangBf is homogeneous of degree zero in & so 3Egab:&5 =0or
(4-13) 5sgab(B§itc + Nlivk) = 8cgabac + 6kgab7'}k =0

Substituting (4.10), (4.11) (4.12) and (4.13) into (4.8) using (4.4), (4.5) we
obtain

Dgag = Bg%(gachdUC + gapThAV® + gy T DI® + gy T DIF)+

(414) nt c k nic ik
Naﬁ(gntTch + gt TR AV + gt Te DI + g T DI )7
where
. —=*d . —* —xd —*d
a) GabTe = Orgab — Oagasly — OmgasLy  — gavLay — Jadlag,
r=cor x=k,
. —*d . =% =% —%*
(4 15) b) ImtTz = aacgnt - 8dgabrz - amgntrzm - gthnZL - gnmrt;na

r=cor x=k,

¢) gaToe = LOxgab — g ALy — gadAly, ©=c or x =k,

A) gniTe = LOugnt — gmt AT — gum AT, z=c or z. =k,
Using the relation
(4.16) Dgap = ngamaduc + Nggamadvk + Bl gag|s DI + N{ gag|s DI*
from (4.14) we obtain
(4.17) BlgagTts = Bi3gaste + Nlbgnite
(4.18) N{gaps = Babgavti + Nibgnets-
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. . k . .
Multiplying (4.17) by BS and (4.18) by N and adding these relations we get
(4.19) 9asly = BEE gavte + BSSNY gavtic + N25BEgnire + NI Gt -

In the same way we obtain

(4.20) Blgasls = Bhgar Te + Nibgm Te
(4.21) N{gapls = Basgav T + Nogne Tk
(4.22) Gasly =B, gab Te + BaGNE guu T + N2EBE gue Te + NI gt T
From (4.19) we have
LemMA 4.1. If
(4.23) Gable = Aclabs Gablk = AkJabs Intlc = AcGnts Jablk = AkGnt

then gop)y = Aygas where,
(4.24) Ay = BEX + NI
and Ac, Ak, Ay are covariant vectors.
Proof. Substituting (4.23) and (4.24) into (4.19) we have
Gasly = BAB(BSAGas + NEAkgas) + N2G(BSAegnt + N Xegne =
Ay B gab + Ay N gne = Aygas-
In the same way from (4.22) we have

LEmMA 4.2. If
(4.25) Gable = HcGabs YGablk = HkJabs YIntlc = HcInts YJablk = HkInt
then gap)y = Mygap where,
(4.26) o = Bpie + N

From (4.19) we have

LEMMA 4.3. If gaply = AyGap then gapje = AcGabs Gntle = AcGnts Gntlk = Akgnt
where:

(4.27) Ae =B\, A =N/]A,

Proof. Multiplying (4.19) by B B? Bf and using the relations:
(4.28) N¥B® =0 B2BS =4 NENI =67
we get

JaslBacs = 0502059anie = Ay Bi9as B} = Ay Blgje = Gpela:
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Multiplying (4.19) by B} BY N and using (4.28) we have
9aslyBFBINwy = 69 gapiie = Ay gapBFBIN) = \yNJgre = gyejn-
Multiplying (4.19) by Nkalﬁ B] and using (4.28) we have
sl N BY = 8761839m11c = MgasNBEIBY = A\, Blgi = guaa-
Multiplying (4.19) by N7 and using (4.28) we obtain

ga6|'yN;;fnw = gltrlrignﬂk = A“/gaﬁNplmaB’y = /\riﬂr{Lgpl = 9pl|d-
LEMMA 4.4 If oply = fiyGap, then gable = pegab, Gablk = HkGab, Intle = feGnt,
gnt|k = [kGnt, where pc = Bl px, . = NI?“A'
The proof is similar to that of Lemma 4.3 if we start from (4.22).

From lemma 4.1 and 4.3 we have

THEOREM 4.1. The necessary and sufficient conditions for gagly = Aygas
are (4.23) and (4.24)

From lemmas 4.2 and 4.4 we have

THEOREM 4.2. The necessary and sufficient conditions for gasly = Hygas
are (4.25) and (4.26)
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