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COMMON FIXED POINT THEOREMS FOR
COMMUTING MAPS ON A METRIC SPACE

Vincenzo Conserva

Abstract. Results generalizing fixed point theorems of various authors and generalizing
and unifying fixed point theorems of Jungck and Boyd-Wong are established.

Introduction. The purpose of the present note (which is entirely conceptual)
is to present three common fixed point theorems. The first one follows J.
Matkowski’s ideas ([6]). The second one generalizes a fixed point theorem by the
author ([2]). The third one, on the contrary, generalizes and unifies fixed point
theorems by G. Jungck ([5]) and Boyd-Wong ([1]), following K. M. Das and
K. Viswanatha Naik’s ideas ([3]).

Everywhere in this paper (E, d) is a complete metric space. Furthermore,
in 1 and 2 g will be a self-map on E.

Recently Matkowski proved the following
Theorem 1. Let a:[0, + ©)—[0, + o) and let $(t)=a(t, t, 1,21, 21)
Jor t=0. Suppose that

1) for every xCE there exists a positive integer n=n(x) such that for all
YEE, d(g"x, g"y)<a(d(x, g"x), d(x, "), d(x, ), d(p, &"x), d(y, g" ),
2) a is non-decreasing with respect to each variable,

3) lim ¢" () =0, t>0,
4) lim (t—¢ (@)= + .
t—>+4 o0
Then g has a unique fixed point ucE and for each xCE, lim g"(x) =u.

Now, let f be a self-map on E that commutes with g such that f(E)—
=f(E) and g(E)Z f(E). If we replace 1) and 4) above by the condition

1), for every x&E there exists a positive integer n=n(f(x)) such that

d@"(fx), g"(fOM<ad(f(x), g (f (M, d(f (%), g"(f ()
d(f(x), f(), (), g"(Fx, d(f ), & (O,
4), there exists xCE such that max d(f(x), g(f()))< lim’ (r—4¢ (1)),
)] 1—> -4 o

i<n (f(*

then we obtain a common fixed-point for f and g.
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In 2, if §:[0, + e0)—[0, + o) is non-decreasing continuos on the right,
§ (t)<t for each >0, f is a continuous sclf-map on E that commutes with g
such that g (E)C f(E), and if, moreover, we suppose that

a) for every xCE there exists a positive integer n=n(f(x)) such that
dg" (f(¥), &"(f UM< ES®), fF) for all yEE,

b) there exists an x&E such that, assuming B = max d(f(x), & (f (M)

i<n (£ ()

there exists a 8§ >0 such that B<3—{(3),
then we obtain a common fixed-point theorem, of which a previous result of
the author ([2]) is a particular case.

In 3, if ¢:[0, + o0 )—>[0, + ) is upper semicontinuous from the right
and satisfies ¢ ()<t for every >0, f is a self-map on E such that fm, where

m is any fixed positive integer, is continuous, g:f™ '(E)—~E is a map that
commutes with f and, moreover, we suppose that

) g(f"HENCTS™(E)

d) d(g(®), g <L), f(») for every x, y= f1(E)
then we obtain a common fixed point theorem of which Jungck’s theorem is
a particular case.

The following points are worth emphasizing:

— Theorem 2 and 3 can be naturally extended to a Hausdorff uniform

space the uniformity of which is generated by a non empty family of pseudo-
-metric on it;

— To the best of the author’s knowledge, no trace can be found in the
‘literature of relations between g and ¢ of the kind indicated by -conditions
4), and b); :

— condition 4),, implies b). However, condition b) cannot be used instead
of 4),, at least not for the kind of proof presented below. B

Finally, we shall use the following notations: N =the set of all positive
integers, R.. = the set of all nonnegative real numbers, R¥ = R, — {0}, lim’ = lim inf.

1. We begin this section by

Lemma L. Suppose that {: R, —~R. is non-decreasing. If {", n=0, 1...
denotes the n-th iterate of { and if for every t>0, limy"(¢)=t, then (1)<t

holds.

Lemma 2. Let « R —R.,f:E—>E andlet {(t)=a(t,t, ¢, 21 21) for
t>0. Suppose that

i) « is non-decreasing with respect to each variable,

ii) for every x<E, there exists a positive integer n=n(f(x)) such that
d@ (f(x), g (fON<a@d(f(x), g" (LN, d(f (%), g"(F), d(f(x), S,
d(@"(fx), £, d(g"(f (), f() for all yEE,
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ili) x€E exists such that m?x d(f(x), g (f(x)))< hm (t——\p(t)). Then
i<n (f(x))

supd (f (%), g"(f(X)))< + oo holds for every xEE that satzsfy condztzon iii).

Proof. Let x be a point in E that satisfies iii)) and put y=f(x), n=
=n(f(x)) and p= max a’(f(x) g (f(x))). By iii) there exists S&R¥, B<d

isn(
such that B<f—{(?) for all t=3. Let rEN, 0<{r<<n and put d,=d(p, g~"*"y),
k=0,1,.... Let j=min {i&€N|3<d;}. Evidently, 4;<8 for i<j.

Hence, by the triangle inequality

d(g"y, gU =D y)<<d(g"y, Y) +d(y, gV D" T ) <B+d;_<2d;
d(g/mry, gU=Dmr p)<d(g/"*y, y) +d (v, gV y)<d;+d;_ <24,

Now, using i) and iii), one gets
di=d(y, g y)<d(y, g"y)+d(g"y, """ )<
<B+a(d(y, g"y), d(y, g7 y), d(y, gU=Dr+ry), d(g"y, gU—Drtry),
d(gh<r y, gu=DrryN<B+a(d), d;, d;, 2d;, 2d) =B+ § (d)),

i.e. d—y(d)<p, which together with 3<(d; contradicts the choice of 3. There-
fore d <& for i=0, 1, ... and, consequently, sup d(y, g"y)<+ oo.

Theorem 2. Let a;R.—>R., lef f be a self-map on E that commutes

with g, such that f(E)= f(E) and g(E)C f(E), and let {(t)=a(t, t,°t, 2.1, 2.1).
Assume that conditions 1), — 2) — 3) — 4), are fulfilled. Then f and g have a
unique common fixed point.

Proof. Let x be a point in E that satisfies condition iii) and put y=f(x).
We define a sequence of points (y.),cn as follows. Let y, =y, mo—n(yo) and
V,=8" Y Yu_1, m,=n(y,) for each n&N, 1<n. Evidently, (yi)secn. is 2
subsequence of (g"y).cn. We show that (y.).en is a Cauchy sequence. It
suffices to show that for a given >0, d(¥,.ys V,ri+)<e for all kEN,
when n is large enough. For this purpose, let n&N be fixed, d;=d(y,, &',
and m(k)=m, +m,, ,+ -+ +m,,,. Then
d(@g™y,, " P y)<d (@™ ¥, ¥,) +d(p,, 8" ®Y,) = dny+dpa
d(gm(gm®y,), g"®y,)<d (€™ ("D y,), y)+d (Vs 8" V) =npsmiiy +dmiior-

Hence, if ¢, denotes a number chosen among m(k), m,, m(k)+m, such that

di, =max (d,, iy Gmg> Ampy+my)s WE have
dVpits Vnsas)=dE€™y,, 8"y, )=d(@E@™y,, g™ (" Py <
<a(@d(y> 8™ ,), d(1,, g™ R, d(y,, 8P y,), dg™y,, 8" y,),
d(gmm®y, ., g"®yN<aldr, diy, diy, 24dry, 2dr) = (dr,).

ne
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Repeating this procedure, we can find positive integers ¢, j=1,..., n such
that d(yn_j+1, gtjy”_j+1)<¢ (d(yn_j> gtj+1 yn—j)'
Hence, since ¢ is nondecreasing, we obtain

AV 15 Ynrre )<Y (d (p, g™ )<Y+ (sup d (¥, )

with supd(y, g"y)< + o - (¥x)nen is a Cauchy sequence as it derives from 3).

Now, since (E,d) is a complete metric space, the Cauchy sequence defined
above converges to a point, say u#&E. By an argument similar to that used
above, one can easily show that limd(g"®y,, y,)=0. Now, let e=d(g"u, u)>0;

there exists an n &N such that
d(u, y,)<(E—Y ()4, d(g" @ y,, y,)< (e~ §(e)/4
for all nEN, ny<n. Keeping in mind thet u& f(E)=f(E), it follows that
e=d(g"“ u, y<d(g"®u, g"“y,)+d (@ ®y,, y)+d(¥,, W<

Sa(d@, g"@u), d(u, g"9y,). d(u, y,). d(g"9u, y,), d(g"Wy,, y)+

-2l s e 22, 294 (- YEN2 =4 @)+ (e Y (@)2<z
which is a contradiction. Consequently, g"™ (u) =u.

Suppose that there is a v&E such that g"* (v)=v. Since
d(u, v)=d(g"®u, g"®v)<a(du, g"*u), du, g"™v), du, v), d(@E@"Wu,v),
d(v, @)<Y d(u, v)

one has d(u, v)=0, i.e. u=v. Then, since g(u)=g"® (g(u)), u is a fixed point
of g. Finally, f(u)=f(gu))=g (f(«)); hence f(u)=u, i.e. u is a fixed point of
f. This completes the proof.

Remark 1. If in Theorem 2 we take f=1I. (the identity map on E),
we get Theorem 2 of [2].

Remark 2. If in Theorem 2 we take f=1I., n(x)=1 for all xEE, we
get Theorem 1 of Husain-Sehgal ([4]).

2. Next we shall consider the proof of the following theorem.

Theorem 3. Let ¢:R, >R, be non decreasing, continuous on the right,
Y ()<t for each t>0 and let f be a continuous self-map on E that commutes
with g and such that g (E)C f(E). Assume that conditions a) — b) are fulfilled.
Then f and g have a unique common fixed point.

Proof. Let u and v be such that f(u)=g(u)=u and f(») =g (¥)=v. Since
d(u,v)=d(g(u), g(M)=d "V (fW), gV (f()<
<Y@(f (@), FOM =4 (d W, 7))

we have d(u, v)=0, i.e., u=v, so that uniqueness is obtained.
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Now, let x be a point in E that satisfies b); by an argument similar to
that used for Theorem 2, one can easily show that the sequence (g"(f (X)), »
contains a Cauchy subsequence (y.).=n. Let uE&E be such that u=limy,. By

the continuity of f we have f(u)=1limf(p,). Since for every nEN

AV, SN =d @™ s 8™ ([ DS
SYE@QG-t, S G - - <Y @, S ()
by the continuity of ¢, we have limd(y,, f(»))=0. It follows that d(u, f ()~ 0,
1.e., u=f(u). Hence u is a fixednpoint of f. Now we note that
dg"Wu, g"My)<b@dW, yp)<d, y,)
so that li:n g"“y,=g"® (). Hence d(g"®u, u)=1limd(g"*y,, y,). Since

d(E" ¥y, Y)Y @ Y 1, Voo D - - <Y (d(p, "0 p)) <
LY (sup d(y, g"y)?

we have limd(g"®y,, »,)=0, so that d(g"u, u)=0, ie., g"®u=u. Then by

condition a), u is the unique fixed point of g"® and, hence, it is also the
unique fixed point of g, since

g (g W) =g(g"“u) =g u).
This completes the proof.

Remark 3, If in Theorem 3 we take f =i, we get the Corollary of [2].

Remark 4. If in Theorem 3 f is a nonexpansive self-map on E that
commutes with g, and if we replace a) and b) by the conditions

a), for every xCE there exists a positive integer n=n(x) such that

d(g"(x), g" (<Y @(f (%), f(y) for all y<E,

b), there exists an xZE and a 8>0 such that B<8—4(3), where

= maxd(x, g'(x)),

i=<n(x)

then the conclusion of Theorem 3 holds again.

3. Next we consider the proof of the following theorem.

() By an argument similar to that used for Lemma 2, one can easily show that
condition b) implies sup d(y, g"y)< + oo with y=f(x), where x&FE is the x considered in b).
n
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Theorem 4. Let ¢:R,—>R, be upper semicontinuous from the right
and let it satisfy  (¢)<<t for all 1>0. Let [ be a self-map on E such that f™,
where m is any fixed positive integer, is continuous and let g.f" 1 (E)—E
commute with f. Assume that conditions e) — d) are fulfilled. Then f and g have
a unique common fixed point.

Proof. Starting with an arbitrary point x, in f™~!(E) and appealing to
condition ¢), we construct a sequence (X,).eny of points in f™-1(E) such that
f(xn+ 1) =g(xn).

Let y,=f(x,.)=g(x,) for every ncN. Note that f(y)=r1(g(x,))=
=g (f(x)=g(y,_,) Let z,=f(y,) for every n&N. By an argument similar to
that used in [1] by Boyd-Wong (cf. Theorem 1), one can easily show that the
sequence (z,).cny is a Cauchy sequence of points in E. Let z&EE be such that
z=Ilim z,. By the continuity of f™, (f™(z.)).cn converges to f™(z). Moreover,

g(Ufm @) =g (S (P X ) =S @S (x, D) =" (g, D) =" (2,0
implies that (g (f™ ! (z,)))nen converges to f™(z). Furthermore,
d(f"(z,), g1 @N=d (S 1(2)), g (" T @<V @™ (@), [m (DN <
<d(f™"(z), " (2)
so that g(f"'(z))=1limf™(z,,,)=f(z). Finally,

dig(g (/"1 @), g (f" 1 N<Yd(f (S @), f" (@)~
=@ @), g (f" (@)

yields g(g (/" '@ =g (/" 1) g(f/™ '(2)) can be easily seen to be a fixed
point of f too. Hence f ard g have a common fixed point. The uniqueness
follows once again from conditition b).

. Remark 5. If in Theorem 4 we take f =iy, we get Theorem 1 of
Boyd-Wong. ‘

Remark 6. If in Theorem 4 we take ¢ (f)=k-¢ (where 0<<k<t) and
m-1 we get Jungck’'s fixed point theorem. We also remark that in Theorem
4 f is not necessarily continuous, whereas in Jungck’s theorem it is.

Remark 7. Contractive inequalities, usually supposed in common fixed
point theorems for two self-maps f and g on a complete metric space (E, d)
(still with the conditions fog=gof and g(E)C f(E)), are of the following form

(*) agx), g<--- (cf. Thecrem 4)

whereas the inequalities supposed in Theorems 2 and 3 are of the following
form

(¥%) d@(f (), e(fOM<- -+

Then it is worth noting the link between the two types of theorems.
Common fixed point theorems, with the inequality (x%), ate direct consequences
of theorems with the inequality (). Generally the converse is not true. But if
f is one-to-one, the two types of theorems are equivalent.
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