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ON A RANDOM FUNCTION DEFINED ON
A PSEUDO BOOLEAN ALGEBRA

Jelena Bulatovié

Denote by A=(4, U, N, —, —) any pscudo Boolean algebra [2], by
A and V the minimal and maximal element in A4, respectively, and by > the
ordering relation in 4. Suppose that the function p, defined on A, has the
following properties (see [1]):

(D) p(a)=0 for any ac 4,

ampv)=1,

{mj if a;, a,, ---&A are such that a;Na;= A for i#j, and

@ exists, then p({_la)= > p(a),
=1

i=1 i=1 i
(IV) if a<b, a, b& A4, then p(a)<pD);

such a function p will be called probability on 4. It is obvious that, if 4
it a Boolean algebra, then this is the classical definition of probability.

In this paper we shall d:fine one mapping with values in 4 and show
that, if .4 is a Boolean algebra, then that mapping is isomorphic to the inverse
function of some random variable defined in the classical way. Later we shall
define different types of convergence of a s=squence of so defined mappings and,
also, investigate relationsh’'ps between these types of convergence.

In order to do whit we just promiszd we need som: preliminaries. Denote
by R the real line, by J3(R) ths Boolean s-algebra of Borel s:ts from R, and
by ¢ th: ordinary non-trivial interior operation on R; then 7 (R)=(ZRBWR), ‘.
M, C, i) is the topological Boolean algebra [2].

Any operation H from the sot i(R) of all open ssts from R into 4 will
be called a homomorhism from i(R) into 4 if ths following conditions are
satisfied:

() H(o)=A, HR)=V,

(it) if A4, BSi(R) are such that ANB= g, then H(ANH(B)= A,

(iii) if 4,, 4,, ---&i(R) are such that 4,N4;,= @ for i#j, and

CJH(4) exists, then H((JA) = S H(4).
i=1 1

i=1 i=
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If 4 is a pseudo Boolean s-algebra, then a homomorphism H becomes
a o¢-homomorphism.

When i is the ordinary non-trivial interior operation on 3 (R), and H is any
homomorphism from i (R) into .4, then the mapping X=H-i:B& B (R)~ X(B)=
=H (i(B))&A will be called the random function on A4.

In the next theorem we shall prove that, in the case 4 is a Boolean
o-algebra, the random function X is isomorphic to the inverse function of one
random variable, defined in the classical way.

Theorem. Let (2, ¥ ) be a Boolean o-algebra and h a c-homomorphism
from F onto a Boolean c-algebra 4. If X is a random function on /4, then
there exists a real-valued ¥ -measurable function Y on Q (i.e. a random variable
in the classical sense), such that

(1 X(B)=h(Y~(B))
for any B& PB(R).

Proof. Let r, r,, ... be a sequence of all rational numbers; put B,=
=(—o0; r,) and 4,=X(B)=H((B,)), n=1, 2, ... . First, we shall construct

a sequence E,, E,, ... of elements from .7 , corresponding to the sequence
ry, ry, ... and having the following two properties:

(@) h(E)=4A, for i=1, 2, ...,
(b) if r,<ry, i, j=1, 2, ..., then E,CE;.

The assumption that 4 is a homomorphism onto A4 implies the existence
of at least one E, from ¥, such that

h(E)=A,.

For the same reason, there exists £ .7 , such that A(E)=A,; it is clear that
such an E is not necessarily unique. If we want to find E,&,7 satisfying also
(b) for i=1, 2, ..., then we have to compare r, and r,, and for each of two
possible cases to define E,.

If r,<r,, then 4,<<4, (for H is a homomorphism), which implies that
from 4,# A it follows that E,NE## & . Let us show that the equality

()] h(E\NE)=4,
is satisfied. Using (ii) we have
ANR(ENE)= A and A,=h(E)=h(E\E)Uh(ENE),
which, together with the previous equality, implies
RENE)= A,

and thus (2) is proved. This permits us to define the set E, in the case r,<(r,
by E,=E,NE.

But, if r,>r,, then 4,>A4, and, again using (ii), we have A(E,UE)=
=A,Uh(E,\E), which, together with A(E\E)<h(E)=4,<A4, implies
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h(E,\E)= A; that means that the element E,|JE also satisfies the equality
h(E,\UE)=A,, which permits us, in the case r,>r,, to define the set E, by
E,—E,E.

Suppose that we aiready have constructed, for some finite », the elements
E, E, ..., E, from 5, satisfying the conditions (a) and (b). Let EC ¥ be
any element such that the equality #(E)=4A,,, holds; then the element E,.,
will be defined by

(NE)NE, if r,,,<r; forall i=1,2, ... n,

i=1

En+1: EmU(EﬂEM), if P V1 <Fp

(UE)JE, if rpp >r, for all i=1, 2, ..., n,

i=1

where
rp=max{r;ir,<r,. ., i=1,2, ..., n}, ry=min{r,:ir,>r,,,, i=1, ..., n}h

It is easy to see that in this way we constructed a sequence E, F,, ...
having the properties (a) and (b).

Let us put F=| E;, and define the function ¥ on Q by
i=1
0, if 0EQN\F,

Y(@)={.
inf{r,:wEE,},if oEF;
this definition is correct, since complete ordering of the set {E;} implies that.
for any wCQ, there exists a positive integer j, such that o&E; and o€E;, .
In order to show that the function Y is ¥ -measurable, it is sufficient to
show that for any ¢ the set Y !((— oo; 1)) belongs to ¥ , which immediately
follows from the equality

uEi’ 1<0,
3) Y1 (—o0; 1)={"""
U E,C (Q\F), 1>0.

Now, we have only to prove that (1) holds. It is easy to see (since 4 and

H are homomorphisms) that /(| ) E,)= \/, which implies the equality 4 (Q\ F)=
n=1

= A; the last equality, together with (2), gives

h(Y~'((—o0; )= U4, =X((— o; 1))
ri<t
for any real ¢. From that equality and from the fact that J3(R) is generated
by all sets of the form ( —co; t), t<R, it follows that (1) is satisfied for any
B& JB(R). This proves the theorem.
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Corollary. If all conditions from the above theorem are satisfied, then

the o-field ¥ can be replaced by some other o-field G in such a way that h
becomes a c-isomorphism.

Proof. It is clear that the relation ~, defined on ¥ by
G,~G, if and only if 7 (G))=h(G),),

is an equivalence relation on % . The equivalence class generated by G& .7 ,
will be denoted by |G|. Let us put F =.F |~, and suppose that all operations
on & are defined obviously: |G, |U|G,|=|G,UG,|, |G, INIG,|=1G NG,
|G|=|G|. It is easy to see that .7 is a o-field and that & is a c-isomorphicm
from . onto 4. The proof is completed.

It is clear that, when A is an isomorphism, the sets E,, E, ..., are
uniquely determined, and hence the function Y is also uniquely defired, that
is there exists just one random variable (in the classical sense) such that
the mappings Y~! and X are isomorphic.

REFERENCES

(11 J. Bulatovié, On probability function on pseudo-Boolean algebra, Publ. Inst. Math.
24(38)(1978) 29—38.
[2]1 H. Rasiowa, R. Sikorski, The mathematics of metamathematics, Warszawa 1963.

Matematicki Institut (Received 21 03 1981)
Knez Mihailova 35
11000 Beograd



	33.tif
	34.tif
	35.tif
	36.tif

