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A NOTE ON TWO-UNIT STANDBY SYSTEMS
Slobodanka Janji¢

Formulation of the problem. The limit behaviour of redundant systems
with repair and preventive repair has been investigated many times during the
last few years (for instance in [1], [2], [3], [4]). In [4], the limit behaviour of
the two-unit system with quick repair and quick preventive repair was found.
Here, we shall investigate the behaviour of the two-unit system when -eiti.er
inspection occurs rarely and repair is rapid, or inspection often occurs and
preventive repair is rapid.

As usual, our two-unit standby system satisfies the following conditions:
— the standby unit is unloaded;

— after repair and preventive repair completion, a unit recovers its
function completely; ‘

— after repair or preventive repair, a unit is in the standby state;

— all switchover times occurring is connection with repair or inspection
are instantaneous;

— the standby unit begins to work the very moment the working unit
goes from the operative state to repair, or preventive repair;

— the repair time distribution and the preventive repair time distribution
are independerit of the failure time distribution or the inspection time distribu-
tion, and are respectively G (x), V(x), F(x), U(x) (they all have finite mathe-
matical expectations).

In this paper, we consider only the rigid inspection strategy (i.e. when a
time for inspection comes, a unit undergoes inspection independantly of the
state of the other unit).

Let @ (x) be a time without failure distribution function of our system.
Then, the corresponding Laplace-Stieltjes transform % (s) is ([1], [4]:

F ) =d (s)+d,(s)— (1 —d, (8)—d,(s)) (d, (5)(1 — ¢, () -+ ¢, (s))+
+d2(s) (1 “bz(s)+b1 (s))) ((1 _bl (S))(l -G (s))_bz (S) Cy (S))Ml
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where

F ) =[ e=*d d(x), d,(s)=[ e=*U(x)dF(x),
(4] 0

d,(s)= [ e"*F(x@)d U(x), by ()= [ e~ G (x) U(x)d F(x),
0 0

b)=[ e V@O UDIF®), ¢, ()=[e*GEFdUX),
] V]

c,(8)= f e sV (x) 17(—)ch U(x) (we use the notation F(x)=1—F(x)).
0

Let us suppose that the distribution functions of the life of a unit F(x)
and of the preventive repair time V(x) are fixed, and the inspection time
distribution function U, (x) and repair time distribution function G,(x) change
with the sequence {n}, so that the following conditions are satisfied:

[ F®)d U, (x——0
1]
2)

G,(x)d F(x)’H—no»O

0%8

The conditions a) mean that the inspection is rare and the repair is quick.
On the other hand, we can suppose that the distribution function of the
life of a unit F(x) and of the repair time G(x) are fixed, and the inspection
time distribution function U,(x) and preventive repair time distribution V,(x)
change with the sequence {n}, so that the following conditions are satisfied

(a limit §'=lim f xd U, (x) exists):

n—>® g

U, (x)d F(x)——>0

Q\s

b)

v, ()dF(x)—>0

i.e. the inspection often occurs and preventive repair is quick.

According to those conditions, the Laplace-Stieltjes transforms where
U,(x), G,(x) or V,(x) appear will obtain indexes.

Let us denote by 7 the random variable which corresponds to the time
without failure of the two-unit system. Then the following theorems hold:
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Theorem 1. In the two-unit system on the conditions a) of rare inspec-
tion and quick repair

lim P{a,t<t}=1—exp(—t/M),

n—>o0

where M = f xdF(x), and «, is a sequence tending to zero, o,=(1-b,,(0))
0

(1 ACZn (0))‘172"(0)(,'1"(0).

Our limit distribution is the same as for the two-unit system without
inspection [2], so that, in case the condition a) is valid, we don’t need the
inspection at all, because it does not have any influence on our system.

Proof. If we denote by p,,(s) and p,(s) the denominator and the nu-
merator of ., (s) respectively, then (with some simple transformations) we have:

P )=k () [ e F®)d U,(x) +k,(5) [ e=G,(x) U, ()d F(x)+
0 0

+h, (s) [ e=*G,(x) F(x)d U, (x)
0

where:

k©@)=[ =G, U,MdFx)+ [ e~V ({x) FR)d U, (x) -
0 0
~[ e V@ F®AU,(x) [ e G,(x) U,(x)d F(x)+
0 0

+[ e GWF®AU,® [ V@) U, dF@) +
0 0

+] e T -G, ) U,@dF () ([ e FGd U, )+
0 0
+f e U,dFE@-1)+[ e T, () dF (%)
0 0
k@)= e T,dF@ (1- [ eV (x) F@ U, @)
0 0

k@) =[ e U MdFE ([ e V@U@ dF@-1).
0 0

5=
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Let

Pr )=k () [ F(x)d U, @) +k,(5) [ G, (%) U, (x)dF(x)+
1} 0
+ky(s) [ G,() F(x)d U, (x),
0
%, =k, (0) [ Fx)dU,(x)+k,(0) [ G,(*) U, (x)d F(x)+
0 0

+k,(5) [ G, (x) F(x)dU,(x)=pr(0),
0

then we have the following

Lemma 1. limp, (a,S)/o,=1 uniformly on s on every limited interval®),

n—-o

or, equivalently,
tim (o, — P (2, 5) + P (4, ) = P, (0, )]/, = O

n—>o00

uniformly on s.
Proof. First, we show

Q) lim [ot, — pa (2, 5))/ot,, = O

n-—oo

uniformly on s. We have

| oy = Ph (o, ) =| [ YU, () (K, 0) K, (%, 8)) +
4]
+ [ G, () U, (x)dF(x) (k, (0) — k, (a1, 5)) +
0
+ [ G,(\)F(x)d U, (x) (k, (0) — ks (x,5))
0

1) In the sequel, whenever we say that the convergence is uniform on s, it should be
understood that it is uniform on s on every limited interval.
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and:

K )=k, (0, 9) =] [ (1 —en) G, (¥) U, () d F(x) +
0

[ (1= VO F®A U, (0 — [ (1-
o 0

— e~V (x) F(x)d U, (x) [ e~ G, (x) U, (x)d F(x)—
) 0

- [ (=) G, (x) U, () d Fx)- [ V(x)F(x)d U, (x)+
0 0

+[ (=== G, () FX)d U, (x) [ V(x) U, ()d F(x)+
0 0

-]

+[ (e V(x) U,(x)d F(x) [ e %G, (x) F(x)d U, (x) +
0 0

+[ (1 —e™) V@) - 6,(0) U, dF) ([ Fx)d U, () +
0 0

+ [ U, () dF(x)— 1)+f e—mnsx (V (%) -
0 0

<G U, dF () ([ (1 - e~ ) Fx)dU, (x)
0
[ (e U,@AFE) + [ (1 - o) U, dF () <

0

 Sas{[ 2G0T, dF) + [ xV (@) FR) AU, (x)+
i Coa T

0

[ X V@F@AU,- [ e G, () Uy () d Fx)+
+ [ xG,() U, @ dF () [ V()F®dU, () -
0 ! 0 : :

+[ xG,(x)F(x)dU,(x) [ V(x) U,,i(x)ﬂdF(x)' +
0 0 :
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+[ V@ U,(dF ) [ e~ G, (x)- FR) d U, (x)+
[ V]

+ of”x [V)-G,(x) | U,(x)dF(x) (fﬁﬁdUn (x) +
+ofwmdp(x)_ 1) +0fme—ansxlﬁ,5_

=G, ()| U, () dF(x) (ofmxmjd U, (x) +fx’(j—n(x)dp(x)) +
+ofwx7.,(X)dF(x)}< 16 a,,sfxdF(x)

(Here, and in the sequel, using integration by parts of Stieltjes integral, we do
the following estimation:

[ *F&®)dU,x)=[xFx) U,@); ~ [ U, @)dxFx)=
0 0
=-[ U, Fmds+ [ xU,(x)dF(x)<2 [ xdF(x),
V] [\ [\]

and lim xf(x) U,(x)=0 is valid, because mathematical expectation of a failure

X =300

time is finite, and therefore

*(U-F)=x [ dFO<] WF@)—0);
|k, (0)— Ky (2, 9)| = 0fm(l —e=) T, (x)dF () (1- 0wa(x)f(x)dU, ) +
+ of”e—w U, (x)dF(x) 0fm(l —e~ws) V' (x) F(x)d U, (x)<
<o, s ofux U, (x)d F(x) ( 1- of V() F(x)dU, (x)) +
+ of”e—«»sx U, (x)dF(x) of V@ F®dU,®)}<

<3 a,,sf xd F (x);
0
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k3 (0) — ks (2, 9)] = ofu —e~on) U, (x)dF(x)- |f V) U, (0 dF(x) 1]+
+ of‘e-“"'*v_,,(x)df‘(x) ofw(l — e~ V(x) U, (x)dF (x)<
<ans{afmx f/:(x)dF(x)-lowa_/(x) U,x)dF(x)—1|+
+ofwe-“n“'02(x)dF(x) Ofwx V() U, () dF(x)}<

w

<2a,s [ xdF(x).
4]

Consequently

|, — DL (2, 9)| <16 s [ xd F(x) f x)d U, (x)+f G,(x) U, (x) dF (%) +
0 (1]
+f G, () F(x)d U,,(x)}.
[}]

Owing to the conditions a), the expression in brackets tends to zero, and
so, (1) is proved.

Let us show now, that nlif: [Pl (x,5) - P, («,5)]/a, =0 uniformly on s:
PL () = Py (2, 8) =K, (2, 5) ofm(l — e~=n5%) F(x)d U, (x) +
+k, (2,9) of(l —e~%) G, (x) U,(x)d F(x) +
+ky(a,5) 0f”(l ~e~%) G, (x) F(x)d U, (%)<
<a,s{k, (, s)ofnx FX)dU,(»)+
+k, (, s)[xé"; ) U, ()dF(x)+

+ky (2,9 [ xG, () F(x)dU,(w)}<
[4]
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<a,s{k, @9 (4 [ FodU,@+ [ xF®AU, @)+
0 4l
thy(,9) (A2 [ G 0d F) + [ xdF(x)+
0 42

1k (0, 9) (42 [ FOd U0+ [ xF®dU,(x)}.
0

43
n

-1

Let A;zAzz(f F(x)dU,,(x))_]/z; A,%:(f E;(X)dF(x)> /2,’ then the iiems in
0 0

brackets near k;(a,s), i=1, 2, 3 tend to zero and consequently, lim [p! (x,s) -
—p, (2, 9/, =0 uniformly on s. The lemma is proved.
The denominator p,, of %, (s) iz

-

Pan(s)=1—[ e=* U, (x)dF(x)— [ e~*F(x)d U, (x) +
0 0

+ [ G, U004 F @)+ [ eV () FE)dU, () +
0 0

+[ e G,® U, ()dFE) [ eV () Fx)d U, (x) -
0 0

-4 oo

~[ e V@ U,0dFE [ eG,(x)F(x)dU, ()=
0 1]

=1~ [ e U, (x)dF(x)— [-e=*F(X)d U, (x) +4,(5)-
[} 0 ’

The following chain of equalities is obvious:'

%, =P, (0) = pa, (0) = ¢, (0),”
because of f U, (x)dF(x)+ f F(x)d U.n’(x‘)vz' 1 and® &, (O)'; 1. We have now
0 0 '
that -
slim g, (o, 8)fo,; =L -

Hn—>00

is valid, uniformly on s. We shall not give here the corresponding proof, be-
cause for that we have only. to use: meéthod. similar- (o: the method used for
Lemma 1. E
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We denoted by t the random variable which corresponds to the time
without failure of our two-unit system, and ®(¢) is its distribution function.

Then P{w,=<t}=®(tfa,), [ e=d O (t/a) =P, (x,5), and
0

P (@ 5)~ Py (%) _

0 -]

1~ [ e=nsx U, (x)d F(x)— [ e~ F(x)d U, (x)+4, (=, 5)
0 0

Pu (%, 5)], o, b
w ;_ o M_ noe | ps M
[1~f€‘°‘"”‘ U,(x)d F(x)— [ e~ F(x)d U, (x) (%, + 4, (%, )/,
0 0
where M = f xd F(x). We have:
0
M= tlim ([ xU,)dF@)+ [ x F)d U, ()~
H—>ro0 0 i [y
= [ xdF@+lim (- [ xU,)dF@) + [ xF®AU, ().
0 n—>% 0 0

and 0< lim |~ [ xU,()dF@)+ [ x Fx)d U, ()<
0 o

n—»oo

<lim (B, U,)dF+ [ xdF(x)+B, [ Fx)dU,(x)+
e 0 By . 0 ‘ ’
+ [ xF®aU, (v)

By

o 3 eo_— " i ’
Let us choose Bn=(f U, (x)dF(x)) 1/2=(f F(x)dU"(x)) , (B,-—— o because
‘ o 0 ‘ - n—>00
of the condition a)), then items in" brackets: all tend: to zer6 :as n—> oo

Thus, we have that the limit distribution function of a time without fai-
lure is exponential, i.e.

O lim P ia,r<r) =1 - eXp M),

n—o0
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Theorem 2. In the two-unit system when the inspection often occurs
and the preventive repair is quick (conditions b)), we have lim P{a,v<<t}=1-—
n—»00
o0

—exp (t/S) where S= lim f xdU,(x), and o, is a sequence tending to zero,

n—»00 0

%, =(1-b,,00) (1-c,,(0)-b,,(0) c,,(0).

Proof. We shall not give here the detailed proof of Theorem 2, but
just the main lines, because in this proof we use the same technique as in the
proof of Theorem 1.

As before, p4,(s) and p,(s) are the denominator and the numerator of
«F . (5); put o, =p4, (0)=p,(0). We have:

P, )=k, (5) [ e U, (x)dF(x)+k,(s) [ e=*Gx) U, (x)d F(x)+
[1] 0

+ky(s) [ eV, () F(x)d U, (x)+k,(s) [ e=*V,(x) U, (x)d F(x),
0 0

where:

@x

k@)=[ e =GR U,EAFE (1-[ e ¥, @)+ DFE U,@) +
[\]

1]
[ eV, (x) U,(x)dF(x) [ e=*(Gx)+ 1) F(x)d U, (x) +
1] 0
+ [ e G(xX) F(x)d U, (x)
]
k)= [ e FdU, ) (2~ [ e~ (7, (1) + DF)dU, ()
0 0

k() =[ = F®dU,x) ([ e G (x)+ DF@® AU, (x)-1),
4] 0
and

Pa, (5) =1 - f e=sx U (x)d F(x)— f e~ *F(x)d U, (x)+q,(s),
[\ o
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where

qn(s)=f e~ G (x) U,,(x)dF(x)+f e=*V _(x) F(x)d U, (x)+
0 0
+[ e G U,®dF [ eV, (x) F®)d U, () -
(1] 0

~[ eV, T,BdFE) [ G0 FE)U, ()
0 0

We state here the following lemma (without proof):

Lemma 2. limp,(«,s)/«,=1, lim g, (x,s)/a,=1 uniformly on s.

n—»Q

Then, taking into account Lemma 2, we have that .%,(«, s)::(l +£85)!

which means that lim P {a,t<<t}=1—exp(—¢/S), where

n—0

-

S=tim [[ xU,@dFE+ [ x F@dU,®)]= lim [ xdU, ().
]

N 0 R—>0 0
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