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ON THE DIFFERENCE OF THE NUMBER OF ZEROS
AND POLES OF THE MEMBERS OF CONVERGENT
SEQUENCES OF MEROMORPHIC FUNCTIONS

Alexander Abian

Abstract. Under rather general assumptions, it is shown here that the difference of the
number of zeros and the number of poles inside a simple closed curve, which with its interior
lies in a region G, is the same for almost every member of a convergent sequence of functions
meromorphic on G. This generalizes the corresponding theorem of Hurwitz concerning the
number of zeros of the members of convergent sequences of analytic functions.

In what follows, the domain of every function is a subset of the complex
z-plane and every function is complex-valued. Also, by almost every we mean
every, with the exception of at most a finite number.

As usual, by a region we mean an open connected subset of the z-plane.

Theorem. Let C be a simple closed curve lying with its interior in a
region G. Let (f).c., be a sequence of functions f, such that every f, is mero-
morphic on G and (counting the multiplicities) has Z, many zeros and P, many
poles inside C.

Let P be the set of the poles (in G) of all the members of (f)nce.

Let f be a function continuous on G— P such that:

) lim f,(2)=f(2) for every z&(G—P)

If f vanishes at no point of C and if no point of C is an accumulation
point of P then Z,—P, is the same for almost every nc-w.

Proof. Since no point of C is an accumulation point of P and since
every f, is meromorphic on G, there exists an open set A such that CC AC
C(G—P) and such that f, is analytic on A4 for almost every n&w. Moreover,
[ is continuous on A since f is continuous on G—P and AC(G—P). But then,
since C is a compact subset of 4, from (1) in view of [2, p. 141] it follows
that (f).co converges uniformly on C to f and since f is continuous on C and
vanishes at no point of C we see that

) [,(2)#0  with z&C  for almost every nEo.
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From (2), in view of the fact (as mentioned above) that almost every f,
is analytic on A it follows that (meromorphic on G function) f has no zero
and no pole located on C for almost every n€w. Hence, by [2, 1 .19] we have:

1 fn(2)
2wi f n (Z)
c

)

dz=Z,—P,=an integer, for almost every nCw

As mentioned above, almost every f, iz analytic on A4 and since f is
continuous on A4, from (1) in view of [2, p. 147] it follows that f is analytic
on A and in fact:

Q) limf,=f" on A

which, again by [2, p. 141] implies that (fi)rce (just as (f)uce) converges
uniformly on C. But then from (2) it follows that (f,/f)sce converges uni-
formly on C to f'/f. Thus, by [2, p. 71] we have

(5) lim j 1@y (L@,
" (@) 4 f@

which by (3) implies that the integer-valued sequence (Z,— P, ).« i convergent
and therefore Z,— P, is the same for almost every nCw, as desired.

‘ Remark 1. In our Theorem we assumed that the limit function f is
continuous on G—P. Had we assumed that f is continuous on G then from
{2, p. 152] it would follow that f is meromorphic on G and then (5) and (3)
would imply that Z, —P,=Z,— P, for almost every n&w where Z; and P, would
respectively be the number of zeros and the number of poles of f inside C.

Remark 2. From Remark 1 it follows that our Theorem implies
Hurwitz’s theorem [1] which (employing our notations introduced above) states:
if f, is analytic on G for every nCw and if (f)nc. converges on G to a func-
tion f continuous on G and nonvanishing at any point of C then Z,=Z; for almost
every n& o.

The author thanks Prof. Elgin H. Johnston for helpful discussions.
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