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ABOUT AN EQUIVALENT OF THE CONTINUUM HYPOTHESIS

Zikica Perovi¢

The main result of this paper is the statement that every atomless ;-
saturated Boolean algebra of power c¢=2¢ is isomorphic to 2¢°/F, where F is
the Frechet filter on o, iff w,=c.

One part of this statement is a direct consequence of the theorem about
the uniqueness of the saturated model of a complete theory. The second part
is shown by constructing two e, -saturated Boolean algebras whose isomorphism
implies CH.

As a consequence of this result we obtained the main result of [3], i.e.
every Parovienko space is homeomorphic to «* iff CH is true. This paper
was the inspiration for our work.

The terminology used in this paper follows [1]. Basic model-theoretic no-
tions like complete theory, and k-saturated model, are assumed to be known.

Boolean algebras are denoted by A, B, C..., and their domains, by A4,
B,C..., respectively. The cardinal number of 4 will de denoted by | 4|. Every
Boolean algebra B is of the form B=(B, +, :,’, <, 0, 1). Instead of ’Boolean
algebra’ we will often write BA.

Let B be a B4 and assume X, YCB, a&B. a<X stands for Vy&X (a<y)
and a<X for Vy&X(a<y). By X<Y we mean VxcXVycY(x<y). XY
has a similar meaning. If x&B, then al|x stands for J(a<<x) A7 (x<la), and
al|X for VyEX(al|y). The formula VXxEXVycY(1(x<y)) is denoted by
X|<Y. The BA A satisfies the condition H, iff A satisfies the following. Let
X, YCA, X is directed upward, Y is directed downward, 0¢Y, 1&ZX, [X|+
+|Y <k and X<Y. Then there is an a4 sach that X<a<Y.

We will use the following statements:

Proposition 1. An atomless BA A satisfies H,,, iff:
(1) for any {a}icn, bEA such that ay<<a,< - -+ <a,<- - - <b there exists
a cCA such that ay<a, <+ <a,<---<c<b, ‘

(2) for any increasing chain {a;}icn, and decreasing chain {b;}icn; b;, a;C A
such that a,<a,<<- - - <@,<::-<-+-<b,<---<b<bh, there exists a cc A
such that
A<y < <@y << <D, < <h <y

The proof of this simple statement can be found in [4] (Proposition 2.27).
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Proposition 2. A is an atomless, k-saturated BA iff A satisfies Hk.'
This statement was proved in [4] (Theorem 2.7.).

By 2 we will denote the two-clement B4, by 2° the direct product of
copies of 2 and by 2¢/F the ultrapower modulo the Frechet filter F.

Proposition 3. 2°/F is an o,-saturated BA, and | 2°/F|=c.

This statement was proved by B. Jonsson, P. Olin (1968). A very elegant proof
of this statemant can be found in [4] (Example 2.28.).

Proposition 4. Let A={fyr|a<w} be a strictly decreasing chain
of nonzero elements of 2°|F. Let D={fg|fup<fr for some a<w,}. Then:

(1) D is a filter of 2°[F,
) | D|=c,

(iii) If B=DU{fr|fr<D}, then B=(B, +p, -5, '5 0, 1) is an o-satu-
rated atomless BA,

(iv) D is an ultrafilter of B.

Proof. (i) Let fr, g-€D and hE2°, fr<hg. Then fur <fp for some
@<, hence fop <hp, so that hpCD. far <gr for some B<<e,. Let y=max{a,
B}. Then fyp<fur-for, hence fyp<fr-gp, ie. fr-grED. '

(i) Let £, &D and faup#1lp. Then I={i|f())=0} is a set of power w.
Let us order I into the sequence I={i,|nEw}. Let F; be the Frechet filter on
I. From Proposition 3 it follows that |2//F;|=c. Let us define for every g&2’
an element f,&2° such that:

g@{ﬂw i1

g, iEL

Then fur<fer, hence fer©D, and if ggAhg, then fep#fir. Hence
|{fer|2€27} | =¢, ie. |D|=c.

(iii) D is closed for +, - in 2°/F, 1;ED hence B is a BA.

Let us prove that B is atomless. If fr&D, and fr#0p then there exists
an a<o, such that f,p<fr and fup#0p. Let gr&D. Since 2°/F is an atom-
less BA there exists an h,ED such that gp<hp<ly, so that A;EB and
0,<hp<gr.

Let us prove that B satisfies H,,. According to Proposition 1 it is suffi-
cient to prove conditions (1) and (2) of Proposition 1.

We will check only condition (2). For (1) we can proceed in the same
way.

Let gup<@op<<++ <gnp<+++ <r++ <hp<-- -<Mp<hp and gup,
hnF EB, nEN .

We will consider several cases:
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A) In the sequence (gnp)ncn there exists an mEN such that gme C D,
Since 2°/F satisfies H,,,, there exists an f&2° such that

Cip<Gop <<+ <fF< e <h2F<h1F-

Since gmy <fr and gmp ED, we have fr=D and frCB.

B) In the sequence (fnp),cn there exists an mEN such that Ampc D.
Then hyp<<hpp<<« -+ <. <gyp<gip. Since hmzED, it follows from A that
there exists an fpC D such that Ajp<Mop<<:--<fp<---<gp<gip. Hence
S1p<<lQop<l - <fF< e <h2F<h1F and fFE.B.

C) hpED, grncD, nEN. Since gD neN, and for every nEN
there exists an «,E o, such that fy,r</np, and since {«,|nC N} is not cofinal
with @, there exists a B<<w, such that fzr </n for every n&N.

Since 2¢/F satisfies H,, there exists e & 2° such that gz <gwp <+ - -ep<<
< <hpp<hyp.

Let f=e+f;. Then gip<gop <+ <€p<fp< - <hyp<hyp and frED.
Since the sequence {hiz};cn is strictly decreasing we have

ir<8p<: - <ep<fp<::-<hp<hp and frED, hence frEB.

(iv) We know that D is a filter, and since for every fr&B, fr&D or
fr€D, D is an ultrafilter.

Proposition 5. Let A be a free BA with ¢ generators, and E the
nonprincipal ultrafilter on «. Then:

(i) A®/E is an o,-saturated atomles BA of power c.

(i) Let p be an ultrafilter on A°/E. If qCp and for every fyp there
exists a ggCq such that gp<fg, then |q|=c.

Proof: (i) A®/E is an o,-saturated BA. This statement follows from
Theorem 6.1.1. of [1]. The proof that A®/E is atomless is the same as the
proof for 2¢°/F, or one can use Lo§’s theorem. Since |A4|<|A4“/E|<[4°],
|A|=c and |4°|=c, we have | 4°/E|=c.

(i) Let G={a,|a<c} be set of generators for 4. Let us define the set
of mappings f,&4°, a<c, f,()=a, iCo,

K={for | a<c}U{fep|a<c}.
Let us define for every fcA4°
Kp={fop| a<c, [e<fap) U{fip|B<c, fe<[ox}.

Smce f (z) is the union of finitely many constituents of the form oy * - .o loyy) *

WGy *. .. Ay, there are finitely manu a<w, such that f(i)<a,, i.e f (z)< 1. @),
hence { Jola<<e, fg<fag} is a countable set. Also, for the same reason,
{fs|B<e, fe<<fég} is a countable set.
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Let p, g be as in (ii). Since for every a<c,
f.€p or fu€p, |KNp| =c.

The conditions for p and ¢ imply that for every foz €Ep MK there exists a
gr&q such that f,€K,, and KNpC U K.

8ECq
Since |KNp|=c, we have | U Kg[r—c. It has already been shown that
BECq

| K, |<w for every gz&g, hence |g|=c.

Theorem 6. (i) (CH) Every atomless w-saturated BA of power c is
isomorphic to 2°[F.

(i) If every atomless w,-saturated BA of power c is isomorphic to 2°[F, then
c=0,.

Proof: (i) This statement follows directly from the completness of the
theory of atomless B4 and the uniqueness of saturated models [1].

(i) Since B and A“/E are o, -saturated atomless B4 of power c, BoAY/E.
From Proposition 4. (iv) we can see that D is an ultrafilter of B, AC D such that
|4|=0,, and for every frED there exists an fyr€&A such that S <fr Pro-
position 5 (ii) and the existence of an isomorphism between B and A®/E imp-
ly |[4|=c. So c=w,. : :

Corollary 7. CH is equivalent to the statement that every Parovicenko
space is isomorphic to o*.

Proof: The statement directly follows from the previous theorem and
the Stone Representation Theorem,
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