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INTEGRABILITY CONDITIONS OF DERIVATIONAL
FORMULAS OF A SUBSPACE OF A GENERALIZED RIEMANNIAN
SPACE®

Svetislav M. Mincié

Summary. In the works {3] and [4] we introduced 20 Ricci-type identities
of a subspace of a non-symmetric affine connexion space. In the work [5] we
obtained 4 kinds of derivational formulas of a subspace of a generalized Rie-
mannian space. Using the results of the above mentioned works, especially those
identities in which curvature tensors appear (6 cases), we obtain integrability con-
ditions of derivational formulas. From here we obtain generalizations of the
Gauss and Codazzi equations.

0. Introduction

The present work is a continuation of the work [5], where we introduced
derivational formulas of a subspace V,, of a generalized Riemannian space Vy.
In this work the notation is in accordance with [5]. The basic tensor in the
space is a,3 (non-symmetric) and in the subspace g;; (also non-symmetric), and
the subspace is given by the equations :

€)) ¥ =y (xl, ..., xM).

Let us note that the Greek indices refer to the space and take the values
1,..., N (except indices in brackets, which take the values from M+1 to N)
and Latin indices refer to the subspace and take the values from 1 to M.

If we use, according to (9a—d) in [5], 4 kinds of covariant derivation,
we obtain 4 kinds of derivational formulas (see (16) and (37') in [S]):

N
(22) 0ty S QemNe,
| P
. i} 8 o=M+1 9
o " o N o

(2b) Niyim=~e)85@mis+ > YeomNe» Yeom=0,

o ) p=M+1 9 0

©=1,...,4)
0y~

where eq= +1 and #=pli=——.
ox

*) Presented October 10, 1980 at the 7 th Conference of Yugosiav Mathematicians,
Physicists and Astronomers, Becici.
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From (28a, b) in[5] we conclude thet

(3a,b) Neoyjm=N(oy|m> Noy|m=Nioyjm
i 3 3 4
and
(3'a, b) Q(cr) i= Q(c) i Q(U)ij: Q(c)ija
L 1 3 2 4
(3"a, b) ?”(p(,)m: ‘f(pa)ma lzi[f(sm)m =:ch)m-

1. Imtegrability conditions of the first derivational formula

1.0. Using the Ricci-type identities (7), (11), (56) from [3] and (12), (13),
(46) from [4], for the tensor #* we -obtain

(4&) tl?? mn t?jnm = R:mv tr‘f'l t'\l’ t Rzmn tp 2 ann t;'x{s,
1 v
(4b) t:'x| mn tzsx| nm = -R:Lru.v trL:z T; tl Rﬁnn tp +2 Fmn tz]s,
2 2 2 2
(40) t;'x[mn]n“tﬁn\m:Rimn t?'”R}Dmn tpa;
1 2 21 3 3
(4d) zlmn’“ tl —Rﬂ:u,v tm tn i _Rgnn tg+2F5mn tﬁs,
3 3 2 v 3
(40) tt?imn - tim\nm = R:(ty.v err‘z t; tz Rzmn tp 2 Pinn t?c[s:
2 4 2 v 4
(4f) llmln_tt\nlm_ann tz +Rmm 1p,
where
(Sa) R;mn = 1-‘jl'm,n - F}n,m -+ F]pm Fll)n - FJI; PIIJm s
1
(Sb) le:mn = Fﬁn}',n - F;j,m +T ﬁvj P;tp - Fﬁj F;"P:
2
(50) le:mn = PJl:m,n — Doy + T U — I F;m + T (F;?J Fjlp)
3
(Sd) Rgmn = (Fgu,v - FVB pt Fﬁu. an - FvB Pgu) fm l‘n
3

+2 Pgu (y,umn — T t;);
v
(56) . Ijgmn = (Fgu, v F?:B, u + Fgu F:rc LB rm) tu V

+ 2 rgu (y,ur'nn_ ann t;:),
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and the notation mn signifies the antisymmetrization on the indices m,n.
N .

The magnitudes R%,,, Rimr (t=1, 2, 3) are tensors, and we call them curva-
t t

ture tensors of the space Vy, respectively the subspace V,,. of the 1szt, 2nd
and 3rd kind. The magnitudes Rgm,,, R, are tensors also, and we call them
4

curvature tensors of the 3rd, recpectlvely 4 th, kind of the space ¥, with res-
pect to the subspace V.

In order to calculate the left sides in (4a-f), let us find first the cova-
riant derivation of the kind A, A&{1, 2, 3, 4}, of the formula (2a) on x™

tﬁm\n=®gn\nt2+®i€71t;\”+
0 A 9 X [¢] A
+ 2, Qyim (4 NGy + 2. Qoyim Ny -
o 6 A e 6 A

If we substltute tp,,, in accordance with (2a) and N(p)],, in accordance with (2b)

into the previous equatlon, we obtain

zim\n —(Dtm[nt +§)$n(?;n t;ﬁ+z ?(P)PﬂN&))"*‘
e

s o
+2, %(p) imn Nioy+ Eglwm( — €() §— ?(o)sn ty+ 2, If’(up)n N,
e <] c

i.e.
(6) t?\m[n = [(Df:n[n + (Dfm (Dfn - Z e(p)Q(p)im Q(p)sn g_l_’f] f; +
6 A 0 A [ S o 0 A
+ Z [Q(p)sn (Dfm + Q(p) im|n + ZQ(G) im IIf(pts) n] ng)-
o A 6 0 A c 6 A
Hence
t;'xlm[n - tﬁnlm: [q)gn[n'—q)ﬁz\m“i“ (Djmq)fn—

0 A A6 0 2 A8 6 A

(7 = (P?n ?fm— 2 e 8= (53(9) im?(p)sn - ?(o) in ?(o)sm)] 1+
)

+ Z [Q(p)im]n - Q(p)in[m +(D;mQ(p)sn - (Dfn gz(p)sm +
0 0 A A8 8 A P
+ 2 (Qeyim ¥ooyn = Loyin Fooym) | NGy -
] ] A A 0
1.1. If in the previous equation we take O=i=1 and in (4a) exchange
t‘,’-‘is in accordance with (2a), by equalizing the right sides we get the Ist¢ inte-
1
grability condition of the st derivational formula (2a):
R;xmv tr‘tt t: t?—RZnn 2rmn(q)zs tp + EQ(P) iSN(oé")):
1 1 p 1

®)
= [(Dll'lmin’“ (Df;tlm‘l'q)fm (Dfn - (Dfnq)spm_
1 1 1 1 1 1 1
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-2 e(p)ggf(flz(o) im 512(p)m - 512(;,;,-" ﬂllm)sm)] t+
o

+ z [9(9) m §1n - 9(9) inll m+ (me 9((9) sn q)fn Q(p)sm +
[*]

+2, (fll(e) - lf.(pc)n - 512(6) in ‘IP'(‘,(,)m)] Neoy-
o

This equation for ey =1 reduces to the equation (8) in [2].
If we multiply the previous equation by 4B 15, we get

Rﬂnuv tg tz?T Zyn t}\; - Rhimn -2 ann q)his =
1 1 v o1
)

= ql)him fn— ?hin {m + (Dfm (Dhsn - (Il)fn (Dhsm +
. 1 1 1 1

+2, e (512(9) o 9(:» in — 9(9) hn ?(p)im ),
e

which is the Gauss equation of the Ist kind, Here

o p
Rﬁnuv = tuf eruv: Ryimn = Eph Rimn .
1 -1 1 -1

By multiplying (8) by aup NFT) one obtains
{{Bnuv Ng:) tz?: t& IZ_VZ Iﬂinn €(r) 9(1') is =
A\
(10)
= €(7) [?(T) im ln - 9(T)in1]m + (?tgm 9(‘:)5/: - (Il);n £12(T)Sin +

-+ Z (fll(c) im llllp(w)n - 9(0) in 1?(m)m)] .
e}

This is the Ist Codazzi equation of the Ist kind.

1.2. The 2nd integrability condition of the Ist derivational formula we
obtain if we put in (7) 6=2=2 and in (4b) exchange #{; in accordance with
2

(2a), and then equalize the right sides:
R;yw byt t; — Ry t§+ 2 Frsnn(q)g tg“*‘ z Qeeis N(O‘;))=
2 2 v 2 e 2
= [q)gn]n— (I)zg;[m‘f' (Dfm(bspn- (I)fn(I)_fm—
2 2 2 2 2 2 2 2

(1D
- 2 €() gE (Q(p) im Q(p) sn T Q(p) in Q(c>)sm)] tg +
0 2 2 2 2

+ z [Q(p)im ln — Q(p)inlm + (Dfm Q(p)sn (Dfn 'Q(p)sm +
-] 2 2 2 2 2 2 2 2

+ 2 (Q(o) im T‘(oo)n - Q(o) in II/‘(90) m)] N, (OZ) .
¢ 2 2 2 2
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Multiplying this equation by a.pt®, we obtain the Gauss equation of the
2 nd kind: :
Rﬁnuv tl‘? tin t;l; t:: - Rhimn -+ 2ann (Dhis =
2 2 v 2

(12) = q)himln - (Dhinlm + q)fm (Dhsn - q)zsn (Dhsm +
2 2 2 2 2 2 2 2

+2, e (9<p)hm 522(@) n— 9(9)11" 522(9) im) s
]

where

o D
Rﬁrcywz 225} erv s Ruimn= 8ph Rimn -
2 2 2 — 2

Multiplying the equation (11) by a4 N(BT )» We get
Rﬂrmv N({%r) tin tr!:l t; + 2 ann e(':) Q(’r) is =
2 v 2
(1 3) 7 = e(‘r)[Q('t)imln - Q(t)inlm -+ q)zsm Q(‘r)sn - (Dfn Q(T)sm =+
2 2 2 2 2 2 2 2
+ Z (Q(c)im lF(‘rc)n = Ooyin ‘F(w)m)] 5
c 2 2 2 2

which is the Ist Codazzi equation of the 2nd kind.

1.3. If in (7) we put O0=1, A=2 and then equalize the right sides of
this equation and of the equation (4c), we get the 3rd integrability condition
of the Ist derivational formula:

Rimn tl:ﬂ: - Rzl;nn t;=
3 3
=[ il;n]n— ®f:'l‘m+ (I)fm q)fn'— (Dzs'nq)fm"
1 2 21 12 201
(14)
2, e) 85 (Qeoyim Qeysn — Leyin Qeysm)] 15 +
o 1 2 2 1
+ Z[Q(p)imln - Q(p) inlm + q)fm Q(p)sn - (Dfn Q(p)sm +
o 1 2 2 1 1 2 2 1
+ 2. (Qoyim Vsoyn = Qeoyin iooym) ] Ny -
s 1 2 2 1
If me multiply this equation by a.p f5, we obtain the Gauss equation of
the 3rd kind. B
RBﬁmn thB tx:n_ Rhimn =
3 3
(1 5) - = q)him ln — CI)hinlm + (I)imq)hsn - (D?n q)hsm +
i 2 2 1 12 21

=+ Z €(c) (9(p)hm gzz(o) in — %(p)hn glz(o)im),
)

10 Publications de PInstitut Mathématique
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where
RBT: mn = aaﬁ RTC mn s hamn gph Rtmn

Multiplying (14) by a, N(BT), we get the Ist Codazzi equation of the 3rd

kind:
I;BnmnN(‘?r) tx.'n= e(‘r)[?(r)imlzn - ?(T)inllm +

(16) + q)fm Q('r)sn - (D?n Q(‘r)sm +
1 2 2 1

+ Z (Q(o) im ¥ (zoyn — Qoyin \F(Tc)m)]-
G 1 2 2 1

1.4, If in (7) we take 0=2A=3, in (4d) exchange ¢% in accordance with
3

(2a), and then equalize the right sides of these equations, we obtain the 4 th
integrability condition of the Ist derivational formula

R:‘:p.v tx?t tr‘fz t;—é{ﬁnn t; + 2 P ((Dts tp + Zgz(p)isN(o;))=
1 P
=[(Dipmln m!m'l‘q)zmq)‘spn (I)?ncpfm—

3 3 3 3

17)
~ 2 ) 85 (Qoyim Qeoysn — Leyin Qeoysm)] 15 +
<) 3 3 3 3

+ Z [Q(o) im|n Q(p)in |m + (I)tsm Q(p)sn - (I)fn Q(p).sm +
o 3 3 3 3 3 3 3 3

+2, (?(o) im lf'(sw)n - 9(0) in lf(oo)m)] NGy -
o

Based on (3’a), (3"’a) and taking into account that for a tensor having only
covariant indices the third kind of differentiation reduces to the second, while
the forth kind reduces to the first, the equation (17) becomes

-Ilz(rxvu,v t? t#; tn Rzmn tp + ernn(?g t;'{‘z glz(p)is Né))=
v )

= [q)zm | n (I)m | m+ thm (I)spn (I)fn q)spm -
3

ar)
— 2 e 8% (512 @im 512(p>sn - ?(o) in ?(o)sm)] th+
e

+ Z[ Q(p)im {ln— Q(p)in |m + q):m Q(p)sn - (Dfn Q(p)sm +
p 1 2 1 2 3 1 3 1

+2 ((12(0) im 1?(“) n— ﬁl)(o) in ?'(oa) m) Néoy-
L3
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Multiplying the previous equation by a.s 15, we obtain the Gauss equation
of the 4th kind -

Rﬂnu.v t;'l tx?T trt:z tr\z"‘ {fhimn + 2 ann (I)his =
1

v 3
(18) = Zph ((I)i’;n}n - (I)gzlm) + (Dfm (I)hsn - (D?nq)hsm +
- 3 3 3 3 3 3 3 3
+2, e (9(9) hm (12(9) n— 512(9)hn 9(9)im)-
o

We remark that
gph®5rt|n7£q)him|n .
—3 3 33

If we mu'tiply the equation (17°) by aop N(BT)’ we get the Ist Codazzi equa-
tion of the 4th kind

Ilzﬁnuv N(B-r) t? trx‘:‘z t;l] +2 rsmn €(1) 9(r)is=
v
(1 9) = €(1) [Q('r)im ln — Q('r) in|m + (I)fm Q(':)Sn - (I):n 'Q(r) sm+
1 2 1 2 3 1 3 1
+ z (Q(o) im lF(-:c)n — Q(o) in IEI;f.('rv.v)m)]-
] 1 1 1 1
We shall prove that the equation (19) is equivalent to the equation (10).
Namely, since
Q(‘r)imln - Q(r)inlm =
1 1 1 1
(193) = Q(T) im,n ?(T)in,m + P:m ?(T)rn - F:n g)l(-r) rm—2 P:nn ‘(lz(v)ir ,
1 v
Q(r)im|n - Q(T)inlm =
1 2 1 2

(19b)
= Qzyim,n— glz('r)in,m + Do 9(1)!‘)1 ~ I '(lz(r)rm + 21, 512(1) ir s
1 v

and, based on (48'b) in [5],
(I)?m = (Dfm +2 Ffm ’
3 1 v

the cquations (10) and (19) reduce to the same equation:

Rerus Néo 17 the tn= e[ Qeyimn — g(r)m.m +
1 1
(1 9’) + erm Q('r:) m an Q(’r) rm (me ?('r)sn - CII)fn ?(‘t) sm+
1 1
+2 (512(0) im l?(‘:o) n 9(0) in ‘qu.(‘ro)m)]'
[}

1
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This means that the equations (10), (19) and (19) are three forms of the Ist
Codazzi equation of the 1 st kind (10).

1.5, Puting into (7) 0=21=4, and substituting in (4 ¢) t?‘\, in accordance

with (24) and equalizing the right sides of the obtained equatlons we obtaln
the 5 th integrability condition of the Ist derivational formula

g—mv t,‘,’; t;: 1'1 Rzpmn =2 ann ((I),s tp + OZ?(P) is N(OID)) =
[q)tml n q)m I m+ (Dfmq)spn - (I)lsn q)fm -
4 4 4 4
(20) —2, e 82 (Qeyim Qoysn — Qoyin Loyom)] 15+
] 4 4 4 4
+ Z[Q(p)im In — Q(p) in|m + q)tsm Q(p)sn - (Dfn Q(p)sm +
o 4 4 44 4 4 4 4
+z(%®mfmm*?@MYmmﬂN&-
G

Taking into account (3'b), (3''b) and multiplying the equation (20) by a4 8
we obtain the Gauss equation of the 5th kind B

Rﬂmw tg lz:n tr!; ti\': "‘ -Rhimn - 2r;vnnq)his=
2 1 v 4
(21) = Zph ((Dtlinln m[m) + (Dzm (Dhsn q)tsn q)hsm +
— 4 4 4 4
+ZQ@§%?@M?@M—?@M8mmy
)

Multiplying the equation (20) by aup N(BT), we get the Ist Codazzi equation
of the 5th kind.

Ramyy N(Br) 17t tn— 2Ty €0y Quoy i =
2 v 2
(22) = €(7) ['Q('r) imln™" Q('r) in|m + (ng Q('r) sn (D:n Q(1') sm+
2 1 2 1 4 2 4 2

+ Z (Q(c) im ¥ eoyn — Q(oyin Fzo) m)]
a2 2 2 2
We have to prove that the equation (22) is equivalent to the equation

(13). Since

Q(t),im In =~ Q('r)in {m=

2 2 202
(22a)

= Q(T)im,n - Q(’r) in,m + F:m Q(‘r) m r:ziQ(‘r) rm 2 1_‘:nn Q('rjir »

2 2 2 2 v 2
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Q(T)imln - ‘Q('r)inlm =

: 2 1 2 1

(22b)

= Q(r) im,n — Q(T) in,m + Ptrm Q('r)rn - r:n Q(T)rm -2 F:nn Q(r) iry
2 2 2 2 v 2

and based on (48'c, a) in [5]
4 2 v

the equations (13) and (22) reduce to the same equation
-I:fﬂn:y.v N(‘?r) IITE 151 t;\; = €(7) [?(T)im,n - g}(r)iﬂ,m -+
(22,) + r;m Q(T)rn - F:ziQ(r) rm (Dfm Q(‘r)sn - q)fn Q(‘r)sm +
_ 2 2 2 2 2 2
+ Z (Q(O')im Wio n— Q(o)in lF(w)m)]-
[+ 2 2 2 2

So, the equations (13), (22) and (22') are three forms of the Ist Codazzi equa-
tion of the 2nd kind (13).

1.6. In order to obtain the 6th integrability condition of the 1st deriva-
tional formula, we shall put in (7) 6=3, A=4 and then we shall equalize the
right side of the obtained equation with the right side in (4f):

R::cmn tl:n:—!— Rf;tm l‘;‘—‘
4 3
(23) = [(I)iprn]n“ gz|m +(Dfm (I)fn - (D?nq)fm*
3 4 4 3 3 4 4 3
=2 ey 82 (Qeyim Qoyn — Qoyin Qpyom)] 15+
o 3 4 4 3
+ z [Q(p)im ln — Q(p) in|m + (Dzsm Q(p)sn - (Dfn Q(p}sm +
o 3 4 4 3 3 4 4 3
+2 (532(5, im ‘f(pc)n — ?(c) in q;(pc) m)I NG
a

Multiplying this equation by Ao i and taking into account (3'), (3"'), we
obtain the Gauss equation of the 6th kind

Rﬁnmn tl? t;'n‘l‘ Rhinm:
4 3
(24) = Eph ((Dgn ln— (Df:llm) + (Dfm q->hsn - (Dzsn (I)hsm +
T3 4 4 3 3 4 4 3

A
+ Z e(p)gp— (9(p)hm gzz(p) in — 9(p)hn gl)(p)im),
P
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where

Rﬂnmn = Qg R::mn .
4 =4
If we multiply the equation (23) by aws N(BT), we obtain the I1st Codazzi
equation of the 6 th kind
Rermn N 17 = ey [ Qeyim)n — Qwyinjm + Qim Qexysn —
4 1 1 2 2 3 2

(25)
- (Dfn Q(‘r)sm + z (Q(c)im lF(’ro)n - Q(o) in lF(‘ro)m)] .
4 1 c 1 2 2 1

2. Integrability conditions of the second derivational formula

2.0. Applying the Ricci-type identities (7), (11), (56) from [3] and (12),
(13), (46) from [4] to normals N(; we get

(26a) N(ao)}mn —N&>;nm=f§xmv Nigy tmta— 2T, Ngr)llq’
v
(26b) Ny o~ Néoy jm= ée;'éw Nyt tn+ 2T Nioy o>
\4
(26¢) Neymin— Nioy njm= Romn Niay »
1 2 21 3
(26d) N&);mn—Nfé)?'m = leﬁ‘,w Neoy tm tn+ ZF;',,nN(';);q ,
v
(26¢) N&)Lm"_ N&)ym= Ifi‘,wN{f,) th tn— ZF%N&)Lq’
(261) Ny min— Niay(nim= Reimn Neo).
3 4 4 3 4

Let us now find the covariant derivation of the kind A, A&{l, 2,3, 4}
of the formula (2b) on x™

Ny imin= =€) 8= Qeorom|n 1y — €0y 8= cyam pjn+
b 2 3 A 3 A
+ 2 Yooym 1 Ny + 2 ¥ ocym Neoy -
b 0 A 6 0 3
Putting 75|, and N(»;» into the previous equation according to (2a,b), we get
A !
NGy imin= =€) 8= Qoysm|n tp —
6 A 3 y
— €(o) gE %(U)sm (?gn t; -+ zg(P)Pn N(of‘-’)) +

[*] \

S o
+ 2, Wooym I» Ny +2, “I)"(pc) m(— €@ &7 %(o)sn ty+ 2, ‘f'(ro)n N&y),
PO ] T
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ie.

N(O)Tml';: [_ €(a) gEQ(U)SmIn"' €(a) gq_S Q(o)qm(bspn —
6 0 A o A
27 —2 e 87 E’(pu)m If‘(o)sn] tp+
-}
+ Z [— €(o) gﬂQ@pm Qeysn + Yooym |nt Z Yoy m \F(pr)n]Né) .
e [} A i} A T 0 A
From here one gets
N&ﬂmin_N&Hnlm:[— €(o) gE(Q(O)bm[n" Q(o)sn|m)+
6 A A6 ) A A ]

+ €) gf( (Dspm Q(G) qn ™ (Dspn Q(c) qm) +
6 A A [¢]
(28)
-+ gp_s Z 26! (?(D)Sm If‘(po) n ?(p)sn lg‘(pc) m)] tg +
o

+ z [W(pa)MIn ~Yeoyn|m + €@ 82 (Q(p)pm Qeoysn —
o 0 A A [} 0 A
- ?(o)pn ?(0) sm) + z (?(Tc)m lf(m)n - ;F(Ta)n :)F(W)m)] N, (oci) .
T

2.1. For 6=x=1 from the previous equation and (26a), (2b), we get the
Ist integrability condition of the 2nd derivational formula (2b)

{{;uv Noy tm tn— ZF%,, (- e g% fl)w)sq + ;‘IF(po)q NGy) =

=[- e &= (?(o) smin = %(o)sn | m) + € &% (q1>§’m 512(0)@: -
(29) - ?5: ?(c) qm) + gE zp: € (9(p)sm llIr;po)n - ?(o)sn \?(pc)m)] t; +

+ g [Fo min= ‘f’(oo)n [mt €@ g% (Q(p)pm !12(c>s,, -

- £12<p),,,, O o)+ TZ (‘I:'(m) m llF(or)n = Yoy If”(rn)m)] Neoy-

Multiplying this equation by aﬂ;\tf , we obtain

RBr:u.v tENgr) trur‘t tp\: +2 €(5) Fﬁlnn 9(a)hq =
1 v
(30 = ~€w) (?(c) 0 = -?(o)hn | )+ e g ((Phsm 512(0) an—

- ql)h-m 9(0) qm) + Z €(p) (9(9) hm II:(rm) n— e(p)hn lI':(cm) m)-
)
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If in this equation we exchange the places of dummy indices B and =, take
into account that (based on (2.9a) in [6]) Rupuww= — Rpmuy, change £ into i, o
1 1

into T, p into ¢ and consider that, based on equation (39) in [5], ) Viorym =
1

= — e ‘IF(W)m, and that from (27) in [5] the tensor dl),;im i8 antisymmetric on

all pairs- of indices, we get the equation (10). This means that the equation
is still one form of the 1st Codazzi equation of the 1st kind.

If we multiply the equation (29) by dop N(Bo), we get
Iliamw Nioy NGy th ta— 2er0) ann Yigora=

(€2))

A
= e [‘?(wc) min= ?(W)n |t €@ g= (?(w meQ(a) o= ?«o)pn ?(c)sm) +
+ Z (1?(16) m IF(q;T) n— ‘?’(To) n ?(cp”r) m)] )
T 1

which represents the 2nd Coddazzi equation of the Ist kind.

2.2. If we put in the equation (28) O0=2=2 and take into account (26b)
and (2b), we get the 2nd integrability condition of the 2nd derivational formula

R Noy tin 1+ 2 T (= () 87 Qeaysg 15 + 2, Wioorg Nipy) =

2 v 2 p 2

= [~ e &% (Qeoysmin— Qoysn|m) + €@y 8= (O Qoygn — O Qoygm) +

2 2 2 2 2 2 2 2
(32) + g% Z €o) (9(9) sm ?(pO)n - ?(p) sn 21}(90) m)] 1y +
9]
+ 2 [Peaymin— Feoynim+ ) 82 (Qerom Qaysn —
P 2 2 2 2 2 2
- %p)pn ?(c)sm) +2 (‘f(m)m ‘ZP(ov)n - ‘21”(15) n ‘f(pr)m)] NGy .
T

Multiplying this equation by asg tf, we obtain

)
Roruy th ton taNigy— 2 €0y Dinn Qioyng =
2 v 2
(33) = = €(c) (Q(U)hmi" - Q(G) hnlm) =+ €(a) ggf ((I)hsm Q(c)qn -
2 2 2 2 2 2
- ?hsn 9(6) m) + 2 @ (%(a) hm 1};(90) "= 9(9) n ‘f(pc) m) -
[+

As in the case of the equation (30), here one can prove that the equation
(33) is equivalent to the equation (13), i.e. the equation (33) is still one form
of the 1st Coddazzi equation of the 2nd kind.
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Multiplying the equation (32) by o N(%), we get the 2nd Codazzi equa-
tion of the 2nd kind

8
Ry Nigy Nioy U tn+ 2 €4y T ‘f(@o)q =
2 v
Z(Q Q,
(34) = el ‘f(cpc)m In = ‘ZF(W),,Am + e8=( Derom Xoran —

= Q) o Qoym) + 2, (Fzoym Fiomyn — Fzoyn Vgom)] -
2 -2 T 2 2 2 2

2.3. Putting in (28) H=1. A=2, and using (26¢), we obtain the 3 rd inte-
grability condition of the 2nd derivational formula

Rimn Nioy=[— €0 82 (Qeoysmin— Qeysn|m) +
3 1 2 2 1
+ ) 85 (D5 Qo) gn — Oh Qioram) +
1 2 2 2
(35) + gp_s Z €(0) (?(p)sm lfl(W)n - ?(o)sn \lF(pc) m)] t; +
[} R
+ 2 ¥ orm in— Yooyn(m + ey 8 (Qerpom Qoysn —
o 1 2 2 1 1 2
- Q(p)pn Q(c)sm) + Z (‘F(w:c)m ‘F(p‘r)n - IF(-rc)n llj‘(p’f)m)] Né)-
2 i T 1 2 2 1
Multiplying this equation by a.g 8, we get
-Rﬁn:mn t}{? N(T;) = — €(c) (Q(c)hm\n - Q(c)hn[m) + .
3 1 2 2 1
(3 6) + e(o)gq'S ((Il)hsm %(c) gn ?hsn ?(G)qm) +
+2 €0 (?(p) m ‘f(pa)n - ?(p)hn ‘f"(oo)m) :
<)

Taking into account that on the the basis of (4.4a) in [6] Rngmn = — Rormn, We
3 3

prove by the similar procedure as in the case of the equation (30), that the
equation (36) is still one form of the 1st Codazzi equation of the 3rd kind.

Multiplying the equation (35) by Aup N(Bcp)a we get the 2nd Codazzi equa-
tion of the 3rd kind

B T
Rremn Nigy Nioy = €(e) [\F('\w)m}" - 1I[.(crw)nlm +
3 1 2 2 1
(37 + e 82 (Q(m)pm %(o)sn - §22(<p) n %msm) +

-+ Z (lF(rc)m IEIEf((p't:)n - \F(Tc) n IF(:p‘L‘) M)] .
T 1 2 2 1
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2.4. If in (28) we take 06=%=3 and use (26d) and (2b), we shall get
the 4 th integrability condition of the 2nd derivational formula

Ifﬁw Ny tmta+2 I‘?,,V,, (—ewg” ?(c)sq 5+2 ‘f‘(oa)qNé)) =
o
= [_ e(c)gp—s (Q(c)sm ln— Q(G)snfm) + € gﬁ ((ng Q(a) qn
3 3 3 3 3 3
(3 8) - q)fn Q(cr)qm) + g‘{s Z e(p) (\Q(p)sm IIJ'(M)” - Q(p) sn IIJ‘(pcr)m)] t;;x +
3 3 o) 3 3 3 3
+ 2 [ Poormin— Foornim + e 8% (Qeoypm Laysn —
[ 3 3 3 3 3 3
- ?(o)pn ?(c)sm) +2, (;I"(m)m?(m)n - ?'(m)n ;F(pr)m)] NGy .
T

Using (3") and (3"") we can write the previous equation in another form.
Multiplying the obtained equation by o™ ¢, we get

g
Rﬁnuv Iy N(f,) t; l‘;: — 26(0) sz Q(o) hg=
1 v
39 = — e (?(c) min= £%(c)hn ;2m) + ) 85 (Dpgm gl)(c)qn -
3

- gI)hsn ?(c) qm) + Z e(p) (?(p) hm IlF(pc)n - 9(9) hn ?(pa)m) .
(4

As in previous cases, one can prove that the equation (39) is equivalent to
the equation (19) and to the equation (10), i.e., the equation (39) is still one
form of the 1st Codazzi equation of the 4th kind (Ist kind). All these equa-
tions reduce to the equation (19’).

Multiplying (38) by a. N(Bcp), we obtain the 2nd Codazzi equation of the
4 th kind
(40) Ifgan&) Nyt ta+2 e T r%n ‘f’(wc)q =
= ¢y [¥oormn— Pooynim+
1 2 1 2

+ €0) = ( 512@),,”,!12(0) sn 9(¢)pn 512«;) sm) +

+ Z ( IF(TG)M 1F(‘M)ﬂ - I?('w)n I;F(cp'r)m)]-
T

Using the results

(41a) \Ilf(cpd)m{n - ‘;F(QW)" llm = Yooy m,n— Wiooynm—2 Thun IIF(W)H
1 1 v

(41b) 1?(qpc)mén - 1:l{ﬂ(qou) n2[‘m = 1F(q;o‘)m, 7= IF(q:o)n,m +2 Prmn lIlj.(qao)r )
1 v
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we reduce the equation (39) and (40) to the form
Rauy Ny Neo th 1=
(40%) = €(g) [?(W)m,n - IIF(@c)n,m + e ggf(glz(w)pm 9(6)&; —
~ Qe ?(c)sm) + Tz ( Feaym Yigan= Feon ‘]P'(m)m)] ,

i.e. the equations (31), (40) and (40') are equivalent and represent various forms
of the 2nd Codazzi equation of ihe 1st kind.

2.5. Taking in (28) 0=X=4 considering (26e) and (2b) we get the 5th
integrability condition of the 2nd derivational formula

gifm Nioy ti tn— 2 szvn (- e gp—s%c)sq to+2, ‘f(oc)q Ny =
e
=[—ew gZ(Q ~ Qeoyon|m) © (D Qo) gn — Ph Qeoram)
= €) & (a)sm |n (©)sn|m) + €) & sm S&(c) gn sn 2d(c)gm) +
4 4 4 4 4 4 4 4
(42) + g% Z €() (?(p)sm 1:‘F(m)n - ?(o)sn If(pc)m)] tp -+
°
+ 2 [ ¥ooymn— Foynim+e@ 82 (Qerom Qeoron — Loyon Lysm) +
o 4 4 4 4 4 4 4 4
-+ 2 (T(m)m :Ip(pr)n - If(ﬂ:c:)n \f(pr) m)] N(ap) .
T

With regard to (3', 3''), multiplying the previous equation by asp 1 we

get
Rﬁnuv t}eNg) 151 tr\: + 2annQ(o)hq ==
2 v 2
(43) = — €(q) (9(6);"”1[” — gzz(c) hnl\ m) + €(0) gg’§ (fPhsm gz(c)qn -

= D Loy ) + 2 e Qeyim Fgorn = Qeyim Vooym) -
4 2 <) 2 2 2 2

This equation is equivalent to the equation (22) and (13), i.e., we obtained
one more form of the 1st Codazzi equation of the 2ad kind.

Multiplying the equation (42) by aug N(sq,), we get the 2 nd Codazzi equation
of the 5th kind

8
§Bﬂuv N N(T:’) tin tn— 2 €(9) 1g‘(cpc)q =
A4
= e(cp)[lF(w)mln— Wigoyn|m+
2 1 2 1

(44) +e) g2( le(q,)pm 9(0) n— ?(cp)pn 9(c)sm) +

+ 2 (Peoym Ponyn— Preoyn Fiomym)]-
T 2 2 2 2
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Taking into account that

(452) Fgam n= Yionam= Fieaymn— Ywonm+ 2w Voo,
2 2 2 2 2 2 vo2
(45b) lF(qnc)m |n — lz[j.(q:cs)n |m= lIJ‘(cpc)m,n - IF(c,oc)n,m -2 ]-_‘:nn lF((pc)r,
2 i 2 1 2 2 v 2

the equations (34) and (44) can be writen in thé form
Iiﬂmv N(Bcp) NE:,) t,‘; Z;:
(44') =e’(¢,) [‘f(cpc)m,n - ‘f(:pc)n,m + e ggf(?@pm 9(c)sn -
- Q(<4>)pn Q(<r)sm) + z ( lIf("fc)m ‘F(cpr)n - ‘F(‘rc) n IP.(W)rn)] ’
2 2 T 2 2 2 2

i.e., the equations (34), (44), and (44') are equivalent and represent various
forms of the 2nd Codazzi equation of the 2nd kind.

2.6. Putting in (28) 6=3, A=4 and using (26 ), we obtain the 6 th inte-
grability condition of the 2nd derivational formula

RﬁmnN(sz) = [ — €(o) g&v (Q(c)sm in™ Q(o)sn!m) +
4 3 4 4 3
+ e 2 ( ?fm ?(o) = ‘1351 531@ am) -+
(46) +g% z €(o) (%(p)sm 1f.((m)n - ‘%(o)sn 1311.(90) m)] tzgc +
e .
+ Z [IF(W)M |n— T‘(Oo)nlm + €@ gff(g(p)pm Q(cr)sn -
o 3 4 4 3 3 4
- Q(P)P" FQ(G)S'") + Z ( IIj’(W)m Wenn — IP.('w)n lF(m-) m )] N (oé) .
4 3 T 3 4 4 3
Using (3', 3'') and multiplying by Ao tP we get
Rarmn t;‘fNEZ) = — €(g) (Q(c)hmln — Qejin }m) -+
4 1 1 2 2
(47) + e(u) gE (?hsm 9(6) gn — ?hsn glz(c) qm) -+
+ 2, e (Qeyim Pooyn— Qoyin Fooym) -
P 1 2 2 1
Since from (4.4a) in [6] it follows that fngmn = — fﬂm,, , the equation (47) is

equivalent to the equation (25) i.e., (25) and (47) are two forms of the Ist
Coddazzi equation of the 6 ¢4 kind.
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If we multiply the equation (46) by aus N(B@), we get the 2nd Codazzi
equation of the 6 th kind

6
stnmn Ny Ny=
(48) =€) [‘11"@6)," o ‘f(cpc) njmt e gz (9(w)pm %(c) on =

~Qoypn Ueysm) + 2. ( ¥eoym Fomyn = Fiaoyn Fionym)] -
2 1 T i 2 2 1
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