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ON SOME INEQUALITIES FOR QUASI-MONOTONE SEQUENCES

Josip E. Pecarié

0. Let p # 0 be a real constant. The operator L, will be defined in the
following way (see [1]):

Ly(ap) = apny1 —pa, (n € N).

For a sequence a = (a,) we shall say that it is p-monotone or that it belongs to the
class K, if the inequality
L,(an) >0

is valid for all n € N.
The following theorem is given in [1];

THEOREM A. Let for a given sequence a = (a,) the sequaence A = (A,,) be

defined by
— pi1a1 + - +pnan

pLt P

Ap

(i) If we have p = q then the implication
(1) acK,=>AckK,
holds true for every sequence of the class K, and for arbitrary positive weights

p = (pn) if and only if p=q = 1.
(ii) If p and q satisfy one of the conditions
p>qg>1;0<p<qg<l; or p<qg<O,
then implication (1) holds true for an arbitrary sequence of the class K, if and only
if the sequence p = (py) of positive weights is given by

n—2 - 1

1 _
pr—qF
pnfl _ qn72 P pk _ qk

gn—1—gq

Pn =D1 n=2,3,...)

where the weight p1 is an arbitrary given positive number.
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1. In this paper we shall shown that some inequalities for monotone sequences
are also valid for p-monotone sequences, i.e. we shall give the necessary and sufficien
conditions for the validity of these inequalities.

First, we shall notice that the following identity follows, from the well-known
Abel identity:

n n n n
(2) Z wia; = ay Zpi_lwi Z(Zpi_kwi)[/p(ak—l)-
i=1 i=1 k=2 i=k
Using (2), we can easily obtain the following theorem:

THEOREM 1. Let w = (wy) be an arbitrary real sequence.
(a) Inequality

(3) Zwiai Z 0
i=1

holds for every sequence a from K, if and only if

n
=1

and

n
Zpi_kwi >0 (k=2,...,n).
i=k

(b) Inequality (3) holds for every sequence a from K, such that a1 > 0 if
and only if

Zpi*kwi >0 (k=1,...,n).
i=k

2. Let a € K,, b € K, be real sequences, and let z;;({ = 1,...,n;j =
1,...,m) be real numbers. Then necessary and suficient conditions for the numbers
x;5, such that the inequality

(4) F(a,b) = zn:iwijaibj >0

i=1 j=1

holds: 1° for every p-monotone sequence a and for every g-monotone sequence
b, or 2° for every p-monotone sequence a and g-monotone sequence b such that
a; > 0 and b; > 0, are contained in the following theorem:

THEOREM 2. (a) With the condition 1°, F(a,b) > 0 if and only if

X15=0,(s=1,...,m), X,1=0(r=2,...,n)
Xrs>0(r=2,...,n; s=2,...,m),

(5)
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where

n om. ‘
Xr,s = Z Zplirqjismij-

i=r j=s
(b) With the condition 2°, F(a,b) > 0, if and only if

Xrs>0 (r=1,...,n; s=1,...,m).

Proof. (a) (i) Let a; =0(i=1,...,r—1)a; =p" "(i = r,...,n), and let
bi=¢ '(j=1,...,m)orbj = —¢7'(j =1,...,m). Then from (4), we get the
condition X, ; = 0. By analogy, we get X; s = 0. Now, let

a;=00G=1,...,r=1) a=p "(i=r,...,n),
b =0(j=1,...,s—1) bj=p %G =s,...,m).
Then, from (4), we get X, s > 0. So condition (5) is necessary.

n
(i) Let be s; = axijai. Then
1=

fla,b)=> sibj=b1 > ¢/ 's;+> (Z qj_35j>Lq(bs1)-
j=1 Jj=1 j=s

s=2
m .
Now, we write x; = ) ¢/~ *z;;. Then
i=s
m n m n
j—s j—s
> ¢ s =) (E 7 wij)%’: > " zia;
j=s i=1 “j=s i=1

n n n
=a; Zpiilmi + Z (Z pi’":ri> Ly(ar_1)
i=1 r=2 “i=r

n
=a1 X1,s + Z Xr,st(ar—l)-

r=2
For s = 1, we have

qu_lsj =a X1+ ZXT,ILp(arfl)-

j=1 r=2

So,

F(a, b) = a1b1X1,1 + by ZanLp(ar_l) + ai ZXl,qu(bs—l)

r=2 s=2

+ Z Z XﬂsLP(ar—l)Lq(bs_l).

r=2 s=2
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Based on (5), it is evident that (4) holds.

Analogously we can prove (b).

REMARK. For p =q = 1, we have the result from [2].

Analogously to the previous proof (see also [3]), we can prove the following
theorem:

THEOREM 3. Let a; = (aji,...,a5n) (j = 1,...,m) be real sequences and
let j, - . jm(r = 1,... ,ng, k =1,...,m) be real numbers. Then necessary and
sufficient conditions for the numbers x;, ... jm, for the inequality

ni

Nm

Jji=1 Jji=1

to hold for every pj-monotone sequence a; such that aju >0 (j =1,...,m) are
ny Nom .
S5 30 AT i 20
Jji1=s1 Jm=8m

fOT’jk:L...,’nk’ k:l,___’m_

REMARK. For py = --- = p,, = 1, we have the result from [3].
3. Now, we shall give a generalization of Theorem A.

Let us consider a triangular matrix of real numbers (p, ;) (where = 0, 1,
.,n;n=0,1,...). Let us define the sequence (o,,), for a given sequence (a,) by

n
(5) On =Y Pnnjlj.
j=0

Then the following theorem holds:
THEOREM 4. A necessary and sufficient condition for the implication
(an) € K, = (on) € Ky

to be valid, for every sequence (a,,), where the sequence (o) is given by (5), is that
the following conditions, for every n,

dn,n - qdn—l,n—l =0, dn,n—k - qdn—l,n—k—l >0 (k =1,...,n— 1)
dn,O Z 0>

hold, where

k
dn,k = Z pkijpn) .7
Jj=0
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Proof. We have

n n—1 n
Lq(gnfl) =0p —({0p—1= § Pnn—ja; —(q E Pn—1n-1-505 = g w;a;
j=0 7j=0 7=0

where w; = pnn—j — @Pn-1,n—1—;(j = 0,1,...,n — 1) and w,, = pnp. Using
Theorem 1, we obtain Theorem 4.
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