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ON SOME INEQUALITIES FOR QUASI-MONOTONE SEQUENCES

Josip E. Pe�cari�c

0. Let p 6= 0 be a real constant. The operator Lp will be de�ned in the
following way (see [1]):

Lp(an) = an+1 � pan (n 2 N):

For a sequence a = (an) we shall say that it is p-monotone or that it belongs to the
class Kp if the inequality

Lp(an) � 0

is valid for all n 2 N .

The following theorem is given in [1];

Theorem A. Let for a given sequence a = (an) the sequaence A = (An) be

de�ned by

An =
p1a1 + � � �+ pnan

p1 + � � �+ pn
:

(i) If we have p = q then the implication

(1) a 2 Kn ) A 2 Kq

holds true for every sequence of the class Kp and for arbitrary positive weights

p = (pn) if and only if p = q = 1.

(ii) If p and q satisfy one of the conditions

p > q > 1; 0 < p < q < 1; or p < q < 0;

then implication (1) holds true for an arbitrary sequence of the class Kp if and only

if the sequence p = (pn) of positive weights is given by

pn = p1
qn� 1� qn�2

pn�1 � qn�2

n�1Y
k=1

pk � qk�1

pk � qk
(n = 2; 3; . . . )

where the weight p1 is an arbitrary given positive number .
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1. In this paper we shall shown that some inequalities for monotone sequences
are also valid for p-monotone sequences, i.e. we shall give the necessary and suÆcien
conditions for the validity of these inequalities.

First, we shall notice that the following identity follows, from the well-known
Abel identity:

(2)

nX
i=1

wiai = a1

nX
i=1

pi�1wi

nX
k=2

� nX
i=k

pi�kwi

�
Lp(ak�1):

Using (2), we can easily obtain the following theorem:

Theorem 1. Let w = (wn) be an arbitrary real sequence.

(a) Inequality

(3)
nX
i=1

wiai � 0

holds for every sequence a from Kp if and only if

nX
i=1

pi�1wi = 0

and
nX

i=k

pi�kwi � 0 (k = 2; . . . ; n):

(b) Inequality (3) holds for every sequence a from Kp such that a1 � 0 if

and only if
nX

i=k

pi�kwi � 0 (k = 1; . . . ; n):

2. Let a 2 Kp; b 2 Kq be real sequences, and let xij(i = 1; . . . ; n; j =
1; . . . ;m) be real numbers. Then necessary and su�cient conditions for the numbers
xij , such that the inequality

(4) F (a; b) =

nX
i=1

mX
j=1

xijaibj � 0

holds: 1Æ for every p-monotone sequence a and for every q-monotone sequence
b, or 2Æ for every p-monotone sequence a and q-monotone sequence b such that
a1 � 0 and b1 � 0, are contained in the following theorem:

Theorem 2. (a) With the condition 1Æ; F (a; b) � 0 if and only if

(5)
X1;s = 0; (s = 1; . . . ;m); Xr;1 = 0 (r = 2; . . . ; n)

Xr;s � 0 (r = 2; . . . ; n; s = 2; . . . ;m);
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where

Xr;s =

nX
i=r

mX
j=s

pi�rqj�sxij :

(b) With the condition 2Æ; F (a; b) � 0, if and only if

Xr;s � 0 (r = 1; . . . ; n; s = 1; . . . ;m):

Proof. (a) (i) Let ai = 0 (i = 1; . . . ; r � 1) ai = pi�r(i = r; . . . ; n), and let
bj = qj�1(j = 1; . . . ;m) or bj = �qj�1(j = 1; . . . ;m). Then from (4), we get the
condition Xr;1 = 0. By analogy, we get X1;s = 0. Now, let

ai =0 (i = 1; . . . ; r � 1) ai = pi�r(i = r; . . . ; n);

bj =0 (j = 1; . . . ; s� 1) bj = pj�s(j = s; . . . ;m):

Then, from (4), we get Xr;s � 0. So condition (5) is necessary.

(ii) Let be sj =
nP
i=1

xijai. Then

f(a; b) =

mX
j=1

sjbj = b1

mX
j=1

qj�1sj +

mX
s=2

� mX
j=s

qj�ssj

�
Lq(bs�1):

Now, we write xi =
mP
j=s

qj�sxij . Then

mX
j=s

qj�ssj =

nX
i=1

� mX
j=s

qj�sxij

�
ai =

nX
i=1

xiai

=a1

nX
i=1

pi�1xi +

nX
r=2

� nX
i=r

pi�rxi

�
Lp(ar�1)

=a1X1;s +

nX
r=2

Xr;sLp(ar�1):

For s = 1, we have

mX
j=1

qj�1sj = a1X1;1 +

nX
r=2

Xr;1Lp(ar�1):

So,

F (a; b) = a1b1X1;1 + b1

nX
r=2

Xr;1Lp(ar�1) + a1

mX
s=2

X1;sLq(bs�1)

+

nX
r=2

mX
s=2

Xr;sLp(ar�1)Lq(bs�1):



156 Josip E. Pe�cari�c

Based on (5), it is evident that (4) holds.

Analogously we can prove (b).

Remark. For p = q = 1, we have the result from [2].

Analogously to the previous proof (see also [3]), we can prove the following
theorem:

Theorem 3. Let aj = (aj1; . . . ; ajn) (j = 1; . . . ;m) be real sequences and

let xj1 . . . jm(jk = 1; . . . ; nk; k = 1; . . . ;m) be real numbers. Then necessary and

suÆcient conditions for the numbers xj1 . . . jm, for the inequality

n1X
j1=1

� � �

nmX
j1=1

xj1 . . . jma1j1 � � � amjm � 0

to hold for every pj-monotone sequence aj such that aj1 � 0 (j = 1; . . . ;m) are

n1X
j1=s1

� � �

nmX
jm=sm

p
j1�s1
1 � � � pjm�smm xj1 . . . jm � 0

for jk = 1; . . . ; nk; k = 1; . . . ;m.

Remark. For p1 = � � � = pm = 1, we have the result from [3].

3. Now, we shall give a generalization of Theorem A.

Let us consider a triangular matrix of real numbers (pn;i) (where = 0; 1;
. . . ; n; n = 0; 1; . . . ). Let us de�ne the sequence (�n), for a given sequence (an) by

(5) �n =
nX

j=0

pn;n�jaj :

Then the following theorem holds:

Theorem 4. A necessary and suÆcient condition for the implication

(an) 2 Kp ) (�n) 2 Kq

to be valid, for every sequence (an), where the sequence (�n) is given by (5), is that
the following conditions, for every n,

dn;n � qdn�1;n�1 = 0; dn;n�k � qdn�1;n�k�1 � 0 (k = 1; . . . ; n� 1)

dn;0 � 0;

hold, where

dn;k =
kX

j=0

pk�jpn; j:
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Proof . We have

Lq(�n�1) = �n � q�n�1 =

nX
j=0

pn;n�jaj � q

n�1X
j=0

pn�1;n�1�jaj =

nX
j=0

wjaj

where wj = pn;n�j � qpn�1;n�1�j(j = 0; 1; . . . ; n � 1) and wn = pn;0. Using
Theorem 1, we obtain Theorem 4.
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