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INVARIANCE OF SPECTRAL TYPE OF A STOCHASTIC PROCESS

WITH RESPECT TO TRANSFORMATION OF TIME

R. Pa�zanin

The problem of isometric for families of subspaces respectively the problem
of invariance of spectral type of a stochastic process with respect to linear trans-
formation is discussed in [5] and [8]. For a process fx(t); t 2 Ig which has a
discrete spectral type it was proved in [8] that the families fHt(x); t 2 Ig and
fHt(y) = AHt(x); t 2 Ig are isometric if A : H(x) ! H(y) is a bounded linear
transformation with a bounded inverse A�1 : H(y)! H(x).

In this work we shall solve the problem of spectral type invariance of a sto-
hastic process with respect to a transformation of time, that is we shall give the
answer to the question:

Which properties of a continuous nondecreasing function ', which maps
the interval I1 = [t1;1i onto I = [t0;1i, assure that the stochactics processes
fx(t); t 2 Ig and fy(t) = x('(t)); t 2 I1g have the same spectral type?

In the �rst part of the article we shall state some known results from the
theory of spectral multiplicity of stochastic processes, which will be used in further
work. In the second part the formulated problem is solved under the assumption
that ' maps I onto I , �nally the third part deals with general problem.

I. Stochastic process of the second order fx(t); t 2 Ig; I = [t0;1i; (Ex(t) = 0
and Ejx(t)j2 <1) can be considered as a curve in the Hilbert space H of random
variables y with Ey = 0; Ejyj2 <1. The inner product in H is (y1; y2) = Ey1 � ~y2.

The process fx(t); t 2 Ig is represented by the subspace

Ht(x) = Lfx(s); s � tg;
H(x) = H1(x); Ht0(x) =

\
t2I

Ht(x)

Suppose that

(A) H(x) is a separable space and
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(B) Ht0(x) = 0 (that is: the process fx(t); t 2 Ig is purely nondeterministic).

Then the stochastic proces fx(t); t 2 Ig has the Hida-Cram�er representation
([5]):

(1) x(t) =

NX
n=1

tZ
t0

gn(t; u)dzn(u); t 2 I;

where:

|
NP
n=1

tR
t0

jgn(t; u)j2 dF x
zn(u) <1 t 2 I ;

| N � 1 is the multiplicity of the process;

| (fzn(t); t 2 Ig)n=1;N is a sequence of mutually orthogonal stochastic
processes with orthogonal increments;

| t! F x
zn(t) = kzn(t)k2; t 2 I , are the distribution functions which induce

the measures ordered in the sense of absolute continuity belonging to the spectral
type of process.

(2) dF x : dF x
z1 � dF x

z2 � � � � � dF x
zn ;

| the family of functions f(gn(t; u); u � t); n = 1; N , the parameter t 2 Ig
is complete in the space L2(dFz1 ; I) in sense of de�nition 2 [5].

The most important result for application of spectral multiplicity theory in
Hilbert spaces in the theory of stochastic processes is given in [1] and [5]. It says:

For given sequence of spectral types:

dF : dF1 > dF2 > � � � > dFN ; N �1;

there exists a stochastic process fx(t); t 2 Ig of second order, which satis�es the
conditions (A) and (B) and which has spectral type dF .

In [1] it is shown that there exists even an harmonic process fx(t); t 2 Ig for
which dF x = dF . It is proved (also in [1]) that the spectral type of a stohastic
process fx(t); t 2 Ig is uniquelly determined by the correlation function, de�ned
by:

(3) rx(u; v) = Ex(u) � x(v) = (x(u); x(v)) u; v 2 I:

The converse of that theorem in general case is not true, because two sto-
chastic processes with equal spectral type can have di�erent correlation functions.
The spectral type

dF y : dF y
z1 > dF y

z2 > � � � > dF y
zM ; M � 1;

of the process fy(t); t 2 Ig is equal to the spectral type (2) of a stochastic process
fx(t); t 2 Ig if

(4) M = N and dF x
zn = dF y

zn for every n = 1; N:



Invariance of spectral type of a stochastic process with respect to... 143

With Pt we shall denote the projector fromH(x) onto the subspaceHt(x); t 2
I . If z 2 H(x) then fz(t) = Ptz; t 2 Ig is a process with orthogonal increments
(see [1]).

II. In this part as was said at the beginning of the article, we shall study
the equality problem for spectral types of the processes fx(t); t 2 Ig and fy(t) =
x('(t)); t 2 Ig for the case where the continuous nondecreasing function ' maps
the interval I onto itself.

First we shall discuss processes with orthogonal increments.

Let t! Fzn(t) = kzn(t)k2; t 2 I , be the distribution function of a stochastic
process fz(t); t 2 Ig with orthogonal increments, so that this function induces the
measure which belongs to its maximal type dFz (the multiplicity of this process in
N = 1).

Let's de�ne a new stochastic process fy(t); t 2 Ig with the equality:

y(t) = (z Æ ')(t) = z('(t)); t 2 I;

where ' : I ! I is a nonrandom continuous nondecreasing function. It is not hard
to show that fy(t); t 2 Ig is also a stochastic process with othogonal increments.
The distribution function of this process has the form:

Fy(t) = ky(t)k2 = kz('(t)k2 = Fx('(t)); t 2 I:

From this equality it follows:

mFy (B) =

Z
B

dFy(t) =

Z
B

dFx('(t)) = mFy ('(B))

for any Borel set B � I .

It follows from theorem 1 given in [7] that the distribution functions t !
Fz(t) and t ! Fy(t); t 2 I generate equivalent measures if and only if continous
nondecreasing functions ' and '�1 : I ! I have the NmFz

property, that is if

mFz(E) = 0 implies mFz('(E)) = mFz ('
�1(E)) = 0 for every mFz negligible set

E 2 BI .
So, the stochastic processes fz(t); t 2 Ig and fy(t) = z('(t)); t 2 Ig with

orthogonal increments wil have the same spectral type if and only if ' and '�1 are
continuous nondecreasing NmFz

functions.

Example 1. Let fW (t); t 2 [0; 1]g be a Wiener process. Measures that
belong to its spectral type dFw are equivalent to the Lebesgue measure. Let ' :
[0; 1]! [0; 1] be a nondecreasing and continuous function. Let's form a new process
fz(t) =W ('(t)); t 2 [0; 1]g. The distribution function of this process has the form

Fz(t) = '(t):

a) If '0 > 0 almost everywhere with respect to Lebesgue measure, we have
dFz = dFw , because the continuity of ' and the condition '0 > 0 a.e. imply
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directly that ' and '�1 are N functions, and this implies the equivalence
m' � m.

(b) If '(t) =

(
2t; 0 � t < 1=2

1 ; 1=2 � t � 1:
; then dFz < dFw because m' < m:

c) If '0 = 0 almost everywhere with respect to Lebesgue measure, then dFw
and dFz are not comparable, because m' is a singular measure with respect
to Lebesgue measure.

Let us now consider arbitrary stochastic processes with multiplicity N = 1.

Theorem 1. Let

(5) x(t) =

tZ
t0

g(t; u) dz(u); t 2 I;

be a proper canonical representation of the stochastic process fx(t); t 2 Ig with
spectral type dF x and let mFz be the measure in this spectral type induced by the
distribution function t! Fz(t) = kz(t)k2; t 2 I. Further, let the stochastic process
fy(t); t 2 Ig be de�ned by the equality

(6) y(t) = (x Æ ') (t); t 2 I:

If ' is a nonrandom continuous nondecreasing function mapping I onto I
and such that ' and '�1 have the NmFz

property, we conclude

(i) dF y = dF x;

(ii) a proper canonical representation of the process fy(t); t 2 Ig is given
by

(7) y(t) =

tZ
t0

g(1)(t; v) dz1(v); t 2 I;

where g(1)(t; v) = g('(t); '(v)) and z1(v) = z('(v)); t0 � v � t <1.

Proof . It follows from formulae (5) and (6) that

y(t) = x('(t)) =

'(t)Z
t0

g('(t)u) dz (u); t 2 I;

ky(t)k2 =
'(t)Z
t0

jg('(t); u)j2dFz(u); t 2 I:
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Since ' is a NmFz function, we may make the substitution u = '(v) (see [2]
x20). We get the equality:

ky(t)k2 =
tZ

t0

jg('(t); '(v))j2 dFz('(v)); t 2 I:

Since the distribution function of the process fz1(t) = z('(t)); t 2 Ig with
orthogonal increments has the form:

Fz1(t) = kz1(t)k2 = kz('(t))k2 = Fz('(t));

we have

(8) mF
z1
(B) = mFz('(B));

for every Borel set B 2 BI .
(9) mF

z1
� mFz ;

because ' and '�1 are NmFz
function by assumption. Now we have to prove that

(7) is a proper canonical representation of the process fy(t); t 2 Ig.
That is, have to show that for each s 2 I the equality:

(10)

s1Z
s0

g(1)(s1; v) f(v)dFz1(v) = 0 for every s1 2 [t0; s]

is possible only if

(11)

sZ
s0

jf(v)j2 dFz1(v) = 0:

It follows from (9) that NmFz
function '�1 is also a NmF

z1
function.

Hence we can make the substitution v = '�1(u) in the integral (10):

'(s1)Z
t0

g(1)(s1; '
�1(u))f('�1(u))dFz1('

�1(u)) = 0 for every

'(s1) 2 [t0; '(s)].

If we now take '(s) = t and '(s1) = t1 the last equality has the form
(according to already introduced notation):

t1Z
t0

g(t1; u)f('�1(u)) dFz(u) = 0; for every t1 2 [t0; t]:
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But this is possible only if

(12)

tZ
t0

jf('�1(u))j2 dFz(u) = 0;

because the family fg(t1; u); u 2 [t0; t], the parameter t 2 Ig is complete in the
space L2(dFz ; t). With the substitution u = '(v) (12) gives (11).

Hence the representation (7) is proper canonical. It follows that the distri-
bution function t ! Fz1(t) induces a measure of the maximal spectral type of the
process fy(t); t 2 Ig. Since mF

z1
� mFz and mFz belong to the maximal spectral

type of the process fx(t); t 2 Ig we have dF x = dF y. Q.E.D.

Example 2. The representation

x(t) =

tZ
0

(2t� u) dw(u); t 2 [0; 1];

is a proper canonical representation of the process fx(t); t 2 [0; 1]g with spectral
type dF x : dFw = dt (see [3])

If : [0; 1]! [0; 1] is such a continuous function that '0 > 0 almost everywhere
with respect to Lebesgue measure on [0; 1], we have with:

y(t) =

tZ
0

(2'(t)� '(v)) dw('(v)); t 2 [0; 1]

a proper canonical representation of a process fy(t) = x('(t)); t 2 [0; 1]g and
dF y = dF x.

This is true by theorem 1, since it is not diÆcukt ti show, that ' and '�1

are N functions.

Now we shall discuss an arbitrary stochastic process fx(t); t 2 Ig with �nal
multiplicity. Let Cramer's representation of this process be given by (1), and its
spectral type by (2). If y(t) = x('(t)) the following claim holds.

Theorem 2. Stochastic processes fx(t); t 2 Ig and fy(t); t 2 Ig will have
equal spectral types dF x = dF y if the continuous and nondecreasing function '
which maps I onto I is such that for every n = 1; N and for any mFzn|negligible
set E 2 BI the relation

(13) mFzn (E) = 0 mFzn ('(E)) = mFzn ('
�1(E)) = 0

holds. Cramer's representation of the process fy(t); t 2 Ig is given by the equality:

(14) y(t) =

NX
n=1

tZ
t0

g(1)n (t; u) dz1n(u); t 2 I; 1 � N <1;
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where f(g(1)n (t; u))n=1;N = (gn('(t)); '(u))n=1;N ; u 2 [t0; t]g is a family of func-

tions, the parameter t 2 I, complete in the space L2(dFz1 ; t); (fz1n(t) = zn('(t));
t 2 Ig)n=1;N is a sequence of mutually orthogonal processes with ortogonal incre-

ments and �nally

(15) t! Fz1
1
(t) = kz11(t)k2; . . . ; t! Fz1

N
(t) = kz1N(t)k2; t 2 I;

are the distribution functions inducing the measures belonging to the spectral type

(16) dF y : dFz1
1
> dFz1

2
> � � � > dFz1

N
; 1 � N <1:

Proof . Since:

y(t) = x('(t)) =

NX
n=1

'(t)Z
t0

gn('(t); u) dzn(u); t 2 I;

it is:

ky(t)k2 =
NX
n=1

'(t)Z
t0

jgn('(t); uj2 dFzn(u); t 2 I:

If we make the substitution u = '(v), what is possible since ' is a NmFzn

function for each n = 1; N (see (13)) we get the equation

ky(t)k2 =
NX
n=1

tZ
t0

jgn('(t); '(v))j2 dFzn('(v)); t 2 I:

Since the distribution functions of the processes fz1n(t) = z('(t)); t 2 Ig; n =
1; N , with orthogonal increments have the form:

Fz1n = kz1n(t)k2 = kzn('(t))k2 = Fzn('(t)); n = 1; N;

it holds:

mF
z1n

(B) = mFzn ('(B))

for every Borel set B 2 BI . Hence:
mFzn � mF

z1n

for every n = 1; N;

because ' and '�1 are by assumption of the theorem NmFzn
functions for every

n = 1; N .

To prove that (14) represents the proper canonical representation of the pro-

cess

�
y(t) =

NP
n=1

yn(t); t 2 I

�
, on the bases propositiion 2 in [10] it is enough to
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show that yn(t) 2 Ht(y) for every t 2 I and n = 1; N . This is true because it
follows from theorem 1, that

yn(t) =

tZ
t0

g
(1)
N (t; u) dz1n(u); t 2 I; n = 1; N;

is a proper canonical representation of the process fyn(t); t 2 Ig.

From the proper canonical representation (1) of the process

�
x(t)=

NP
n=1

xn(t);

t 2 I

�
we see, that xn(t) 2 Ht(x) for every t 2 I and n = 1; N . Since for every t 2 I

there exists s 2 I such that t = y(s) and since it is obvious that H'(s)(x) = Hs(y),
it is

yn(s) = xn('(s)) 2 H'(s)(x) = Hs(y) for every s 2 I; n = 1; N:

So the representation (14) is proper canonical. Hence the distribution func-
tions t ! Fzn(t); t 2 I; n = 1; N induce measures which belong to maximal
spectral types dFz1n of the process fy(t); t 2 Ig. Since mFzn � mF

z1n

for every

n = 1; N , and since mFzn ; n = 1; N , belong to maximal spectral type dFzn of the
process fx(t); t 2 Ig, we have dF z = dF y. Q.E.D.

Remark. Altough the assumption, that the multiplicity N of the process
fx(t); t 2 Ig is �nite was not explicitely used in the proof of the theorem, the
assumption is necessary for the following reason: when N =1 it can happen, that
there is no other function ' but the identity '(t) = t; t 2 I , which satis�es all the
suppositions of the theorem. For example, if the process fx(t); t 2 Ig has a discrete
spectral type, to which the measure of example 8 from [7] belong then, as is shown
in this example it has to be '(t) = t; t 2 I . Hence every transformation '(t) 6= t
would change the spectral type of this particular process.

Example 3. Let h : [0; 1] ! R be an absolutely continuous function with
strictly positive Radon-Nicodym derivative which belongs to L1([0; t]; dt) for every
t 2 [0; 1] and which does not belong to L2(h�; �i; dt) for any interval h�; �i � [0; 1].
Then, as is shown in [4] example 3, stochastic process:

x(t) =W1(t) + h(t)W2(t) + h2(t)W3(t) + � � �+ hN�1(t)WN (t);

t 2 [0; 1]; N <1;

where (fWn(t); t 2 [0; 1]g)n=1;N is a sequence of mutually orthogonal Wiener pro-
cesses, has the spectral type

dF x : dt � dt � � � � � dt| {z }
N|times

:
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If F : [0; 1] !]0; 1] is a continuous function such that F 0 > 0 almost every-
where with respect to Lebesgue measure then F and F�1 are N functions, what
is not diÆcult to show. Hence the stochastic process:

y(t) = x(F (t)) = z1(t) + g(t)z2(t) + g2(t)z3(t) + � � �+ gN�1(t)zN (t);

t 2 [0; 1]; N <1, where zn(t) = Wn(F (t)); n = 1; N; g(t) = h(F (t)), has spectral
type of the form:

dF y : dF � dF � � � � � dF| {z }
N|times

:

and dF x = dF y, follows from theorem 2, since the function F satis�es the condi-
tions of that theorem.

Now we shall construct a function h : [0; 1] ! R with properties mentioned
above. Let:

fn(t) =

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

0 for t = 0

1

n2
p
t

for 0 < t � 1

n

1

n2
q
t� 1

n

for
1

n
< t � 2

n

. . . . . . . . . . . . . . . . . . . . .

1

n2
q
t� n�1

n

for
n� 1

n
< t � 1

be the n-th term of the sequence (fn : [0; 1]! Rn=1;1

Since:

1Z
0

fn(t) dt =
n�1X
k=0

(k+1)=nZ
k=n

1

n2
q
t� k

n

dt =
n�1X
k=0

2
q

1
n

n2
=

2

n5=2
; the series

1X
n=2

1Z
0

fn(t) dt =

1X
n=1

2

n5=2

converges. Also, since (fn)n=1;1 is sequence of nonnegative measurable functions

on the segment [0; 1] the series
1P
n=1

fk(t) converges almost everywhere on [0; 1] to

an integrable function f : [0; 1]! R and

1Z
0

f(t) dt =

1X
n=1

1Z
0

fn(t) dt;

([6], VII. x 1, T 11). Let now:

h(t) =

1Z
0

f(u) dy =

1X
n=2

1Z
0

fn(u) dy; t 2 [0; 1]:
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It is obvious that h : [0; 1]! R is an absolutely continuous function with positive
Random-Nicodym derivative, which belongs to the space L1([0; t]; dt) for each t 2
[0; 1]. Let's show that this derivative doesn't belong to the space L2(h�; �i; dt)
that is

�R
�

jhI(t)j2 dt = +1 for arbitrary interval h�; �i � [0; 1]. For any interval

h�; �i � [0; 1] we can �nd such m 2 N that for at least one k 2 N; 0 � k �
m� 1;

D
k
m ;

k+1
m

E
� h�; �i.

Since it is:

(k+1)=mZ
k=m

du

m4
�
u� k

m

� =
1

m4
lim
A! k

m

k+1
mZ
A

du

u� k
m

= +1

we have

�Z
�

jhI(t)j2 dt =
�Z
�

f2(t) dt =

�Z
�

� 1X
n=2

fn(t)

�
dt �

�Z
�

� 1X
n=2

f2n(t)

�
dt

�
�Z
�

� mX
n=2

f2n(t)

�
dt =

mX
n=2

�Z
�

f2n(t) dt �
k+2
mZ

k=m

dt

m4
�
t� k

m

� = +1;

what we had to show.

III. Now we shall discuss the problem of invariance of spectral type of the
process fx(t) : t 2 Ig with respect to a transformation ', which maps I1 onto I .

Since in the case when I1 6= I the spaces on which measures belonging to
spectral types dF x and dF y are de�ned are not the same , we shall use the following
de�nition, which allows us to compare them.

Definition. Let:

dF x : dF x
1 > dF x

2 > � � � > dF x
N ; 1 � N �1;

dF y : dF y
1 > dF y

2 > � � � > dF y
M ; 1 �M � 1;

be spectral types of stochastic processes fx(t); t 2 Ig; fy(t); t 2 I1g and let
mFxn ; n = 1; N; (mFym ;m = 1;M) be the measures belonging to spectral types

dF x
n ; n = 1;M; (dF y

m; m = 1;M). Besides, let ' be a linear function, which maps
I onto I1.

(a) We shall say that the spectral type dF x
n is l-subordinated (l-equivalent)

to the spectral type dF y
n if the measure mFxn

is l-subordinated (l-equivalent) to the
measure mF yn in the sense de�nition 2 in [7].

(b) For stohastic processes fx(t); t 2 Ig and fy(t); t 2 I1g we shall say that
they have l-equivalent spectral types if M = N and if for every n = 1; N; dF x

n is
l-equivalent to the spectral type dF y

n .
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If I1 = I the de�nition of subordination and equality of spectral types of
stochastic processes, given in part I is equivalent to the just cited de�nition, this
follows from the de�nition 2 in [7] and the comment given there.

Since l-equivalence of spectral types is de�ned in terms of l-equivalence of
measures belonging to them and since l-equivalence of measures is de�ned in terms
of the "common\ equivalence by introducing the function '1 = 'Æ : I ! I , which
inherits all the properties of ' : I1 ! I that are important for the measurability
of transformed sets (because l is an aÆne transformation it doesn't change the
structure of sets with respect to L{S measures) we can conclude:

All the results that we get in case when ' maps I onto I are true in the
case when ' maps I1 onto I . Only the terminolgy is slightly changed. For example,
theorem 2 would read like this:

Stohastic processes fx(t); t 2 Ig and fy(t) = x('(t)); t 2 I1g have l-
equivalent spectral types if the nonrandom continuous nondecreasing function
' : I1 ! I is such, that functions '1 = ' Æ l and '�1 : I ! I have the NmFzn

|

property for every = 1; N .
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