
PUBLICATIONS DE L'INSTITUT MATH�EMATIQUE
Nouvelle s�erie, tome 30 (44), 1981, pp. 17{23

ON SOME BASIC PROPERTIES OF THE

KOLMOGOROV COMPLEXITY

Dragan Banjevi�c

Abstract. A. N. Kolmogorov in 1964 de�ned the notion of complexity of a �nite word (see
[1,2]). Some authors de�ned later some other kinds of complexity (see [2, 5{13]). Some basic
properties of the Kolmogorov complexity are considered in this paper. Notations, de�nitions and
statements used in this paper are mostly from [2].

0. Let us consider the set S of all �nite words over f0; 1g. By de�nition � 2
S; �-empty word. The lenght of word x = a1a2 . . .an; ai 2 f0; 1g will be denoted
by l(x) = n; l(�) = 0. In the sequel the following one-to-one correspondence of the
set S onto the set f0; 1; 2; . . .g will be made use of:

word � 0 1 00 01 10 11 000 001 010 011 . . .
number 0 1 2 3 4 5 6 7 8 9 10 . . .

or x = a1a2 . . . an $ 2n � 1 +
nP
i=1

ai2
n�i. For example x = 00 � � � 0 $ 2n � 1; y =

11 � � �1 $ 2(2n � 1); l(x) = l(y) = n. The symbol x will denote both the word
and its corresponding number. For two functions F; G on S we write F � G
when (9c)(8x 2 S)(F (x) � G(x) + c) and F � G when F � G and G � F . The
concatenation of words x and y we denote by xy. One-to-one function � : S2 ! S
is called the numeration of S2. Denote by x Æ y = �(x; y). For x = a1a2 . . . an let
�x = a1a1a2a2 . . . anan 01 and � = 01. Then x Æ y = �xy is one numeration of S2.
We have

l(�xy) = 2l(x) + 2 + l(y) � 2l(x) + l(y);

l(x) � log2 x:

Lemma: There is no numeration such that l(x Æ y) � l(x) + l(y).

Proof : Let the function � be a numeration and (9)(8(x; y))(l(xÆy) � l(x)+
l(y) + c). Let

Sk = f(x; y) : l(x) + l(y) + c = kg; S0k = fx Æ y : l(x Æ y) � kg
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Denote by jAj the number of elements in A. Then

jSkj = 2k�c(k � c+ 1); jS0kj � 2k+1 � 1:

For k suÆciently large jSkj > jS0kj. On the other hand ((x; y) 2 Sk) )
(x Æ y 2 S0k) implying jSkj � jS0kj, which is contradiction. N

Notice that if x Æ y = l(x)xy and " > 0, then

l(x Æ y) � l(x) + l(y) + 2 log l(x) � (1 + ")l(x) + l(y):

1. In what follows all considered functions F; G; H; �; . . . are partial recur-
sive functions. Following Kolmogorov, we de�ne the complexity of word x with
respect to F 1; F 1 : S ! S by

KF 1(x) = minfl(p) : F 1(p) = xg;

where by de�nition min ? =1.

The conditional complexity of x, given y, with respect to F 2; F 2 : S2 ! S
is

KF 2(x=y) = minfl(p) : F 2(p; y) = xg:

Kolmogorov and Solomono� proved (see [2]) that there exist optimal functions
F 1
0 ; F

2
0 (but not unique) such that for any functions F 1; F 2

KF 1
0
(x) � KF 1(x); KF 2

0
(x=y) � KF 2(x=y):

The complexity of x with respect to a �xed optimal function F 1
0 (F

2
0 ) we shall

call simply the complexity of x and denote by K(x)(K(x:y)). We denote by px(p
y
x)

any program for which F 1
0 (px) = x; l(px) = K(x)(F 2

0 (p
y
x; y) = x; l(pyx) = K(x=y)).

We can de�ne programs px and pyx uniquele, but those functions of x and y are
not recursive in general. On the other hand there is an e�ective procedure for
computing px given x; K(x): Use the algorithm for computing F 1

0 and let it to t
operations on words p; l(p) = b; t = 1; 2; . . . (for details see Remark 0.1. [2]).
Then we de�ne the recursive function J(a; b) which equals to the �rst p for which
F 1
0 (p) = a, and then px = J(x;K(x)). In the same manner we can de�ne pyx. In

the following we assume px = J(x;K(x)).

The complexity satis�es some basic properties [2]):

(1) K(x=�) � K(x); K(x=y) � K(x) � l(x),

(2) K(F (x)) � K(x),

(3) lim
x!1

K(x) =1,

(4) jK(x+ h=y)�K(x=y)j � 2K(h) � 2l(h),

(5) n � maxfK(x) : l(x) = ng � n,

maxfK(x=l(x)) : l(x) = n � ng,

and in general, for arbitrary set N , and arbitrary y
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maxfK(x=y) : x 2 Ng � l(jN j)� 1 � log jN j.

We give some other properties of the complexity in the following.

(a) K(pyx) � l(pyx) = K(x=y),

K(pyx) � K(p); p such that F 2
0 (p; y) = x. N

(b) If F (x) � G(x), then K(F (x)=y) � K(G(x)=y); K(y=F (x)) �
K(y=G(x)).

Proof : We can prove (b) using (e) in the following. F and G are not neces-
sarily recursive. N

(c) K(F (x)=y) � K(x=G(y)),

K(F (x; y)=y) � K(x=y). N

If, for �xed y; F is one-to-one function of x, then K(F (x; y)=y) � K(x=y).
For example K(xy=y) � K(x=y).

(d) K(x=y) � K(jx� yj=y) � K(jx� yj),

K(x=pyx) � K(y). N

(e) jK(x+ h=y + l)�K(x=y) � 2K(�hl),

I(y : x) = K(x)�K(x=y) � 2K(y). N

(f) For any numeration and any F

K(F (x; y) � K(x Æ y). N

For example K(x Æ y) � K(�xy), and maxfK(x);K(y)g � K(x Æ y).

Remark 1.1. K(�xy � K(x) +K(y) is not valid but K(�xy) � K(x) +K(y) +
2 log minfK(x);K(y)g. We see that the function x Æ y = P �xy is a numeration of
S2 and l(x Æ y) = K(�xy), which implies (in view of Lemma in 0.) that K(�xy) �
l(x) + l(y) is not true, and then K(�xy) � K(x) +K(y) does not hold neather. On
the other hand K(x) + K(y) � K(�xy) is not valid because in the opposite case
for x = y we have 2K(x) � K(�xx) � K(x), or K(x) � 0. For the proof of the

second inequality it is suÆcient to consider programs l(px)pxpy and l(py)pypx with
respect to speci�ed function G. It is interesting that K(xy) � l(x) + l(y) but
K(xy) � K(x)+K(y) does not hold(consider previous remark and K(�x) � K(x)).

N

(g) �(n) = minfK(x) : l(x) = ng � K(n) � log n.

Proof : Let K(l(x)) � K(x)+ c1; K(2x� 1) � K(x)+ c2, folowing (2). Then
K(n) � �(n) + c1 � K(2n � 1) + c1 � K(n) + c1 + c2. N

(h) Let Am = fx : K(x) � mg; Bm = fx : K(x=m) � mg. Then: (i)
m� 2 log m � log jAmj � m, (ii) log jBmj � m.

Proof : (i) We have immediately jAmj � 2m+1 � 1. Let for given p = �ab; x =
G(p) be such that: We choose the set A of exactly b words y such that K(y) � a
(see Theorem 1.6) in [2]), and x = G(p) is the �rst y such that y 62 A. Then, if
a = m: b = jAmj, we have x = G(p) 62 Am, and
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m < K(x) � KG(x) � l(p) � log jAmj+ 2 log m. N

(j) lim
y!1

K(x=y) � 0 is not true (compare (3)), but

lim
y!1

inf K(x=y) � 0.

Proof : Let (9c)(8x)(9y0)(8y � yo)(K(x=y) � c). Then l(pyx) � c and the
number of such programs is at most N = 2c+1 � 1. Let M > N and consider
0 < x1 < x2 < � � � < xM . Let yi is chosen such that for y � yi; K(x=y) � c.
Let y0 = maxfy1; y2; � � � ; yMg, then for arbitrary y � y0; F 2

0 (p
y
xi
; y) = xi; i =

1; 2; � � � ;M . and programs pyxi are all di�erent, which is a contradiction. It means
that (8c)(9x)(8y0)(9y � y0)(K(x=y) � c). It is easy to see that K(x=�xi) � 0 for
all i, or lim

y!1
inf K(x=y) � 0. N

2. The complexity of a sequence of words x1; x2; . . . ; xm, given a sequence
y1; y2; . . . ; yk, with respect to a sequence of functions F = (F1; F2; . . . ; Fm); Fi :
Sk+1 ! S, can be de�ned as

KF (x1; . . . ; xm=y1; . . . ; yk) = minfl(p) : Fi(p; y1; . . . ; yk) = xi; i = 1; 2; . . . ;mg:

It can be shown that there exists an optimal sequence F0 = (F01; . . . ; F0m)
such that KF0 � KF , and we de�ne K(x1; . . . ; xm=y1; . . . ; yk) as the complexity
with respect to F0. In the similar way we can de�ne K(x1; . . . ; xm). It can be
proved that

K(x1; . . . ; xm=y1; . . . ; yk) � K(x1 Æ � � � Æ xm=y1; . . . ; yk);(*)

K(x=y1; . . . ; yk) � K(x=y1 Æ � � � Æ yk);(**)

where z1 Æ � � � Æ zj is notation for a numeration of Sj . Considering (�) and (��)
we have K(x; y) � K(�xy); K(x=y; z) � K(x=�yz). Some authors de�ne directly
K(x; y) = K(�xy) (see [5] p. 332, for example). It is easy to show some properties
of the complexity, for example

K(x; F (x)) � K(x); K(x=y; x) � K(x=F (y; z));

K(F (x; y)) � K(x; y); K(F (x); G(y)) � K(x; y);

K(x=y); z) � K(x=F (y); G(z));

jK(x+ h; y + l)�K(x; y)j � 2K(h; l);

K(x; y=l(x); l(y)) � K(x; y=l(x)) � l(x) +K(y=x) � l(x) + l(y);

max fK(x; y=l(x); l(y)) : l(x) = n; l(y) = mg � n+m;

max fK(x=l(x); s(x)) : l(x) = n; s(x) = sg � log

�
n

s

�
;

where for x = a1a2 . . .an; s(x) =
nP
i=1

ai (it is an immediate consequence of 1.(5),

but see [1, 3, 4]).

We give some other properties.
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(a) K(x; y) � K(px; y) � K(x; y;K(x)) �

� K(px; py) � K(x; y;K(x); K(y)). N

(b) K(y=x; K(x)) � K(y=px) � K(y=x). N

(c) K(x=z) � K(x=y; K(y=z)) + 2K(y=z),

(K(x=z) � 2K(x=y; K(y=z)) +K(y=z), N

(d) K(x; y) � K(x) + 2K(y=x); K(x)),

K(x; y=K(x)) � K(x) +K(y=x; K(x)). N

If we put z = � in (c) we have

�2K(y=x) � �2K(y=px) � K(x)�K(y) � 2K(x=py) � 2K(x=y):

Remark 2.1. Theorem 1. (Levin) in [12] states that KP (x; y) � KP (x) +
KP (y=x;KP (x)) (also see Th. 5.1. (b) in [5]), where KP (x) is some variant
of complexity (see [5, 10-13]). But for the Kolmogorov complexity K(x; y) �
K(x)+K(y=x; K(x)) is not valid. We shall prove (8c)(9(x; y))(K(x)+K(y=px) �
K(�xy) + c). Following 1. (5) (8l0)(9x)(l(x) = l0; K(x=l0) � l0 � 1). In view of 1.

(1) and 1. (2), (9c1)(8x)(l(x) � K(x)� c1); (9c2)(8x) (K(x) � Kl(x)x)� c2) and
following 2. (a) (9c3)(8(x; y))(K(�pxy) � K(�xy)� c3).

Let x be chosen such that for �xed c; l(px) = K(x) � c + c1 + c2 + c3 + 1.
Let y be chosen such that l(y) = l0 = px, and K(y=l0) � l0 � 1 = l(y)� 1. Then

K(y=px) � l(y)�1 � K(y)�c1�1 � K(l(y)y)�c2�c1�1 = K(�pxy)�c2�c1�1 �
K(�xy)� c3 � c2 � c1 � 1 and K(x) +K(y=px) � K(�xy) + c. N

(e)

(i) min fK(px=x) : l(x) = ng � 0,

(ii) log n� log log n � max fK(px=x) : l(x) = ng � log n,

(see Theorem 2. in [12] and Theorem 5.1. (f) in [5].)

Proof : Basic ideas for proving follow the proof of Theorem 2. in [12]. We
have

K(px=x) � K(K(x)=x) � l(K(x)) � l[l(x)]:

(i) Let K(x) � l(x) + c, and A = fx : jK(x)� l(x)j � cg.

Following 1.(5), we have (8n)(9x)(l(x) = n; x = A). Then by 1. (c) and 1. (d), for
x 2 A; K(K(x)=x) � K(K(x)=l(x)) � l(jK(x) � l(x)j) � l(c), or min fK(px=x) :
l(x) = ng � 0.

(ii) Let r = r(n) = max fK(px=x) : l(x) = ng. Then r � log n, and
(8x; l(x) = n)(9p)(l(p) � r; F 2

0 (p; x) = px). Let Mi = fx : l(x) = n and for at least
i programs p; l(p) � r; F 1

0 (F
2
0 (p; x)) = xg; i = 1; 2; . . . . Then jM1j = 2n; M1 �

M2 � � � � �Mj �Mj+1; Mj 6= ?; Mj+1 = ?, and 2r+1 � 1 � j or r � log j.

We shall prove by induction that log jMij � n� (i� 1)(3 log n+ k); i = 1:2; . . . ; j,
where k|constant. For i = 1, the proposition is valid.



22 Dragan Banjevi�c

Let the function G be de�ned for programs p of the form p = l(a)l(b)l(c)l(d)
abcde, in the following way:

I Let the algorithm for computing F 1
0 (F

2
0 (p; x)) do t operations on words

x; l(x) = a, and programs p; l(p) � b (see Remark 0.1. in [2]), t = 1; 2; . . . . We
stop the computation when we get exactly e words x such that for at least c+ 1
programs p F 1

0 (F
2
0 (p; x)) = x.

II From the set of the remaing 2a � e words x, we take the �rst word x
such that for exactly c programs pF 1

0 (F
2
0 (p; x)) = x, and minfl[F 2

0 (p; x)]g �
log[2a�(c�1)(3 log a+'(d)) � e] � 2, where '(d)d = d + log d + 2 log log d + B; B
an absolute constant.

Now, let K(x) � KG(x) + A. Suppose that log jMij � n� (i � 1)(3 log n+
'(A)) = mi. Then jMi�Mi+1j = jMij�jMi+1j � 2mi�jMi+1j. If 2

mi�jMi+1j � 0
is true, then jMi+1j � 2mi+1. Supose that 2mi � jMi+1j > 0. Then in Mi �Mi+1

there exists x such that K(x) � log[2mi�jMi+1j]�2, and we can get such x if we
compute G(p) for a = n; b = r; c = i; d = A; e = jMi+1j. Then log[2

mi�jMi+1]�
2 � K(x) � KG(x)+A � l(p)+A � log jMi+1j+3 log n+A+log A+2 log log A+D,
and log jMi+1j � n� i(3 log n+ '(A)); B = D + 3.

In the same manner we have 2mj+1 � 0 or j � n
3 log n+'A and r � log j �

log n� log log n. N

For example, using (e), we have (8c)(9(x; y))(K(y=x) � (K(y=px) + c) (put
y = px).
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