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Let (Q,-) be a loop with the property:
(G) For every loop (H,x), if loops (Q,-) and (H,*) are isotopic, they are isomor-
phic.

A loop (@, -) with the property (G) is called a G-loop [1].

By Albert’s theorem, any group is a G-loop. A useful characterization of
G-loops was given by V. D. Belousov [1] in terms of derived operations.

Let (@, -) be a quasigroup, a € Q). The operation .- of the set () defined by

To Yy =0 (T 0ay)
is called the left derived operation determined by a [1]. Analogously, the right
derived operation determined by a is defined by

x'a?/:A;l()\am'y)

V. D. Belousov obtained the following result.

A loop (Q,-) is a G-loop if and only if (@, ) is isomorphic to all its left and
all its right derived operations.

We establish here an analogous result for n-ary quasigroups. Previously, we
give some definitions. The notation is standard in quasigroup theory [2]. If (Q, A)

. . _ i— _ _ de i—
is an n-ary quasigroup, and @ = aj la?H € Q" !, then L;(a)x < Alai™ apy ).

Definition 1. Let (Q, A) be an n-ary quasigroup, and a € Q"~!. The n-ary
operation of the set () defined by

Al@e)) Y LT @ AL @)z, @, [Li@@all_iin)

a=1"

is called the i-th derived operation of A determined by the sequence a,i = 1,... ,n.
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If n = 2, we obtain the left and the right derived operations determined by
the element a of Q:

Ha)A(z, Li(a)y),

Al(w,y) =Ly
y) = Ly (a)A(Lx(a)z, y).

=1L
A (z,y) =L
Since operations A% are isotopic to the operation A, they all are quasigroups,

too.

If (Q,A) ia an n-ary quasigroup, a sequence & = e’fleyﬂ € Q™ ', such that
(Vz € Q)Li(§)r = =,
is called an i—th identity sequence of (Q, A).

LEMMA 1. The n-ary quasigroup (Q,AL) has an i-th identity sequence (i =
1,...,n).

def

Proof. If eq, = L7 (a)as, a € {1,...,n}, a# 1, we have

Al wef) = L7 (@) Aay ™z, afyy) = L (@) Li(a)r = o

(3 (2

The next lemma establishes a connection between derived operations and
pseudo-automorphisms of an n-ary quasigroup [3].

LEMMA 2. A sequence @ € Q"' is a companion of some i-th pseudo-
automorphism ¢ of an n-ary quasigroup (Q,A), if and only if and only if the
quasigroups (Q, A) and (Q, AL) are isomorphic.

Proof. ¢ is an i-th pseudo-automorphism with a companion a.
Li(@)pA(z]) = A([Li(@)pralas, i [Li(@)¢ezalizii)
CpA(z) = Az (a1, ..., pan)
=(Q,4) = (Q, A}).

Definition 2. An n-ary quasigroup (@, 4) is a generalized n-ary loop if for ev-
ery i = 1,...,n there exists an i-th identity sequence &; = [e;q]’_} [Cialn—ii1,€ij €
Q.

Clearly, every n-ary loop [2] with an identity e, is a generalized n-ary loop

with &, =& = "e". In the binary case, every generalized loop is a loop.
€ = § g

LEMMA 3. If (Q, A) is an n-ary loop, then every derived quasigroup (Q, AL)
s a generalized n-ary loop.

Proof. Let (Q,A) be an n-ary loop with an identity, e, and let AL be a
derived operation. By lemma 1, A% has an i-th identity sequence. If f = Li_l(d)e,
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we have for every j, 1 < j <1,

! i—1—j n—i
A%( f )y €L, f ) € f)
j—1 i—1—j n—i
/_’_ 7 -\ N 7 -\ N
= L; '(@)A(Li(@)L; (a)e, Li(@)z, Li(@)L; ' (a)e, e, Li(@)L; ' (a)e)

LY (@)Ale, Li@a,"

(3

e’) =LY (a)Li(a)z =,

(2
hence, A! has a j-th identity sequence, for 1 < j < i.

Similarly we prove that A% has j-th identity sequences for i < j < n, thus,
(Q, A%) is a generalized n-ary loop.

Let (Q,A) be an n-ary quasigroup and let a; = [am]g;ll[am]g:M, 1=
1,...,n, ajq € Q. We introduce the following operation of Q:
ny de 1/ —1/-
gy, (@) E AT @), -, Ly (@n)on),

which is a principal isotop of A. It is easy to verify that (Q, As, .. a, ) is a generalized
n-ary loop with ¢-th identity sequence

& = [La(@a)@ia) 1 [La(@a)aia]heipys i=1,...,m.
If ajo = an, fori=1,... ,n, a # i, then (Q, As,..a,) is an n-ary loop with
identity element e = A(a}). Indeed, then we have Ly (aq)ain = A(al), and if we
put e = A(a}), then &, = "eli=1,...,n.

LEMMA 4. Let (Q,A) be an n-ary quasigroup. For every operation As, .. a,
there exist sequences by,... b, of elements of @ such that (Q,As,..a, and
@, (- (Aﬁ)% - 4-) are isomorphic.

Proof. First, let by,...,b, be arbitrary elements of Q?~'. By definition of
derived operations, we have

(- (Aa)g e )Z(m?) = L;l . -L2_1L1A(L2 -Lpxy, L1 L3+ -Lpxo, ... , L1+ Lyp_12,)
where

Lyx = Ly(by)x = A(, b1z, ... ,bin) <

. . 1

LQ.T = LQ(bQ)ZE = Aa(blg, T,... ,bgn),

. . 1.2 n—1

Ln.’I} - Ln(bn)m = ( . (A—)— . ) (bnla s ;bnn—lam)'

b1’ bs by

By induction on k, we prove

(1) LiLy-+ Ly=LyLy_y -+ Ly, k=2,3,....n,
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where
Lyx = Ly(maba)x = A(7a1b21, @, ..., Tonban),
fnx = Ln(Tnbn)x = A(Tnlbnly s ;Tnnflbnnflam)a

and 7;; are certain bijections of (), which depend only on by, k < i.
First we prove Ly Ly = LyL;. By definition of L., we have
Loz = Ly A(boy, Ly, ..., Lybay)
=L 'Lyl x,
hence, Ly Lo = Lo L.

Next assume that LyLy---Lg_y = Lg_y---LaLy. By definition of Ly, it
follows that ) ) o . .
Ly = L,;_ll oLy "LyLiLy -+ Ly,
which implies . . . .
LiLy---Ly =LgLy---Ly_;.

Hence, by the induction assumption, it follows (1).

Consequently, we obtain

2.2 n
(A2 2
(+45)5 )5
where § = L,, --- Lo Ly. Thus, (Q, (- - (Aﬁ)% ---)%) and (@, Az, ...a,) are isomor-
phic, where

(@) = 6 YA(LT 621, Ty Ows,... Ly 62),

a, = b

Gy = Taby = To1bo1 Togbos - - - Tonbay

Gn = Tnbn = Tn1bni = Tnn—1bnn—1

and 7;; are bijections of the set Q.

Now it follows that for arbitrary @,...a, there exist bi,... by, such that

b1 = (7,1, b2 = Tl_laQ,...bn = Tn_I(ln, and

5(...@%)3...)9(@{‘) = Az, .a, (0z1, ..., 0zy).

by, b

LeEMMA 5. If a generalized n-ary loop (H, B) is isotopic to an n-ary quasi-
group (Q,A), then there exist sequences ai,...,a, of elements of @ such that
(H,B) and (Q, Aa,...a,) are isomorphic.

Proof. Let apt1B(z}) = A(aiz1, -+ ,anxy), and let &, i = 1,... ,n, be
identity sequences of (H, B). Then we have
Qnp1T; = A0neir, ..., 0 1€4 1, 06T;, Qiy1€4i41,. .- , Anin)

= Li(ae;)o;;
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Hence, a;z; = Li_l(a_ei)anJrla:i, t=1,...,n, and
ap+1B(z}) = A(Ll_l(a—ea)anﬂa:l, e ,L;l(aen)anﬂxn).

Thus, (H, B) and (Q, Ager,... 7e7) are isomorphic.
An n-ary loop (Q, A) with the property

(Gy) For every n-ary loop (H,B), if (H,B) and (Q,A) are isotopic, then
they are isomorphic

is called ann-aty G-loop.

Similarly, an n-aty loop with the property

(G))) For every generalized n-ary loop (H,B), if (H,B) and (Q,A) are iso-
topic, then they are isomorphic

is called a G'-loop.

Clearly, the property G!, implies the property G,. As an immediate conse-
quence of definition of a G'-loop, it follows that every generalized loop, isotopic to
a G'-loop is a loop, too.

THEOREM. If (Q,A) ia an n-ary loop, then the following statements are
equivalent:

(i) (Q,A)isaG'-loop

(i) (@, A) is a G'-loop, and every derived quasigroup of (@), A) is a loop.

(iii) (@, A) is isomorphic to every derived quasigroup of (@, Aé), acQ !t i=
Yoy T

Proof . (i) = (ii). Since all derived quasigroups are generalized loops (lemma
3), isotopic to (@, A) they are isomorphic to (@, A). Hence they are loops.
(i) = (iii). Trivially.
(iii) = (i) Let (@, A) be isomorphic to every derived quasigroup (Q,A%), and let
(H, B) be a generalized loop, isotopic to (@, A). By lemma 5, (H, B) is isomorphic
to a principal isotop (@, Az, ...a, ) of the loop (@, A). On the other hand, by lemma
4,(Q, Az, ...a,) is isomorphic to (@, (- (Ag-) & -+ )4), for some by, ... , b, € Q"'
By (iii), (@, A) is isomorphic to (Q, (- - (A%)% --+)%). Consequently, (H,B) is
isomorphic to (@, A). Hence, (@, A) is a G'-loop.

Ezample 1. Let (Q, A) be an n-ary loop satisfying i-th Menger’s laws for all
i=1,---,n [2]. By definition of i-th derived operation, such a loop coincides with
all its derived operations. Hence, it is a G'-loop.

Ezample 2. Let (Q,A) be an m-ary group with identity element e. Ac-
cording to Hosszu-Gluskin’s theorem [2] there is a binary group (Q,-) such that
A(x}) = x1,-...  xyp. A straightforward verification shows that (@, A) is a G-
loop: if apt1B(z}) = auxy - ... - apty, then B(z}) = @z - ... - px,, where
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© = Ae@ni1, c= (aqe,... ,ane) L. Generally, (Q, A) is not a G'-loop. Indeed, let
Q7 be the set of all nonnegative rational numbers. If (z1,z2,73) = 71 - T2 - T3,
then (Q*, A) is a ternary group, with identity element 1, but there exist derived
quasigroups which are not isomorphic to (QT,A). For example, if a = 1,2,
we have Li(a)r = z-2-1 = 2z, Ly (a)z = 27 'z, Al(z,y,2)) = 2zyz, and
(Vr € QY)2zyy = = = y = V/2/2. Hence, (Q, Al) is a ternary group without
identity element, and it is not isomorphic to (QT, A).
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