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¢—ANGELESCU POLYNOMIALS

D. P. Shukla

1. Introduction: The Angelescu polynomial is defined by
An(z) = e*D"e” " A, (2)], (L.1)

where A"T(!z) is an Appell set of polynomials. In a recent commnication I have

studied the polynomial

KE{’) (x) =" e® D"z " Ay (2)], (1.2)
where a is a constant. In the present paper we shall make a stady of a g-Angelescu
polynomial which is an extension of the Angelescu polynomial defined by (1.1),

g-Appell sets were first defined and studeied by Sharma and Chak [2] who called
these sets as g-harmonic. Later on, these sets were studied by Al-Salam [1].

We define g-Angelescu polynomials as

Anq(x) = eq(2q")Dy" [Ey(—z) P ()], (1.3)
where P,(z) is a g-Appell set satisfying the property

Dy{Pn(z)} = [n]Pr—1(2)
and

Dy{f(z)} =

2. Preliminaries: Let « be real or complex and let

[o] = (1 —¢%).
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We shall use the notation

(a;k) = (1—¢%)...(0=g""* "), (a)o =1,
[a] _ (_l)qu(2a—k+1)/2 (—a; k)

k (1;k)
and % tnet))
1 n(n—1)/1¢,. n
101 (a; b; x; 5) = 1 1: (b(%’n)m :
= (L5n)(bin)
Let us recall the well-known formula
[a + b, Z[ ] "k, (2.1)
There are two g-analogues of exponential function e® in common use. They
are
00 . o] CCk
egw) = [[1—q"e)™" = T (2.2)
n=0 k=0 "
and
0 g k=1/2k
E)(z) = nl_[o (1+q"x) Z i (2.3)

where [k]! = [1]...[k].
3. A Generating function for A, ,(z).
By definition
Anyg(2) = eq(2q") Dy [By (=) Po ()]

o] D (B (=) Dy~ {Pa(x)}

= (ﬂfqn)

r=xq"—"

[ } )" g 1)/2E( ")

Mz M-

r=0

x Py(z)[n]ln —1]...[r +1].

Hence, after suitable adjustement, we have the generating relation

n=0 Limn n=0 1 n l_t]n+1

where 10g(n + 1; —;t) is written as {[1 — t],41}7".
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It does not seem possible to express the right hand expression in simpler
terms as in the case of Angelescy polynomials A, (z).

4. A Characterisation for A, ;(z).

We now proceed to give a characterization for the g-Appell polynomial
An.q ().

Sharma and Chak [2] gave the following characterization for the g-Appell
polynomials: —

A polynomial set {P,(z)} is g-Appell, if and only if, there is a set of constants
{ax} such that

P,(z) = z": [n] An_px", ap # 0. (4.1)

k
k=0
Therefore, from (1.3) and (4.1), we have

= eq(an)(_l)nqn(n—l)ﬂ Z(_n; k) [:] qu

k=0

1
X ap—k101 <n +1Lin+1—k—z¢"h 5) .

Using a transformation due to Slater [4], namely,
1
101 (a; ¢; ) H{l/ 1—z¢") 1y (c—ac —xq ,§> (4.3)
we have, from (4.2) that
Ang(@) = (=1)g™ "~ 1/22[ ] —n;k)an 1q" x 101 (=k;n + 1 —k;2q"), (4.4)

where 10, (—k;n + 1 — k; £q™) is a g-Laguerre polynomial.
Thus, we arrive at the characterization that a polynomial A, ,(z) is ¢-
Angelescu, if and only if, there is a set of constants {ak} such that

n

Ang(@) = (=1)"gn=D/2 %" [Z} (=15 k) an—rg" 101 (—k;n + 1 — k; 2q™)
k=0

with ag # 0.
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The form (4.4) will be some times denoted as A, 4(z; an).

Particular Cases
(i) Taking ar =1 in (4.4), we get that

Rna(31) = (-1 ""“”/22[] —n; k)g 10y (—ksn+ 1 - ksag")  (45)

is an g-Angelescu polynomial.
(ii) Next, if we take

a, = (—=1)F¢*(5T3) in (4.4)

we get the g-Angelescu polynomial

Ang (:v; (—l)qu(“%)) = (-1)ng™/? znj [Z} (=5 k)x

y qk(k+%)72nk1@1(_k; n — k + ]-)',I:qn)

This can be alternatively written as

n

Rng (2 (=1 8)) = ey (aq™)g™ /2y [Z} (—n; k) x

k=0

1
X qk(k“‘%)—%kl@l <n +1Ln+1—k—zg" ¥ 5) .

5. Another characterization of ¢g-Angelescy polynomial

We shall now give a characterization of A, 4(z) in terms of moment constants.

Al-Salam [1] has proved the following characterization of g-Appell polynomial:

“A polynomial set {P,(z)} is a ¢-Appell set, if and only if, there is a function
B(z;q) = B(x) of bounded variation on (0, 00) so that

o0

b, = / z"df(z), exists for all n =0,1,2,...,b9 #0, (5.1)

0

0\8



g-Angelescu polynomials 209

Using (5.2), we have

An (@) = F4(xq¢™)Dy / x + t],dp(t)
0

= eq(zq") zn: [Z] /tkdﬁ(t)an[Eq(_m)l'nik]
k=0 o

n

n n n n—
= e,(eq") Y [} | beDy"[By(~2)a" ]
k=0
k(k—1)/2

= (Liney(wq”) Z HWX
L1
x 101 n+1;k+1;—mq;§ .

The above expression for A, () can also be written in the alternative form
[using 4.3]

— " bugk(k=1)/2
Ang() = (1;n) Z(_l)k [Z] kq(l_ik)ﬂh(k —-n;k+ 1;z¢").

k=0

Thus, we have the characterization that a polynomial set A, () is a ¢-
Angelescu set, if and only if, there exist constants by, such that there is a function
B(x) of bounded variation on (0,00) so that

(o)

b = / dB(x),  n>0, by A0,
0
with - . » R
Anyg(z) = (1;n) Z(—l) [k] Wlﬂl(k—n;k‘—l—l;xq”).
k=0 ’

6. Transformation relations of certain particalar ¢- Angelesca polynomial

Counsider the polynomials (4.4)

n

Ang(z;1) = (=1)gn(n=1/2 Z [Z} (—n;k)101(k —n;n + 1 — k; zq™) (6.1)
k=0

Using the following known transformation due to Slater [4], namely

b
Onasb+152) = S (00 (0sb50) — 11— 15’ )
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on the right hand side of (6.1), we get

A-a"@" -1 (—1)ngn(n=1/2

Angl(x; 1) = - An—1q(zg;al,_;) — L
n
X Z [Z] (_n§ k')(]- - qnfk)qklﬂl(—k —1;n— k;mqn+k+1),
k=0
where a!,_; = ﬁ‘

Similarly from (6.1) and using Slater’s [4; 2.1, 2.2, 2.6] transformations we

get
- . _(—l)nqn(n+1)/2 [ . k 1—k
An,‘l(wvl)_ (q—q”“) z;|:k?:|( n7k)q (1 q )X
x101(2 — kyn — k + L;2¢")+
(12— 1) g . -
TR ,CZO[/J( m W (1= ki — k4 Lrg")+
(¢" + ¢ = (=1)"g"D2 I " : "
+ = 1) ,;)[k]( n; k)" 101 (1 — kyn — k + 1;z¢"),
n k
x 1\ — (_1\n,n(n—1)/2/, n+3 _ ni. q
/\n,Q(m)l)_( 1) q (q Q)kzzo[k]( nak)(qn+1_k_1)x
x101(=k —2;n — k+ 1;2¢")+
1y (n=1)/2 n—1/2 —~n o mk) on
+(-1)"q 7" (q w)lg[k] (qnﬂ,k_l)l(lh( k—1in—k+12q")+
n k
_1\n n(n=1)/2/,  n+2 _ n+t+3 n (_n)k)q 1.
+(-1)"q (g—q q )kz::()[k_]i(qu_l_k_l)lwl( k-1,
n—k+1;zq")
and
N (_1)nqn(n71)/2 n n . .
Apglz;l) = ————— —n; k -1 —q¢")x
@) = ;}[,ﬁh )" = 1)(d" - ")
x101(=k+ 1;n — k;2¢")+
(=g V2 S~ . E_ .n . nky\k
T L) (I — ) D - et

X101 (=k;n — k;zq™)

respectively.
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7. An integral involving A, ,(z).

We now proceed to derive the value of a general integral involving A, 4(z).
In particular, depending on the orthogonality of the Appell polynomial, assume
that g-Appell polynomial P, (x) is orthogonal in the interval («, 8) with respect to
a normalized weight function w(z). Consider then the integral

T m

B 8
/w(w)ﬂn,q(m)ﬂmﬂ(w)dw = /w(x) Z [:} [TZ] (—1)rHsgrr=D/2

r=0 s=0

(7.1)

«

% QS(S—I)/Qpr(x)PS(g;)(r + 1;n)(s + 1;m)dz

Using the assumed orthogonality property for P, (z), we get

g min(m,n)
[ e@ R @Rag@de = > [1] 7] (-0t

% qr(r—l)/2+s(s—1)/2(r + l,n)(s + 1;m)

=0, otherwise.

As for example, consider the ¢-Appell polynomial H,,(z), defined as

Ho(z) =" m k.

n
k=0

Since the set H,, (—xq_%) is orthogonal over the unit circle with respect to

the weight function

FO) =3 ¢ gl <1,

n=—oo

we have from (7.1), using orthogonality condition for H,, (—zq_%)

Jz|=1

min(n,m)
—K Y [ [M] ot i s+ 1im)

r=s=0

= 0, otherwise.

where K = 1 if f(z) is a normalized weight function, otherwise K is a suitable
constant.
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8. Still another integral involving an orthogonal ¢-Appell polyno-

mial and A, ().

Again considering a set of g-Appell polynomials P, (z) orthogonal with respect
to a normalized weight function w(z) ower the interval (o, 8) we have

¢
/ w(x) P () A g (z)dx

n
=0

<

B ’
- /w(x)Pm(m) S [ a2+ 1m) P e,

Again using the orthogonality property for P,(z), we have

B
/w(m)Pm(a:)Wn,q(m)dm =0; if m>n

(=)™ " V2 1;n); m=n
(=1)™g™™ D2 (i, + 1;0) m < n.
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