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ON (N, P,) AND (K, 1,a) SUMMABILITY METHODS

Vinod K. Parashar

1.1 Let Xa,,' be a given infinite series with the sequence of partial sums {s}.
The Cesaro transform of order a of Xa,, is defined by

(1.1.1) s =S4 a> -1,

where S5y and A% are by the relations;

n

Se = Xn: Ar ay =) AnTLS,;
v=0

v=0

(1.1.2) YooAt=(1-x), (2] < 1)

n=0
The series Ya,, is said to be summable (C, @) to s, if s — s, as n — oo, [2].
The series Ya, an is said to be summable (K, 1,a) to sum s, [5] if the series

™

o0 .
1.1, = B! gt a / SR
n= +

converges in some interval 0 < ¢t < to and lim;—, 1o f(a,t) = s, where

/2 a=-1
B, =X (a+1)tsinfa+)7r/2 —1<a<0
1 a=0

where a = —1, the method (K, 1, «) reduces to the method (XK, 1) [11].

Lunless or otherwise stated ¥ denotes 5.
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The method (K, 1, a) is not regular when —1 < a <0 [5].

Let {p.} be a sequence of constants, real or complex, such that

n
Py=) P,#0, P.y=p_=0,

v=0

and let us write

Ty
1.14 ty = =
(L1.4) 5

The series Xa,, is said to be summable (N, P,,) to sum s, if lim, o t,, exists
and is equal to s ([7], [10]).

In the special cases in which

_(n+a-1\  T(n+a) _
e s o

w1 (o)t >

pnlogn, as n — 00,

The (N, p,) summability reduces to (C,a) summability, o > —1, [3] § 5.13 and
harmonic summability methods [3], § 5.13 respectively.

The conditions for the regularity of the method of summation (N, p,,) defined
by (1.1.4), are

(1.1.7) lim £r =,
n—oo n
and
n
(118) S Ipel = O(pa), a5 n - 00, (see [3]).
v=0

If p,, is real, non-negative and monotonic non-increasing, the conditions of
regularity (1.1.7) and (1.1.8) are autcmatically satisfied and the method (N, py,)
is then regular and hence the harmonic summability method is also regular. It is
known that summability (IV, 1/(n+1)) implies summability (C,«) for every a > 0.

1.2. We set

(1.2.1) (Spptn) = Xepa” (lz] < 1; Co=1)
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Then from (1.1.4) and (1.2.1), we get

(122) Spn = chfvTv
v=1
(1.2.3) an =Y cno(Ty = Tyy).
v=1

In what follows we take ag = 0, so that Ty = 0.

2.1. Giving relation between (N, p,) and (R, 1,a) summabilties recently the
authors [2] have proved the following theorem:

THEOREM A. Xa, is (N,p) summable and if

n

(2.1.1) Op = Z T — Th_1| = O(Py),
k=1

then the series Yay, is summmable (R,1,a) for —1 < a < 0, provided that p, is a
non-negative, non-increasing sequence such that P, — oo, and

— 1

(2.1.2) > |Cl=0 (P_n> , n > 0;

k=n+1

— Py_p, P,
2.1. — = — > 1
(2.1.3) kg;lk(lle) O<n>’ =

"1 n
(2.1.4) 7 =0 (P_n> ;
k=0
(2.1.5) for a positive number p and n = [ut™'],7 = [t7']
P, = O(P,P;).

It has been proved by Izumi [6] that for Fourier series, summability (K, 1) is
equivalent to summability (R;). Since it is known that for Fourier series summabili-
ty (R, 1) and (R;) are mutually exclusive [4], it follows that in general, summability
(K,1) and (R, 1) are also independent of each other. Therefore, the object of this
paper is to show that this Theorem A also holds for summability (K, 1,«).
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2.2. Our Main theorem is:

THEOREM 1. Let {p,} be a non-negative, non-increasing sequence, such
that P, — oo, and the conditions (2.1.2) through (2.1.5) hold. If Xay, is (N, py)-
summable and if (2.1.1) holds, then Za,, is also summable (K,1,«a), for -1 < a < 0.

Combining Theorem 1 with Lemma 5 below, we also get the following inter-
esting and simple result.

THEOREM 2. Let {p,} be a positive, non-increasing sequence, such that
po = 1, P, = oo and {ppt1/pn} is non-decreasing sequence and the conditions
(2.1.3) through (2.1.5) hold. If La, is (N,p,) summable and if (2.1.1) holds, then
Ya,, is also sumable (K,1,a), for =1 < a <0.

2.3. The following lemmas are pertinent for the proof of our theorems.

LemMmaA 1. ([1], Lema 1). If {p,} is a non-negative, non-increasing sequence
such that the series 3 o0 Py_n/v(v + 1) converges, then L= — 0, as n — 0.

LemMa 2. ([1], Lemma 2). Let {p,} be a non-negative, non-increasing
sequence such that, for n > 1,

oo

(2.3.1) > % =0 (%) :

Then forn > 1,

232 ]

LemMMA 3. ([1], Lemma 3). Let {p,} be a non-negative, non-increasing
sequence such that {P,/n} is a null sequence. If Xay, is summable (N, py,) then

. OOTU_TU— Pn
(i) W":ZTIZ()(?)’

v=n

(ii) Wo' =" Wy =o(P,).

LeMMA 4. ([3], Theorem 22). If p(z) = Ep,a™ is convergent for |x| < 1 and

Pn+1 > Pn

(233) Po = ]-, Pn > 07
Pn Pn—-1

(n > 0), then
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(2.3.4) {p(w)}il =1+ Ciz+Coz® + -+
where Cp, >0, forn =1,2,..., 57 |Cy| < 1. If Sp, = o0, then Y > | |Cp| = 1.
LeMMA 5. ([9], Lemma 2). If {pn} is a positive and non-increasing sequence

such that py = 1, P, — o0, and {ppt1/pn} in non-decreasing sequence, then for
n >0,

(2.3.5) d, = i 10, = ﬁcv -0 <Pin> .

v=n+1

REMARK. The identity
(2.3.6) Z IC,| = Zc
v=n+1
is obtained by virtue of the Lemma 4.
LeEMMA. ([2], Lemma 9) Let {p,} be a non-negative sequence such that
P, — o0, and the conditions (2.1.2) to (2.1.4) of Theorem A hold. Then (N,p,) —

summability of the series Yay to the sum s implies its (C,1) — summability to the
same sum. In particular, if T, = o(P,), then S} = o(n).

LEMMA 7. Let ®(n,t) = [ ZS00% dy. Then

t 2tanu/2
(2.3.7) ®(n,t) = O(1/nt)
and
(2.3.8) A™B(n, 1) = 0 (tmn_1>

where A™®(n,t) denotes the m-th difference of ®(n,t) with respect to n and m is
a non-negative number.

™

Proor. ®(n,t) :/
t

sin nu

€
mdu =2(tant/2)"! /sinnu du, t<&<m
t

]5 = O(1/nt).

t

= (2tant/2)"! — [—COS"“
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sin nu
P =A _—
(n, ) [/ 2tanu/2du]
t

B / sinnu — sin(n + 1)u
B 2tanu/2

Again

du

t
m

B _/ 2cos(n + 1/2)usinu/2
B 2tanu/2

du,

™

—% /cos(n + 1)u + cosnu)du,
t

t [sin(n + 1)t sinnt

2 { (n+ 1)t nt } ‘

Hence

A™®(n,t) = A" ®(n,t) =t/2A™ 1 {

m—1
-o(5%)
n

sin(n + 1)t  sinnt
(n+ 1)t nt

by virtue of

. P
A™ (smtnt> = O(n Pt™ P), (see Obrechkoff [8] Lemma 1).
n

This completes the proof.

LEMMA 8. Let G, (t) = T 3°°° (AT ®(n,t), —1 < a <0. Then
(2.3.9) Go(t) = O(1)v),

and for positive integer k,

(2.3.10) AFG,(t) =0 (—) :

Proor. Let G(t) = tqq1 (Z:lig+2§:v+p+1) = U; + Us, say, where
p=11/1]
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Now by (2.3.8) we have for —1 < a < 0,

[ee]
Uy =ttt )" AT ®(n,t)
n=v+p+1
=0 (t”‘(v +p+1)7t Z (n— v)”‘_1>
n=v+p+1

=O(t*v™'p*) = 0(v™"),

and applying Abel’s transformation to U; we have

p
U, =ttt Z A2 D (n 4 v, t),
n=0
p—1
=12 AXB(n + 0, t) + T ASD(p + v, 1)

n=0

=0 (t’”‘l "2’: A%(n 4+ v)_a> +0®0w™)

n=2

+ 0@ p* Ty + O™ = O(v™h).

Hence, G,(t) = O(v™ 1), for =1 < a < 0. When a = 0 G,(t) =t ®(v,t) =
O(v™!). Similarly, we hawe the result when a = —1.

Now

Gy(t) =T )~ AS" 1 ®(n, 1)

=" AR (n + v, 1),

n=0

hence by using the method of proof of (2.3.9), we have

o0 tk
k _ ga+1 a—1 Ak _ e
AFG,(t) =t T;An A(n+v,t)_0<v>,

Hence, the Lemma.

LEMMA 9. Let K,(t) =>.7°  G,(t), then

(2.3.11) K,(t) =0 't™).
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PROOF. We have

K,(t) = i Gn(t) = t>*t i i Ay O(k,t
n=v n=v k=n
= tot! i i AP ®(n + K, t)
n=v k=0

= ot i Aot i B(n+k,t),
k=0 n=v

the change of order of summation can be easily justified. To prove the lemma we
just show that

orn(t) = 3 B(n +k,t) = O((v + k) 172)

We have,
= [ sin(n + k)
b k,t) =
Z (n+ Z/ tanx/2
1 3
:nz::vm/sm(n—l-k)wdx, t<é<m,

1 cos(n + k)z|°> t=2
= (2tant/2) ;}[ s L_O<(v+k)>’

since oo ot — (L),

n nt

Now for —1 < a < 0, we write

00 p 00
tott ZAg_l’Yv-i-k(t) = Z + Z =V + V5, say.

k=0 k=0 p+1

We have

Va=0 |t Y kMot k)2
k=p+1
=0((v+p+1) " ") =0 "), and

V= 47 S AR A (o (1) + 1 A0 (1) = O 1Y),

k=0
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Hence, (2.3.11) follows for —1 < a < 0. The result for & = 0 is quite obvious. This
completes the proof.
LEMMA 10. If S = o(n), then we have
o0 o0
TN " SeD(n,t) = Y snGnlt)
n=1 n=1
where

—ta“ZAa o(w,t) (-1<a<0).

Proor. We have

2N " S9®(n, t) =t B(n,t A% sy,
n —k
n=1 k=1

n+1

—taHZskZA“ 1<I> (n,t),
Z skGr(t

Here we shall prove the change of order of summation is justified. For this
purpose it is sufficient to prove that, for fixed ¢ > 0,

n—Zsk Z A%, ®(n,t) = o(1), as N — .
= n=N-+1

Using Abel’s transformation, we have

N-1
I, =Y S Z A28 (n,t) + Sk Z A2~ L ®(n,t)
k=1 n=N-+1 N=n+1

N-1
= (Z |sk|N_l(N—K)"‘_1> +0o(NN™Y =o(1), as N —= oo.

k=1
This proves the lemma.

LEMMA 11. Let Gy (t) and K, (t) be the same as defined in lemmas 8 and 9
respectively. If spKn11(t) = o(1), n — oo, then the convergence of > oo | an Ky (1)
implies the convergence of Y o $,Gp(t) and

Z an(Ky(t) = Z $nGn(t)
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The proof of this lemma follows from the identity
m m
D 50Gu(t) =Y auKy(t) = smEKmia (t).
v=1 v=1

LEMMA 12. If py, is such that it satisfies all the conditions of the theorem
(2.1.3), then the series

(2.3.12) i cnBCnpo(t) = Hy(t),

is absolutely convergent and for m = 0,1, 2,

(2.2.13) A™H, () = O (t;j;;l) .

where A™H,(t) denote the mth difference of H,(t), with respect to v.

Absolute convergence of (2.3.12) follows from the hypotheses (2.1.2) since
Ye, < 00. To prove (2.3.13), we have

A™H,(t) = A™ (ch o ( ) A™ 1<ch o ( )

=Am1 Z enGrio(t) Z en A" G (1)

(Z + fﬁ ) en A" G (1) = HV () + HP (1),

=0 n=7+1
say.

Now, by hypotheses and lemmas 8 and 11, we have, for m =1,2,...,

I - [ee) tm—l
HO(t) = ) A" Gus(t) = ( 2 |Cn|m>
n=7+1 n=r+l

gm—1 0o tm—1
=0 (71) 2 =0 ()

n=r1+1

And by applying Abel’s transformation and lemmas 5 and 8, we have, m = 1,2,...,

HM (1) Z Grio(t) + dA™ 1G4, (1)

=0
tmfl tmfl
>+O<UPT>_O<UPT>

(2
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By hypothesis, and for m = 0,

t)=H, = i Cn Ky (1)
n=0
= Z en Kty (t) + Z cn Ko (t)

n=7t+1

1 o0
_Zd H,po(t) +d, Kn+v+1()+0<—t > |cn|>
v n=r+1
1 1 1
_O<;§P—n>+0<vtﬂ>+0

1 1
<UtPT> =0 <UtPT> ’
by hypotheses and lemmas 5 and 9.

2.4. Proof of theorem 1. We may assume, without loss of generality that
T, = (P,), as n — oco. By virtue of Lemmas 6 and 10, we have

tatt i Sy®(n,t) = i e
n=1

n=1

Again, by (1.2.2) and lemma 6, we have, as n — co

n

SnKnt1(t) = Kny1(t) Z(t)cn—vTv

v=1

-0 (w5 >z'c" o1+0(53) = ot

for fixed t > 0 and by hypothesis (2.1.2) and (2.1.3) and Lemma 1.

Therefore, by virtue of lemma 11, it is sufficient to prove that Xa, K, (t)
converges in 0 < t < tp and tends to zero as t — +0.

Employing (1.2.3), we have

[ee]
Zanl(n t
n=1

E:(% v T' - Ty ﬂ
17 —Ty1 j{:cn v

the interchange of order of summations being legitimate, since the double series is
absolutely convergent.

Since by hypothesis and the fact that Y |cn| < oo for every fixed ¢ > 0,

we have
o0
Z|T Ty- 1|Z|Cn nto(t)| = (Z |T_Tv—1|>-
v=1

v=1

IIMS ||M8
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Now, as n — 00,

n 1 n—1
Z ;|Tv = Tyn| = O(”_lan) +0 = >

v=1 v=1 U(’U + 1)
n—1
=0(1)—=2 1 Y =0(1
(M52 +0() Y ey =0,
v=1
by hypotheses and lemmas 1 and 2.
Thus
o0 o0 (o0}
Flayt) = (Ty = Too1) Y enmoKn(t) =Y (Ty — Tyor) Hy(t)
v=1 n=v v=1
(2.4.2) "=
= Z Z Ty — Ty_1)H, (1)
v=1v=n+1
= 21 + 22, say,
Now
o0 oo 1
|22| - Z (Tv_val)Hv(t) - ( Z |Tv Tv71| tP)
v=n+1 v=n+1
-0 i io: ov _ On
(2.4.3) tP; v vlv+1) n+1
_o|ZD] otk
P. n w)’
P,
=0(1)-£
I

by hypotheses and lemmas 2 and 12.

Next by lemma 2, we hawe

S1=> (T = To)Hy(t) = > (Wy = Wypa JuH,(t)
=Y Wy[vH,(t) = (v = 1) Hy_1(t)] = nWyp1 Hy (1)

==Y Hw[H, () = Hyt)] + > WoH, 1(t) — nWi1 H(t)

= -1+ 212 —nWyy1Hp(t), where, by Lemma 3 (ii) and 12,



On (N, Pp) and (K, 1, a) summability methods 157

2171 = ivaAHv—l(t) = i {zn:,uW }A Hv 1( )AHn(t) zn:UWU

v=1 v=1 (p=1

— 1 P, P,
O(; vP>+O nPTn ) o(n PT>+<PT>

= o()uPy + o(1)p, = o(1

since Y0, vW,, = o (321, v£) = 0(n, P,,), and by applying Abel’s transforrma-
tion twice, writng W, = > u=1 Wy and by virtue of Lemma 1, 3 (ii) and 11, we
hawe

zmzi:(zv: W,’n> AZH,_1(t) + AH,( ZW’+H
v=1 \m=1
P,
ZP) <ntP>

=o(l)uP, +0o(1)P, + 0(1)% = o(1).

Hence,
(2.4.4) X1 =o(1)

Therefore, from (2.4.2), (2.4.3) and (2.4.4), we have
B
fla,t) =o(1) + 0(1)7, as t — 0.

Consequently, lim;_,qsup f(at) < O(l)%, being arbitrary large and O (1) inde-
pendent of pu we get finally

fla,t) =0, as t — 0.

This completes the proof of our theorem.
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