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COMMUTING MAPPINGS, FIXED POINTS AND CIRIC
CONTRACTION IN UNIFORM SPACES

M. S. Khan

Abstract. Some results on common fixed points for a pair of mappings defined on a
sequentially complete Hausdororff uniform space have been obtained. Our work extends known

results due to Ciri¢ and Jungck. Convergence theorems for sequences of fixed points are also
established.

1. Introduction. Let (X, p) be a metric space. Clearly, a fixed point of a
self-mapping S on X is a common fixed point of S and the identity mapping Ix on
X. Motivated by this fact, Jungck [5] obtained the following extension of Banach
Contraction Principles by replacing Ix by a continuos mapping 7" of X into itself.

THEOREM A. A contnuous self-mapping T of a complete metric space (X, p)
has fized point if and only if there exist ¢ € (0,1) and a map S: X — X which
commutes with T and satisfies:

(a). S(X) € T(X),
(b). p(Sxz,Sy) < qp(Txz,Ty), forall z,y € X.

Indeed, S and T have a unique common fixed point.

Further extensions, generalizations and applications of Jungck’s. Theorem
have been derived by Kasahara [6], Meade and Singh [8], Park ([9], [10], [11]), Park
and Park [12], and Ranganathan [13].

It may be remarked that in theorem A, the continuity of the mapping S is
a consequence of (b), and the same was used in the proof of Theorem A. Ran-
ganathan [13] observed that Theorem A can be generalized without actually using
the continuity of S. The results due to Ranganathan [13] read as follows:

THEOREM B. Let T be a continuous mapping of a complete metric space
(X, p) into itself. Then T has a fized point in X if and only if there exists a real
number g € (0,1) and a mapping S: X — X which commutes with T and satisfuing
(a). S(X) CcT(X),
(b). p(Sz, Sy) < gmax{p(Tz, Sz), p(Ty, Sy), p(Tx, Sy), p(Ty, Sz), p(Tx, Ty)}
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forallz,y € X.

Indeed, commuting mappings S and T have a unique common fixed point if (b)
holds for some g € (0,1).

More recently, Ciri¢ [4] defined a new condition of common contractivity for a
pair of mappings of a metrizable space into itself and proved some theorems about
common fixed points of family of contractive maps on a uniform space. Following
is the main result of Ciri¢ [4].

THEOREM C. LetY be a metrizable uniform space and S ane T be a pair of
self-mappings of Y. If (Y, p), for some metric p, is complete and the mappings S
and T satisfy the condition

1 1
p(Sz,Ty) < gmax {p(w, Y), 3 (z,Sx), §p(y, Ty), p(x,Ty), p(y, Sw)}

for some q < 1 and all x,y € Y, then S and T have a unique common fixed point.
Ciri¢ [4] used Theorem C to obtain a common fixed point theorem in a sequential
complete uniform space.

In this note an attempt has been made to extende Theorem B from metric
spaces to uniform spaces which are generalizations of fixed point theorems due
to Ciri¢ [13] and Jungck [5]. Some results on the convergence of sequences of
mappings and their fixed point are also presented for mappings satisfying conditions
of Theorem B and Theorem C.

2. Preliminaries. Throughout the rest of the paper (X,U) stands for a
Hausdorff sequentially complete uniform space. Let P be a fixed family of pseudo-
metrics on X which generates the uniformity U. Following Kelley ([7]), Chapter 6)
we define

(1) ‘/(p,r) = {(may):wa yeXa p(may) <’I°, ’I">0}
(ii) G:{V:V:ﬂv(,,l.,”),plep,rpo, i:1,2,...,n}
i=1
For r > 0,
(iii) aV = {ﬂv(pmi):p, ePr;>0,i=1,23,... n}
i=1

Following results are due to Acharya [1].

LEMMA 2.1. If V € G and o, 3 > 0 then
(a). a(BV) = (aB)V,
(b). aV o BV C (a+ BV,
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(c). aV C BV for a < f.

LEMMA 2.2. Let p be any pseudo-metric on X, and o, B > 0.

If
(l’,y) € a‘/(p,rl) o ﬂ‘/(p,rz)a then p(xay) <arp + ﬂTQ-

LEmMA 2.3. Ifx,y € X, then for every V in G there is a positive number A
such that (z,y) € A\V.

LEMMA 2.4. For any arbitrary V € G there is a pseudo-metric p on X such
that V.=V, 1).

The pseudo-metric p of Lemma 2.4 is called the Minkowski pseudo-metric of
V.
3. Common Fixed Point Theorems

Before we present our main result we note that the proof of Theorem B can
be carried over to obtain the following fihed point theorem in metrizable uniform
spaces.

THEOREM 3.1. Let Y be a metrizable uniform space and S, T be a pair
of comuting self-mappings on X such that T is continuous and S(X) C T'(X). If
(Y, p), for some metric p, is complete and the mappings S and T satisfy

p(Sz, Sy <)gmax{p(Tz, Sy), p(Ty, Sy), p(Tx, Sy), p(Ty, Sz), p(TxTy)},

forallz,y inY and g € (0,1), then S and T have a unique common fized point.

THEOREM 3.2. Let S and T be two commuting self-mappings of X such that
T it continuous, S(X) C T(X). If for any V; € G(i = 1,2,3,4,5) and z, y € X

implies
(x) (Sz,Sy) € Vi oasVaoazVsoasVyoasVs,

for some non-negative functions a; = a;(z,y), i = 1,2,3,4,5 satisfying
(a1 +as +as+ag+as) <g<l,

then S and T have a unique common fixed point.

PrOOF. Let z, y € X and V € G be arbitrary. Let p be the Minkows-
ki pseudo-metric of V. Put p(Tz,Sz) = r1, p(Ty,Sy) = 72, p(Tz,Sy) = rs,
p(Ty,Sz) =rq, p(Ty,Ty) =r5. Let € > 0. Then

(Tz,Sz) €(ri + )V, (Ty,Sy) € (r2+¢)V, (Tz,Sy) € (rs +¢)V,
(Ty,Sz) € (ry +¢)V, (Tz,Ty) € (r5 +e)V
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Therefore by (x) we have

(Sz,Sy) € a1(r1 +&)Voax(rs +e)Voaz(rs +e)Voas(rs +€)Voas(rs +¢)V.
Hence using Lemma 2.1 (a), Lemma 2.2 and Lemma 2.3 we get

p(Sx,Sy) < ai(r1 +€) +ax(ra +¢) +as(rs +¢e) + as(rs + ) +as(rs +¢)
= a1p(Tz, Sy) + a2p(Ty, Sy) + asp(T'x, Sy) + asp(Ty, Sz)

5
+asp(Tx, Ty) + (Z ai> E.
i=1

As ¢ is arbitrary,
p(Sz,Sy) < arp(Tx,Sz) + axp(Ty, Sy) + asp(Tx, Sy) + asp(Ty, Sz) + asp(Tx, Ty)
5
< (Z ai) max{p(T'z, Sz), p(Ty, Sy), p(Tx, Sy), p(Ty, Sz), p(Tx, Ty)}
=1

< ¢-max{p(Tz, Sz), p(Ty, Sy), p(Tx, Sy), p(Ty, Sz), p(Tx,Ty)}.

Then by an argument similar to the one used in the proof of theorem B, we obtain
that p(u, Su) = p(u,Tu) = 0 for some u € X.

Therefore (u,Su) € V and (u,Tu) € V for every V € G. This shows that
© = Su = Tu. Uniqueness of the common fixed point « of S and T is not difficult
to prove (c¢f. Acharya [1]). This completes the proof.

REMARK. Our Theorem 3.2 is an extended version of theorem A in uniform
spaces.

COROLLARY 3.3. Let S be a self-mapping on X such for V; € G (i =
1,2,3,4,5) and z,y € X

(z,Sz) e Vi, (y,Sy) € Vo, (z,Sy) € Vs, (y,Sz)€Vy and (z,y) € Vs

implies
(Sz,Sy) € a1VioazVooazVzoasVyoasVs

where a; are non-negative numbers with 2?21 a; < q < 1. Then S has a unique
fixed point.

REMARK. Corollary 3.3 may be regarded as the extension of Ciri¢’s fixed
point theorem [3] from metric spaces to uniform spaces. This Corollary also gener-
alizes Theorem 3.1 of Acharya [1].

COROLLARY 3.4. Let T be a continuous mapping of X into itself. Let F' be a
family of self-mappings on X each of which commutes with T and T*(X) C T(X)
for each T* € F. If there exists some S € F such that for each T € F there is
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a positive integer k = k(T*) such that S* and T* satisfy condition () of Theorem
3.2 then F has a unique common fized point.

COROLLARY 3.5. Let S be a mapping of X onto itself such that for a positive
integer n, S"T1 is continuous. If for any V; € G (i = 1,2,3,4,5) and z, y in X

(S"z,x) € Vi, (S"y,y) €Va, (S"z,y) € Vs, (S"y,x) € Vi, (S"x,S"y)EVs

implies that
(z,y) € a1VioazVooazVzoasVyoasVs

for some non-negative functions a; = a;(x,y), with a; < % for each i =1,2,3,4,5,
then S and T have a unique common fixed point.

4. Convergence Theorems. Let us call the pair (S,T') of mappings S and
T satisfying all the hypotheses of Theorem 3.2 (Theorem 3.1) as a Jungck’s quasi-
contraction pair on the uniform space X (metric space (Y, p)). If (S,T) satisfies
all hypotheses of Theorem C, we shall call (S,T) a Cirié’s contractive pair on the
matric space (Y, p). Note that when T' = Ix, S becomes quasi-contraction in the
sense of Ciri¢ [3]. Now we wish to prove convergence theorems concerning the
sequences of mappings and their fixed points in uniform spaces (cf. Acharya [21]).

THEOREM 4.1. Let Y be a metrizable uniform space such that for some
metric p, (Y, p) is complete. Let {S,} and {T,,} be two sequences of self-mappings
on'Y such that (S,,T,) is a Jungck’s quasi-contraction pair on (Y, p) for each n.
If S are T are the pointwise limit of {S,} and {T,}, respectively, then (S,T) is
a Jungck’s quasi-contraction pair on (Y, p). Furthermore if ¢ < % the sequence of
unique common fized points of S, and T,, converges to the unique common fixed
point of S and T

PROOF. Let z, y be arbitrary elements of X. Then we have

(Ta:,Sy p(SyaSny):
(Ty,Sx) + p(Sz, Spy)

(Tx,Ty) + p(Ty, Tny)}

)+
)+

)

As S,z = Sz, Spy =+ Sy, Tnx — Ty, T,y — T, when n — oo, we have

p(Sz, Sy) < gmax{p(T'z, Sz), p(Ty, Sy), p(T'z, Sy), p(Ty, Sx), p(Tx, Ty)}.
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Also S, (Y) C T,(Y) for each n implies that S(Y) C T(Y). Therefore (S,T) is a
Jungck’s quasi-contraction pair on (Y, p) and there exists a unique common fixed
point u of S and T since (Y, p) is complete.

Let {u,} be the unique common fixed point of S,, and T,, for each n. Since
S and T are pointwise limits of {S, } and {T),}, respectively, for every € > 0, there
are positive integers N; and NN, such that

1-— 1
p(Spu,u) = p(Spu, Su) < min { T 2qq, Tq} %, for n > Ny,
and Lo 1
p(Thu,u) = p(Trhu, Tu) < min{ — q, ;q} %, for n > Ns.
q q

First we which to estimate the distance p(S,uy,, Spu). For this we note that

p(Snun; Snu) <gq maX{P(TnUm Snun); p(TnU; Snu); p(Tnun; Snu)y
P(TnU, Snun): p(Tnuna Tnu)}
<q max{p(Tnu, Snu)y p(TnU; Snun)a p(Tnurn Tnu)}

Considering all three cases, we have

p(Snttn, Sut) < T {a(Twyw) + plun, )}

or
p(Sntin, Snu) < q¢{p(Thu,u) + p(un,u)}
Then by
P(Umu) < p(Snurn Snu) + P(SnU;U),
we have
(Un,u) < q (Thu,u) + 1-4g (Spu,u)
pPUn, S 1_2qpn> I_qun; 3
or

pluns) < (2] ) + (2 ) oS

In both of the cases we get
p(un,u) <e for wu >max(Ny,Ns).

Hence {u,} converges to u.

REMARK. The constant g for the pair (S, T),) in Theorem 4.1 can be replaced
by a sequence of constants g, such that g, = g < % where ¢ is the constant for the
pair (S,T).
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Now we state the uniform space version of Theorem 4.1 which can be proved
by the method used in the proof of Theorem 3.2.

THEOREM 4.2. Let {S,} and {T,} be two sequences of self-mappings on X
such that for each n, limit (S,,T,) is a Jungck’s quasi-contraction pair on X. If
S and T are the pointwise limit of {S,} and {T,} respectively, such that (S,T) is
a Jungck’s quasi-contraction pair on X, then the sequence {un} of unique common

fized points of Sy, and T, converges to the unique common fixed point v of S and
T.

We can also prove the following:

THEOREM 4.3. Let {S,} and {T,} be two sequences of self-mappings on a
metrizable uniform space Y which is complete with respect to some metric p. If S,
and T,, converges uniformly to self-mappings S and T on'Y , respectively, such that
(S,T) is a Jungck’s quasi-contraction pair on (Y, p) the sequence {u,} of common

fized points of S, and T,, (provided u,, ezists for each n) converges to the unique
common fized point u of S and T.

Proor. Firstly, we hawe

P(Stin, S10) <qmax{p(Ttun, Sun), p(Ttt, S), p(Ttin, S), p(Tt, Stn), p(Tten, T}
=qmax{p(Tun, Suyn), p(Tun, u), p(Su, Suy,), p(Tup,u)}
=gqmax{p(Tun, Sun), p(Tun,u)}

Then using
P(Um U’) S p(S’nUTH Sun) + p(suna SU’)7
we have
p(uny u) < qp(TnUn; Tun) + (1 + q)p(snun; Sun):
or

p(un,u) < <1%q> P(TnunTuy).

In both the cases , we find that u,, — u, completing the proof.

Following is the uniform space version of Theorem 4.3.

THEOREM 4.4. Let {Sp} and {T},} be two sequences of self-mappings on X .
If S and T are the uniform limits of {S,} and {T,,}, respectively, such that (S,T) is
a Jungck’s quasi-contraction pair on X, the sequence {u,} of common fized points
of Sp and T), (provided u,, exists for each n) converges to the unique common fized
point of S and T.

The next result can be proved by the method of Theorem 4.1.

THEOREM 4.5. Let Y be a metrizable uniform space such that for some
metric p, (Y, p) is complete. Let {Sp} and {T),} be two sequnces of self-mappings
on'Y such that (Sy,Ty) is a Cirié’s contractive pair on (Y, p) for each n. If S, and
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T, converge pointwise to self-mappings S and T on'Y, p), respectively, then (S,T)
is a Cirié conractive pair on (Y,p). Furthermore, the sequence {u,} of unique
common fized point of S, and T,, converges to the unique common fixed point of S
and T'.

THEOREM 4.6. Let {S,} and {T,} be two sequences of self-mappings on
a metrizable uniform space Y which is complete with respect to some metric p.
Suppose that {u,} and {v,} are the sequences of fized points of {S,} and {T,},
respectively. If S and T are the uniform limits of {Sn} and {T,,} such that (S,T)
is a Cirié contractive pair on (Y, p) and xq is the unique common fized point of S
and T, then both the sequences {un} and {v,} converge to .

PROOF. p(un,xo) = p(Sntn, Tzo) < p(Sntin, Stu,) + p(Suy, Txo).
But

1 1
p(su’na TJ?()) S gmax {p(un: m0)7 §p(.’150, TJ?()), §p(un7 Snun): p(unTQ?O), p(.’EO, Snun)}

= qp(unamO)'

Thus we have

1

P(Un,ZUO) < (1—_q> p(snunasun)a

which shows that u,, = xg.
Similarly, we can prove that {v,} also converges to zo.
REMARK. If u, = v, for each n, then Theorem 4.6. says that the sequnce

of common fixed points of S,, and T}, converges to the unique common fixed point
of S and T'. (cf. our Theorem 4.3).

THEOREM 4.7. LetY be a metrizable uniform space which is complete for
some metric p. Let {S,} and {T},} be sequences of self-mappings on Y such that
Sp and Ty, have a common fized point u, for each n. Let {Sp} and {T,,} converge
uniformly to self-mappings S and T on'Y such that (S,T) is a Cirié’s contractive
pair on (Y, p). If {u,} contains a subsequence {Uy,} convering to ug, then ug is a
unique common fized point of S and T.

ProoF. Since (S,T) is a Ciri¢’s contractive pair we have:

1 1
p(S’U,ni,T’U,O) S g max {p(un“uo)a §p(uni75uni)7 §p(u07TU’0)a

P(Um Ll TU’O)7 p(“’O: Su”ﬂz)} .
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Form this one gets one of the following:

(1) p(SunuTuO) S qp(Unqu)a

(i) pUSunes Tun) < (522 )l T,

(i) p(Sttn; Tug) < Sp(uo, tns) + plitng, o)),
(IV) p(Sum ) TUU) S p(uni ) TUO);

(V) p(Sum ’ TU'O) S q[p(u07 Um) + p(SmUm ’ Sum]

Using any of the above relations and the inequality
p(uni I TU’O) S p(Snl Um ) Sunl) + p(SUm I TU’O)7

we see that u,;, — T'ug. Therefore ug = Tup. Similarly, we can show that ug is also
a fixed point of S. Clearly, ug is unique since (S,T") is a Ciri¢’s contractive pair.
This completes the proof.

We remark that Theorems 4.5-4.7 also a hold good when stated for sequential
complete uniform spaces. (cf. Theorem 2, Ciri¢ [4]).

Finally, we also note that should we solve the problem posed by Ciri¢ [4] at
the end of his paper, one can prove convergence theorems for this new result as
well.
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