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ON AN INEQUALITY OF P.M. VASIC and R.R. JANIC

Josip E. Pecarié

0. In [1], P.M. Vasi¢ and R.R. Jani¢ have given generalization of the inequal-
ity by Z. Opial ([2], see also [3, p. 351]. Their result, in not so rigorous from, is as
follows.
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then, for every convex function f on I, the following inequality holds
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If f is concave, the reverse inequality holds.

If we change the conditions 1° and 2° in Theorem A, we shall show that the
following similar results hold:

(. 1) If the condition 1° holds and the revese inequalites hold in conditions
2°, then, for every convex function f on I, (1) is valid. If f is concave, the reverse
inequality in (1) is valid.

(a. 2) If, instead of conditions 1° and 2°, the following ones hold
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then, for every convex function f, the reverse inequality in (1) holds. If f is concave,
the inequality (1) holds.

(cv. 3) If 3° holds and the reverse inequalitios hold in 4°, then, for every convex
function f, the reverse inequality in (1) holds. If f is concave, the inequality (1)
holds.

In their proof, P.M. Vasi¢ and R.R. Janié¢ started from the Jensen-Steffensen
inequality, in the form postulated by Steffensen [3, p. 109], for n = 3. In this
form we have a nondecreasing sequence of points. However, the Jensen. Steffensen
inequality is valid in the same form for a nonincreasing sequence of points (see,
for instance, [4, Theorem A]) and (a. 1) can be proved by complete analogy. If
we apply directly the method mathematical induction, given in the proof of P.M.
Vasi¢ and R.R. Janié, on the Jensen-Steffensen inequality for n = 3, we get (a. 3).

REMARK 1. Result (. 3) is generalization of the inequality by G. Szegé [5]
(see also [3, p. 112])

1. We can use Theorem A, (a,1), («,2) and (a,3), by analogy to Ch.O.
Imoru [6], in order to obtain various conditions for which the well-known inequality
from Fuchs’s generalization [3, p. 165] of the Majorization theorem [3, p. 164] is
valid. Denoting by

k—1
ch =y bilwi —yi).
i=1
Then, the following theorem is valid:

THEOREM 1. Let the numbersby 2 --- 2 b, >0, andz;,y; €I (i =1,...,n)
(0€el; zpy1 + chy1/besr €I, k=1,... ,n — 1) satisfy the conditions

(A) Uk S xpy1, (K=1,...,n; Tpp1 =0);

k k
i=1 =1
n n
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Then, for every convex function on I, the followinng inequality holds

(2) > bif(a) < Z bif(yi)-
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If f is concave, the reverse inequality holds.

PrOOF. Let, in Theorem A, be x9,4+1 = 0 and papp1 =1 — 2321 p;. Then,
from (1) we get

(3) Zpif(iﬂi) + (1 - ZM) fO)=f (ZM%) :

For k = n, from 1°, we get

2n—1 2n

(lo)l P2n g 07 Z Di é 17 Zpl é 0.
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Using the substitutions: xog_1 — Tk, ok — Yk, P2k—1 — bk > 0, por — —bg, (3)
becomes

(4) Z bif(xi) — Z bif(yi) + f(0) = f (Z bizi — Z bi?Ji)

and using (C) we get (2).

On the other hand, form 1° (k =1,... ,n) and (1°)" (k = n) we get bgr1 < by,
bp 21,ei.by 2by2---2b, 21, and from 2° we get (A) and (B).

One can casily conclude that the condition b = 1 can be replaced by the
condition b, > 0. Namely, when 0 < b, < 1, the weights by’ = by/b, satisfy
the conditions for which (2) is valid, so multiplying with b,, (i.e. with the previous
weights) we can see that (2) is also valid for b.

We get the following similar results if we use («. 1), (a. 2) or (a. 3), instead
of Theorem A, in proving a previous theorem.

(8. 1) If Theorem 1 the condition (C) holds and the reverse inequalities holds
in conditions (A) and (B) then, for every convex function f, (2) is valid. If f is
concave, the reverse inequality holds.

(8. 2) Let the real numbers 0 < by < --- < b, and z;,y; € I (i =1,...,n)
(0 € I 241 + cry1 /b1 €I, k=1,... ,n— 1) satisfy the conditions (A) and (C)
as conditions (B) with reverse inequalities. Then, for every convex function f, the

reverse inequality in (2) is valid. If f is concave, then the inequality (2) holds.

(8. 3) If in (8. 2) the conditions (B) and (C) hold and the reverse inequalities
hold in conditions (A), then, for every convex function f, the reverse inequality in
(2) is valid. If f is concave, then the inequality (2) holds.

If, instead of (C), the following condition is valid

(D) z”: biz; 2 2”: biyi,
=1 i=1
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then, for nonincreasing convex function f

f (Z bizi — Y biZ/i) < £(0)
i=1 i=1

and from (4) follows (2). Hence the following theorem is valid:

THEOREM 2. Let the real numbers by = --- 2 b, > 0 and x;,y; € I,
(t=1,...,n) (cn € Lifby 21 and cp /by € I if by <1; Tpy1+Cp1/bks1 €1, k =
1,...n —1) satisfy the conditions (A), (B) and (D). Then, for every nonincreasing
convex function f on I, the inequality (2) is valid. If f is nondecreasing concave,
the reverse inequality holds.

We get by analogy

(v. 1) If in Theorem 2 the reverse inequalities hold for conditions (A), (B)
and (D), then, for every nondecreasing convex function f, (2) is valid. If f is
nonicreasing concave, the reverse inequality holds.

(7. 2) Let the real numbers 0 < by £ --- < by, and x,y;, € I (i =1,...,n)
(ch €I'ifb, <lande,/b,€lifb,>1; xpy1 +crp1/bey1 €L, k=1,... , n—-1)
satisfy conditions (A) as conditions (B) and (D) with reverse inequalities. Then,
for every nonicreasing convex function f, the reverse inequality in (2) is valid. If f
is nonicreasing concave, then (2) holds.

(7. 3) If in (v. 2) the conditions (B) and (D) hold and the reverse inequalities
hold in conditions (A), then for every nondecreasing convex function f, the reverse
inequality in (2) is valical. If f is noninereasing concave, then (2) holds.

2. Lj.R. Stankovi¢ and I.B. Lackovié¢ ([7]) proved the following result:

THEOREM B. Let a and b be nonegative real numbers and let a+b < ¢. Then
for every convex functions x — f(zx) defined defined for all x 2 0, the following
inequality holds

() fla)+ f(b+c) 2 fla+b) + f(e).

If the function f is concave the above inequality is reversed.

Let a;(1 = 1,...,2n + 1) be nonnegative real numbers. We shall prove the
following generalization Theorem B:

THEOREM 3. Ifa; 2 a3z = -+ 2 asny1 then, for every convex function f on

[0, 00) the following inequality holds

flar +a2) + -+ fagn—1 + azn) + fazng1) 2
2 fla1) + f(az + az) + -+ - + fazn + azni1)-

(6)

If f is concave, the reverse inequality holds.
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ProOOF. Let,in (8. 1), be: b =1 (G =1,...,n);n=n+1; 1 = a1,
Tz =a2+0as,... ,Tpt1 = A2n +A2n4+1; Y1 = Q1+ A2, ... ,Yp = Q2p4—1+A2ny Ynt1 =
asn+1. Then, from (2), we get (6)

REMARK 2. From Theorem 3, for n = 1, we get that (5) is valid if a < ¢.

By means of complet analogy, substituting: b; =1 (i =1,...,n);n=n+1;

T1 = a1 +az,...,Tp = Q2p—1 + A2p, Tpt1 = A2pt15 Y1 = G2 + G3,-.. ,Yn =
aop + G2nt1- Yne1 = a1; from (B. 1) and (5. 3) we get the following similar results:
(0. ) Ifaz Z ag 2 -+ 2 asp, and aggy1 2 ay (kK =1,...,n), then, for every

convex function f on [0,00), the reverse inequality in (6) holds. If f is concave,
then (6) holds.

(0.2) Ifas Z ap 2 +-+ 2 asp and asgy1 < ay (k= 1,...,n) then, for every
convex function f on [0, 00), (6) holds. If f is concave the revese inequality holds.
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