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O KO�FFICIENTAH FUR^E KLASSA W rH(Æ0)L

Slobodan Miloradoviq

Pust~ L prostranstvo integriruemyh 2�-periodiqeskih funkci� f

i pust~

!(f; Æ)L = sup
jtj�Æ

�Z
��

jf(x+ t)� f(x)jdx; 0 < Æ � �;

modul~ nepreryvnosti funkcii f v L.

Qerez
H(Æ0)L = ff :!(f; Æ0)L � 1g

oboznaqim klass funkci� f iz L dl� kotoryh moduli nepreryvnosti v
fiksirovano� toqke Æ0, 0 < Æ0 � �, ne prevoshod�t edinicy, a qerez

W rH(Æ0)L = ff : f (r) 2 H(Æ0)L; r 2 Ng

oboznaqim klass funkci� iz L dl� kotoryh r-ta proizvodna� f (r) 2 H(Æ0)L.

Na dannyh klassah budem rassmatrivat~ zadaqu o verhne� grani
ko�fficientov fur~e

an(f) =
1

�

�Z
��

f(x) cosnxdx; bn(f) =
1

�

�Z
��

f(x) sinnxdx

gde n-fiksirovannoe natural~noe qislo. Analogiqna� zadaqa v pros-
transtve C nepreryvnyh 2�-periodiqeskih funkci� rassmatrivana Lebe-
gom [1] i Avtorom [2].

Pre�de vsego dadim rexenie zadaqi o pribli�eni� 2�-periodiqe-
ski� funkci� v metrike C qerez funkcii iz C s periodom 2�

k
(k � 2; k 2 N).

Period funkcii f budem oboznaqat~ 
(f). Polo�im

�f(x) = max
0�s�k

f

�
x+

2s�

k

�
; f(x) = min

0�s�k
f

�
x+

2s�

k

�
; s 2 N;

d(x) =
f(�x)� f(x)

2
; 0 � x �

2�

k
:
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Spravedliva taka�

Lemma. Esli funkci� f prinadle�it C, 
(f) = 2�, to

(1) in f

(')= 2�

k

kf � 'kC[0;2�] = kdkC
[0; 2�k ]

:

Dokazatel~stvo. Srazu prover�ets� qto d 2 C, d(0) = d
�
2�
k

�
, 
(d) =

2�
k
, 
('�) = 2�

k
gde '� =

�f+f

2 .

Tak kak dl� l�bogo x 2 [0; 2�], f(x) � '�(x) � �f(x) � '�(x) = d(x),
f(x)� '�(x) � f(x)� '�(x) = �d(x), to jf(x)� '�(x)j � d(x) i

(2) kf � '�kC[0;2�] � kdk[0; 2�k ]:

Uqityva� qto d nepreryvna funkci� na zamknutom intervale to
suwestvuet takoe x0 2

�
0; 2�

k

�
qto d(x0) = kdk. Dl� l�bo� ', 
(') = 2�

k
,

kf � 'kC[0;2�] � max
0�s�k

����f
�
x0 +

2�s

k

�
� '(x0)

���� � max( �f(x0)� '(x0);

'(x0)� f(x0)) � d(x0) = kdk;

t.e.

(3) kf � 'kC[0;2�] � kdk
C[0; 2�k ]:

Iz (2) i (3) poluqaets� (1).

Tak kak mno�estvo C[0; 2�k ] ne strogo vypuklo to funkci� s pomow~�

kotoro� dostigaets� ravenstvo, voobwe govor�, (1) needinstvena.

Zametim qto lemma spravedliva v bolee obwem sluqae, kogda 
(') =
2�l
k
, (l; k) = 1. Dokazatel~stvo ne nem�ets�.

Teper~ my mo�em dokazat taku� teoremu:

Teorema 1. Esli f 2 H(Æ0)L, to

1

nÆ0�
� sup an(f) = sup bn(f) �

8<
:

1

2� sin
nÆ0
2

; Æ0 2
�
0; 2�3�

�
1

4� sin
nÆ0
2

; Æ0 = 2�
(2s+1)n , s = 1; 2; . . . ;

sup an(f) = sup bn(f) =
1

2�
;
2�

3n
� Æ0 � �:

Dokazatel~stvo. V silu periodiqnosti

�Z
��

f(x) sinnxdx =

�Z
��

f
�
x+

�

2n

�
cosnxdx:
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Sledovatel~no, esli f� �kstremal~na� funkci� dl� bn(f), f�
�
x+ �

2n

�
budet �kstremal~na� funkci� dl� an(f) i

(4) sup
f2H(Æ0)L

an(f) = sup
f2H(Æ0)L

bn(f):

Pust~ Æ0 2
�
0; �

n

�
. Tak kak

bn(f) =
1

�

�Z
��

f(x) sinnxdx =
1

2� sin nÆ0
2

�Z
��

f(x)

�
cosn

�
x�

Æ0

2

�
�

� cosn

�
x+

Æ0

2

��
dx =

1

2� sin nÆ0
2

�Z
��

�
f

�
x+

Æ0

2

�
� f

�
x�

Æ0

2

��
cosnxdx

to bn(f) �
1

2� sin
nÆ0
2

, t.e.

(5) sup
f2H(Æ0)L

bn(f) �
1

2� sin nÆ0
2

:

Dl� funkcii '(x) = sign sinnx
4nÆ0

,

!('; Æ0) = sup
jtj�Æ0

�Z
��

j'(x + t)� '(x)jdx = sup
jtj�Æ0

4nt

4nÆ0
= 1 i ' 2 H(Æ0)L:

Uqityva� (4), (5) i qto

bn(') =
1

4nÆ0�

�Z
��

j sinnxjdx =
1

nÆ0�
;

poluqaem

(6)
1

nÆ0�
� sup

f2H(Æ0)L

an(f) = sup
f2H(Æ0)L

bn(f) �
1

2� sin nÆ0
2

:

Pust~, teper~, Æ0 = 2�
kn
, k � 2, k 2 N . Tak kak �kstreml~na� funkci~

f dol�na byt neqetna, to

f(x) �

1X
v=1

bn(f) sin vx:
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Togda

f
�
x+

�

kn

�
� f

�
x�

�

kn

�
�

1X
v=1

2bn(f) sin
v�

kn
cos vx:

Esli v = knj, j = 1; 2; . . . ; to

f
�
x+

�

kn

�
� f

�
x�

�

kn

�
�

1X
v 6=knj

2bn(f) sin
v�

kn
cos vx;

i dl� l�bo� 2�-periodiqesko� funkcii

'(x) =
a0(f)

2
+

1X
j=1

[aj(') cos jx+ bj(') sin jx];

bn(f) =
1

2� sin �
k

�Z
�

h
f
�
x+

�

kn

�
� f

�
x�

�

kn

�i
[cosnx� '(knx)]dx

otkuda poluqaem

jbn(')j �
1

2� sin �
k

inf
'

max
x2[��;�]

j cosnx� '(knx)j =

=
1

2� sin �
k

inf
'
k cosx� '(kx)kC[0;2�]

Tak kat 
('(kx)) = 2�
k
, to pol~zu�s~ lemmo� legko vyqislaets� qto

inf
'
k cosx� '(kx)kC[0;2�] =

(
1; k = 2s; s = 1; 2; . . . ;

cos
�

2k
; k = 2s+ 1; s = 1; 2; . . . :

Dl� Æ0 = 2�
n(2s+1) , s = 1; 2; . . . ,

bn(f) �
cos �

2(2s+1)

2� sin �
2s+1

=
1

4� sin �
2(2s+1)

;

t.e,

(7) sup
f2H(Æ0)L

bn(f) �
1

4� sin nÆ0
4

:

Iz (6) i (7) poluqaets� utvr�denie pervo� qasti Teoremy 1. Iz
(7) dl� Æ0 = 2�

3n sleduet qto

(8) sup
f2H( 2�2n )L

bn(f) �
1

2�
:
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Dl� funkcii g(x) = 1
4

�
Æ
�
x� �

2n

�
� Æ

�
x+ �

2n

��
, gde Æ funkci� Diraka,

!
�
g; 2�3n

�
L
= 1,

(9) bn(g) =
1

4�

�Z
��

h
Æ
�
x�

�

2n

�
� Æ

�
x+

�

2n

�i
sinnxdx =

1

2�
:

Iz (8) i (9) sleduet

sup
f2H( 2�2n )L

bn(f) =
1

2�
:

Pust~, teper~, Æ0 >
2�
3n . Tak kak !(g; Æ0) = 1, bn(g) =

1
2� ,

bn(f) �
1

2�
!

�
f;

2�

3n

�
�

1

2�
!(f; Æ0)L;

to

sup
f2H(Æ0)L

bn(f) =
1

2�
;

qem dokazana i vtora� qast~ Teoremy 1.

Teorema 2. Esli f 2 W rH(Æ0)L, to

1

nr+1Æ0�
� sup an(f) = sup bn(f) �

8<
:

1

2�nr sin
nÆ0
2

; Æ0 2
�
0; 2�3n

�
1

4�nr sin
nÆ0
4

; Æ0 = 2�
n(2s+1) , s = 1; 2; . . .

sup an(f) = sup bn(f) =
1

2�nr
; Æ0 2

�
2�

3n
; �

�
:

Dokazatel~stvo. Integriru� po qast�m poluqaem qto

an(f) =
1

�nr

�Z
��

f (r)(x) cos
�
nx+

r�

2

�
dx;

bn(f) =
1

�nr

�Z
��

f (r)(x) sin
�
nx+

r�

2

�
dx

i povtara� te �e samye rasu�deni� kak v Teoreme 1. poluqaem dokaza-
tel~stvo Teoremy 2.

Iz Teoremy 1. i 2. poluqaets� asimptotiqeska� formula kak
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Sledstvie. Esli f 2W rH(Æ0)L(W
0H(Æ0)L = H(Æ0)L), to

sup bn(f) = sup an(f) �
1

nr+1Æ0�
pri Æ0 ! 0:
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