
PUBLICATIONS DE L'INSTITUT MATH�EMATIQUE
Nouvelle s�erie, tome 28 (42), 1980, 113{124

ALMOST TRIVIAL GROUPOIDS

A. Krape�z

(Communicated January 16. 1980)

Berglund and Mislove de�ned semigroups with almost trivial multiplications
and proved that such a semigroup belongs to one of �ve well known semigroup
classes (see [1]). In a similar way, without associativity condition, we de�ned almost
trivial groupoids and proved Th 1 analogous to Th 1 of [1].

Using this result, we solved generalized associativity equation on almost triv-
ial groupoids. As an example we obtained 1344 solutions of generalized associativity
equation on two-element groupoids.

�

1. If groupoid (S; �) (or simply �) is given, then functions

�x; �y:S ! S (x; y 2 S);

de�ned by:

�xy = �yx = xy

are respectively left and right translations of (S; �).

In [1], semigroup with almost trivial multiplications is de�ned as a semigroup
whose translations are either surjections or constant.

Almost trivial groupoids (ATG) we de�ne as groupoids with translations
which are either permutations or constant.

Lemma 1.1. Any isotope of ATG is also an ATG.

Proof: Let (S; �) be an ATG and x � y = '�1(�x ��y) where �; �; ':T ! S

are bijections.

Let �0(�0) be left (right) translations of (T; �).
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Then for all a 2 T :

�a
0x = a � x = '�1(�a � �x) = '�1��a�x

�a
0x = x � a = '�1(�x � �a) = '�1��a�x

so �a
0 and �a

0 are also either permutations or constant functions on T and conse-
quently (T; �) is also an ATG.

Definition. (S; �) is a quasigroup with quasizero (p; q; r) i�:

{ px = r

{ xq = r

{ for all a; b 2 S(a 6= p), equation ax = b has the unique solution

{ for all a; b 2 S(a 6= q), equation xa = b has the unique solution.

(S; �) is a left (right) groupoid i�:

xy = 'x (xy = 'y)

where ' is a permutation of S.

Lemma 1.2. Left (right) groupoid xy = 'x(xy = 'y) is a semigroup i�
' = ".

Proof: If xy = 'x is associative, then

''x = '(xy) = xy � z = x � yz = 'x

and ' = ". The converse is trivial.

It is clear that a quasigroup with quasizero is not a quasigroup. If p = q = r

(i.e. r is zero), S is a quasigroup with zero. Both these notions are generalizations
of well known notion of group with zero (see [2]).

Theorem 1. Any ATG is one of:

(S0) zero-semigroup

(SL) left groupoid

(SR) right groupoid

(Q) quasigroup

(Qp) quasigroup with quasizero.

Proof: It is easy to see that all groupoids we mention, are ATG.

To prove the converse, we de�ne:

L0 = fa 2 S j �a is constantg

L1 = fa 2 S j �a is a permutationg

R0 = fa 2 S j �a is constantg

R1 = fa 2 S j �a is a permutationg
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(a) Let L0 = ;.

If both R0 6= ; and R1 6= ; then there are x 2 R0 and y 2 R1 such that
Sx = b for some b 2 S and Sy = S, so there is an a 2 S such that ay = b. From
ax = b and ay = b it follows that �a is constant contrary to hypothesis.

It must be either R0 = ; or R1 = ;.

(a0) Let R0 = ;.

Then any translation is a permutation, so � is a quasigroup.

(a00) Let R1 = ;.

Then any left translation is a permutation while any right translation is con-
stant and there is a permutation ' such that xy = 'y.

(b) Let L1 = ;.

If both R0 6= ; and R1 6= ; then there are x 2 R0 and y 2 R1 such that for
some a; b 2 S(a 6= b):

ay = ax = bx = by

and � cannot be permutation, contrary to hypothesis.

It must be either R0 = ; or R1 = ;.

(b0) Let R0 = ;.

Then any right translations is a permutation, while any left translation is
constant and there is a permutation ' such that xy = 'x.

(b00) Let R1 = ;.

From x; y; u; v 2 S it follows that x 2 L0, v 2 R0 and xy = xv = uv so � is a
zero-semigroup.

(c) Let L0 6= ; and L1 6= ;.

Then also R0 6= ; and R1 6= ;. It is easy to see that L0 and R0 have only one
element. Let a 2 L0, b 2 R0 and c = ab.

Except �a, all �x are permutations. Also, except �b, all �x are permutations
and � is a quasigroup with quasizero (a; b; c).

Definition. Principal ATG's are:

(S0) zero-semigroup

(AL) left zero semigroup

(AR) right zero semigroup

(L) loop

(L0) loop with zero.

Principal ATG's from a family f(S; �i) j i 2 Ig are compatible if:

{ all ATG's (from the family) with zero, have a common zero d

{ all ATG's (from the family) with unit, have a common unit e

{ if d and c are as above, then d 6= e.
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Lemma 1.3. Any ATG is (principal) isotope of some principal ATG.

Proof: In the �rst three cases the proof is trivial, while in the fourth it
follows from the well known theorem of Albert ([3]).

Let � be a quasigroup with quasizero (p; q; r), � a transposition of p and r

and � a transposition of q and r.

Let also x � y = �x � �y. Then:

r � x = �r � �x = p � �x = r

x � r = �x � �r = �x � q = r:

Also, for x 6= r �x
0y = x � y = �x � �y = ��x�y so �x

0 is a permutation such
that �x

0r = r.

Analogously �x
0 � Snfrg is a permutation and � � (Snfrg)2 is a quasigroup.

Since any quasigroup is (principally) isotopic to a loop, (S; �) is (principally) iso-
topic to a loop with zero.

Corollary 1.4. Any ATG is (principal) isotope of one of:

(S0) zero-semigroup

(AL) left zero semigroup

(AR) right zero semigroup

(L) loop

(L0) loop with zero

Corollary 1.5. Any ATG which is a semigroup is one of:

(S0) zero-semigroup

(AL) left zero semigroup

(AR) right zero semigroup

(G) group

(G0) group with zero

Proof:

(a) Zero-semigroup is a semigroup.

(b) According to L 1.1.

(c) According to L1.1.

(d) Associative quasigroup is a group.

(e) Let � be a quasigroup with quasizero (p; q; r). For any x; y; z 2 S we have:

rz = py � z = p � yz = r = pz so p = r

xr = x � yq = xy � q = r = xq so q = r:

Consequently � is an associative quasigroup with zero i.e. group with zero.
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Corollary 1.5 is smoewhat weaker than Th 1 from [1], where the same conclu-
sion follows from weaker hypothesis about semigroups with almost trivial multipli-
cations.

Corollary 1.6. Any ATG with unit is one of:

(L) loop

(L0) loop with zero.

Collorary 1.7. Any ATG with zero is one of:

(S0) zero-semigroup

(Q0) quasigroup with zero.

�

2. In Th 2 the general solution is given of the generalized associativity equa-
tion on ATG:

(1) A(x;B(y; z)) = C(D(x; y); z):

We are using the following conventions:

{ A, B, C, D are always given by the formulas (2) and their respective isotopes
�, Æ, �, M.

{ SÆ, SL, AL, SR, AR, Q, L, G, Qq , QÆ, LÆ, GÆ are types i.e. various kinds
of ATG's as follows:

SÆ { zero-semigroup

SL(SR) { left (right) groupoid

AL(AR) { left (right) zero semigroup

Q(Qq; QÆ) { quasigroup (with quasizero, with zero)

L(LÆ) { loop (with zero)

G(GÆ) { group (with zero)

{ a, b, c, d denote types

{ ha; b; c; di means that � is of type a, Æ of type b, � of type c and M of type
d. If for example b = d, then Æ and M are the same operation.

ha; b; c; b0i means that operations Æ and M are of the same type but not nec-
essarily identical.

So hSÆLSÆL0i means that zero-semigroups � and � are identical while Æ and
� are loops which are not necessarily identical.

Theorem 2. The general solution of generalized associativity equation (1)
on ATG's, is given by:

(2)

A(x; y) = A1x � A2y

B(x; y) = A�12 (A2B1x ÆA2B2y)

C(x; y) = C1x � C2y

D(x; y) = C�11 (C1D1x M C1D2y)
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where A1, A2, B1, B2, C1, C2, D1, D2 are arbitrary permutations on S such that:

(3) A1 = C1D1 A2B1 = C1D2 A2B2 = C2

and where �, Æ, �, M are arbitrary principal ATG's such that either one of the
following conditions are ful�lled:

hSÆSÆSÆSÆi hSÆSÆSÆALi hSÆSÆSÆARi hSÆSÆSÆLi hSÆSÆSÆLÆi

hSÆALSÆSÆi hSÆALSÆALi hSÆALSÆARi hSÆALSÆLi hSÆALSÆLÆi

hSÆSÆALSÆi hSÆSÆLÆSÆi hSÆALALSÆi hSÆALLÆSÆi hSÆARSÆSÆi

hSÆARSÆALi hSÆARSÆARi hSÆARSÆLi hSÆARSÆLÆi hSÆARALSÆi

hSÆARLÆSÆi hSÆLSÆSÆi hSÆLSÆALi hSÆLSÆARi hSÆLSÆL
0i

hSÆLSÆLÆi hSÆLALSÆi hSÆLLÆSÆi hSÆLÆSÆSÆi hSÆLÆSÆALi

hSÆLÆSÆARi hSÆLÆSÆLi hSÆLÆALSÆi hALSÆALALi hALALALALi

hALARALALi hALLALALi hALLÆALALi hARSÆSÆSÆi hARSÆSÆALi

hARSÆSÆARi hARSÆSÆLi hARSÆSÆLÆi hARSÆALSÆi hARSÆLÆSÆi

hARALALARi hARARARSÆi hARARARALi hARARARARi hARARARLi

hARARARLÆi hARLLARi hARLÆLÆARi hLALALLi hLARLALi

hLÆSÆSÆSÆi hLÆSÆSÆALi hLÆSÆSÆARi hLÆSÆSÆLi hLÆSÆALSÆi

hLÆSÆLÆ
0SÆi hLÆALALLÆi hLÆARLÆALi hGGGGi hGÆGÆGÆGÆi

where operations �, Æ, �, M are compatible, or one of the following:

hSÆLÆSÆLÆ
0i, � and Æ have a common zero, Æ and M have a common unit

hSÆLÆLÆ
0SÆi, � and � have a common zero, Æ and � have a common unit

hARARLSÆi, the unit of the loop � is a zero of M

hARARLÆSÆi, the unit of the loop with zero � is a zero of M

hLSÆALALi, the unit of loop � is a zero of Æ

hLÆSÆSÆLÆ
0i, � and � have a common zero, � and M have a common unit

hLÆSÆALALi, the unit of the loop with zero � is a zero of Æ.

Sketch of the proof: We can easily check that quadruple (A;B;C;D) given
by (2), satisfying (3) and one of conditions habcdi, is a solution of (1).

Conversely, let T be a ternary operation de�ned by:

T (x; y; z) = A(x;B(y; z))

(a) T does not depnd on x, y, z.

For A, B we have the following possibilities:

{ A(x; y) = 0, B is arbitrary
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{ A(x; y) = �y, B(x; y) = b

{ A is a guasigroup with quasizero (a; b; 0), B(x; y) = b and analogous possi-
bilities for C, D.

Only for three of 49 solutions, we prove that they are of the required form.

(a0) A(x; y) = 0, B is a guasigroup

C(x; y) = 0, D is a guasigroup.

Let p; q; r 2 S and A1 arbitrary permutation on S such that A1 p 6= 0. We
de�ne:

B1x = B(x; r); B2x = B(q; x); D1x = D(x; q); D2x = D(p; x);

C1 = A1D
�1
1 ; A2 = C1D2B

�1
1 ; C2 = A2B2; e = A1p

and

x � y = A(A�11 x;A�12 y)

x Æ y = A2B((A2B1)
�1x; (A2B2)

�1y)

x M y = C1D((C1D1)
�1x; (C1D2)

�1y):

Then it is easy to prove (3), hSÆLSÆL0i and compatibility of �, Æ, M.

(a00) A(x; y) = 0, B is a quasigroup with quasizero (b1; b2; b)

D(x; y) = d, C is a quasigroup with quasizero (d; c; 0).

Let q; r; r0 2 S such that q 6= b1, r 6= b2, r 6= c, r0 6= d and D1 arbitrary
permutation on S. We de�ne:

B1x = B(x; r); B2x = B(q; x); C1x = C(x; r); C2x = C(r0; x);

e = C(r0; r); A1 = C1D1; A2 = C2B
�1
2 ; D2 = C�11 A2B1

and

x � y = A(A�11 x;A�12 y)

x Æ y = A2B((A2B1)
�1x; (A2B2)

�1y)

x � y = C(C�11 x; C�12 y):

Then it is easy to prove (3) and hSÆLÆLÆ
0SÆi where � and � have zero 0, �

and Æ have unit e and Æ has zero A2b. Operations �, Æ, � are compatible i� A2b = 0
i.e. b2 = c.

(a000) A is a quasigroup with quasizero (a; b; 0), B(x; y) = b

C is a quasigroup with quasizero (d; c; 0), D(x; y) = d.
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Let p; p0; r 2 S, p 6= a, p0 6= b, r 6= c and let B1 be an arbitrary permutation
on S. Since C is a quasigroup with quasizero and r 6= c, there is unique solution of
equation C(x; r) = A(p; p0). Let us denote it by r0 and de�ne:

A1x = A(x; p0); A2x = A(p; x); e = A(p; p0); C1x = C(x; r);

C2x = C(r0; x); B2 = A�12 C2; D1 = C�11 A1; D2 = C�11 A2B1

and

x � y = A(A�11 x;A�12 y)

x Æ y = A2B((A2B1)
�1x; (A2B2)

�1y)

x � y = C(C�11 x; C�12 y):

It is easy to prove (3), hLÆSÆLÆ
0SÆi and combatibility of �, Æ, �.

(b) T depends on x only (and (a) does not hold).

We have the following possibilities for A and B:

{ A(x; y) = �x, B is arbitrary

{ A is a quasigroup, B(x; y) = b

{ A is a quasigroup with quasizero (a1; a2; 0), B(x; y) = b, b 6= a2.

For C and D there is only one posibility:

{ C(x; y) = 
x, D(x; y) = Æx.

Only for one of 7 solutions, we prove that it is of the requred form.

(b0) A is a quasigroup, B(x; y) = b,

C(x; y) = 
x; D(x; y) = Æx; A(x; b) = 
Æx:

Let p 2 S and B1, B2 be arbitrary permutations on S. We de�ne:

C1 = 
; D1 = Æ; A1 = C1D1; A2 = A(p; x); C2 = A2B2;

D2 = C�11 A2B1

and

x � y = A(A�11 x;A�12 y)

x Æ y = A2B((A2B1)
�1x; (A2B2)

�1y)

x � y = C(C�11 x;C�12 y):

Consequenty (3), hLSÆALALi and A2b is both unit of � and zero of zero
semigroup Æ.

(c) T depends on y only (and (a) does not hold).
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Only one case (of type hARALALARi) is possible.

(d) T depends on z only (and (a) does not hold).

This case is \dual" to the case (b). There are 7 solutions.

(e) T depends on x, y only ((a), (b), (c) does not hold).

There are two possibilities for A and B:

{ A is a quasigroup, B(x; y) = �x

{ A is a quasigroup with quasizero (a; b; 0), B(x; y) = �x.

There are two possibilities for C and D:

{ C(x; y) = 
x, D is a quasigroup

{ C(x; y) = 
x, D is a quasigroup with quasizero (c; d; 00).

It follows from (1) that A(x; �y) = 
D(x; y) i.e. A and D are isotopic and
consequently both are either quasigroups or quasigroups with quasizero.

There are two solutions (of types hLALALLi and and hLÆALALLÆi).

(f) T depends on x, z only ((a), (b), (d) does not hold).

As in the case (e), A and C are isotopic, so only two solutions (of types
hLARLALi and hLÆARLÆALi) remain.

(g) T depends on y, z only ((a), (c), (d) does not hold).

This case is \dual" to the case (e). The types of solutions are hARLLARi
and hARLÆLÆARi.

(h) T depends on x, y, z (and previous cases does not hold).

Any one of A, B, C, D can be either a quasigroup or a quasigroup with
quasizero. Let p 2 S (and p 6= a1 if (a1; a2; a) is a quasizero of A). Also, let
A2x = A(p; x) and D2x = D(p; x). It follows from (1) that A2B(y; z) = C(D2y; z)
so D2 is also a permutation and consequently B and C are isotopic.

Analogously, other operations are isotopic to B and C, so all are simultane-
ously either quasigroups or quasigroups with quasizero.

In the �rst case, using procedure from [4] (or [5]), we deduce (3) and hGGGGi.

Analogously we obtain the solution of type hGÆGÆGÆGÆi.

Corollary 2.1. The general solution of generalized associativity equation
(1) on ATG's is given by (2) where A1; A2; . . . ; D2 are arbitrary permutations on
S satisfying (3) and �, Æ, �, M are arbitrary principal ATG's such that:

(4) x � (y Æ z) = (x M y) � z:

�

Example. Let S = f0; 1g. Then all groupoids on S are ATG. We shall solve
the generalized associativity equation on S.

We denote the operations on S in a following way:
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x y x0y x^y x7!y x y x 7 y xRy x+y x_y x#y x$y x �Ry x y x � y x!y x"y x1y

0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1

0 1 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1

1 0 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1

1 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

Repeating the procedure from Th 2 we obtain all solutions of (1). Solutions
like (0; B; 0; D) and (0; B; L; 0) stand for solutions where B and D are substituted
by arbitrary operation on S.

(a) (0; B; 0; D) (1; B; 1; D) (0; B; ; 0) (0; B; ; 1)

(1; B; ; 1) (1; B; ; 0) (0; B;^; 0) (0; B; 7!; 0)

(0; B; 7 ; 1) (0; B; #; 1) (1; B;_; 1) (1; B; ; 1)

(1; B;!; 0) (1; B; "; 0) (R; 0; 0; D); (R; 1; 1; D)

( �R; 0; 1; D) ( �R; 1; 0; D) (R; 0; ; 0) (R; 0; ; 1)

(R; 1; ; 1) (R; 1; ; 0) ( �R; 0; ; 1) ( �R; 0; ; 0)

( �R; 1; ; 0) ( �R; 1; ; 1) (R; 0;^; 0) (R; 0; 7!; 0)

(R; 0; 7 ; 1) (R; 0; #; 1) (R; 1;_; 1) (R; 1; ; 1)

(R; 1;!; 0) (R; 1; "; 0) ( �R; 1;^; 0) ( �R; 1; 7!; 0)

( �R; 1; 7 ; 1) ( �R; 1; #; 1) ( �R; 0;_; 1) ( �R; 0; ; 1)

( �R; 0;!; 0) ( �R; 0; "; 0) (^; 0; 0; D) (7!; 1; 0; D)

( 7 ; 0; 0; D) (#; 1; 0; D) (_; 1; 1; D) ( ; 0; 1; D)

(!; 1; 1; D) ("; 0; 1; D) (^; 0; ; 0) (^; 0; ; 1)

( 7!; 1; ; 0) ( 7!; 1; ; 1) ( 7 ; 0; ; 0) ( 7 ; 0; ; 1)

(#; 1; ; 0) (#; 1; ; 1) (_; 1; ; 1) (_; 1; ; 0)

( ; 0; ; 1) ( ; 0; ; 0) (!; 1; j; 1) (!; 1; ; 0)

("; 0; ; 1) ("; 0 ; 0) (^; 0;^; 0) (^; 0; 7!; 0)

(^; 0; 7 ; 1) (^; 0; #; 1) (7!; 1;^; 0) (7!; 1; 7!; 0)

( 7!; 1; 7 ; 1) ( 7!; 1; #; 1) ( 7 ; 0;^; 0) ( 7 ; 0; 7!; 0)

( 7 ; 0; 7 ; 1) ( 7 ; 0; #; 1) (#; 1;^; 0) (#; 1; 7!; 0)

(#; 1; 7 ; 1) (#; 1; #; 1) (_; 1;_; 1) (_; 1; ; 1)

(_; 1;!; 0) (_; 1; "; 0) ( ; 0;_; 1) ( ; 0; ; 1)

( ; 0;!; 0) ( ; 0; "; 0) (!; 1;_; 1) (!; 1; ; 1)

(!; 1;!; 0) (!; 1; "; 0) ("; 0;_; 1) ("; 0; ; 1)

("; 0;!; 0) ("; 0; "; 0)
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(b) ( ; B; ; ) ( ; B; ; ) ( ; B; ; ) ( ; B; ; )

(+; 0; ; ) (+; 0; ; ) (+; 1; ; ) (+; 1; ; )

($; 0; ; ) ($; 0; ; ) ($; 1; ; ) ($; 1; ; )

(^; 1; ; ) (^; 1; ; ) ( 7!; 0; ; ); ( 7!; 0; ; )

( 7 ; 1; ; ) ( 7 ; 1; ; ) (#; 0; ; ) (#; 0; ; )

(_; 0; ; ) (_; 0; ; ) ( 7 ; 1; ; ) ( 7 ; 1; ; )

(!; 0; ; ) (!; 0; ; ) ("; 1; ; ) ("; 1; ; )

(c) (R; ; ; R) (R; ; ; �R) (R; ; ; �R) (R; ; ; R)

( �R; ; ; �R) ( �R; ; ; R) ( �R; ; ; R) ( �R; ; ; �R)

(d) (R;R;R;D) (R; �R; �R;D) ( �R;R; �R;D) ( �R; �R;R;D)

(R;R;+; 0) (R;R;$; 1) (R; �R;+; 1) (R; �R;$; 0)

( �R;R;+; 1) ( �R;R;$; 0) ( �R; �R;+; 0) ( �R; �R;$; 1)

(R;R;^; 1) (R;R; ; 0) (R;R;_; 0); (R;R;!; 1)

(R; �R; 7!; 1) (R; �R; #; 0) (R; �R; ; 0) (R; �R; "; 1)

( �R;R; 7!; 1) ( �R;R; #; 0) ( �R;R; ; 0) ( �R;R; "; 1)

( �R; �R;^; 1) ( �R; �R; ; 0) ( �R; �R;_; 0) ( �R; �R;!; 1)

(e) (+; ; ;+) (+; ; ;$) (+; ; ;$) (+; ; ;+)

($; ; ;$) ($; ; ;+) ($; ; ;+) ($; ; ;$)

(^; ; ;^) (^; ; ; ") (^; ; ; 7!) (^; ; � ;!)

(7!; ; ; 7!) ( 7!; ; ;!) ( 7!; ; ;^); ( 7!; ; ; ")

( 7 ; ; ; 7 ) ( 7 ; ; ; ) ( 7 ; ; ; #) ( 7 ; ; ;_)

(#; ; ; #) (#; ; ;_) (#; ; ; 7 ) (#; ; ; )

(_; ; ;_) (_; ; ; #) (_; ; ; ) (_; ; ; 7 )

( ; ; ; ) ( ; ; ; 7 ) ( ; ; ;_) ( ; ; ; #)

(!; ; ;!) (!; ; ; 7!) (!; ; ; ") (!; ; ;^)

("; ; ; ") ("; ; ;^) ("; ; ;!) ("; ; ; 7!)

(f) (+; R;+; ) (+; R;$; ) (+; �R;$; ) (+; �R;+; )

($; R;$; ) ($; R;+; ) ($; �R;+; ) ($; �R;$; )

(^; R;^; ) (^; R; 7 ; ) (^; �R; 7!; ) (^; �R; #; )

(7!; R; 7!; ) ( 7!; R; #; ) ( 7!; �R;^; ); ( 7!; �R; 7 ; )

( 7 ; R; 7 ; ) ( 7 ; R;^; ) ( 7 ; �R; #; ) ( 7 ; �R; 7!; )

(#; R; #; ) (#; R; 7!; ) (#; �R; 7 ; ) (#; �R;^; )

(_; R;_; ) (_; R;!; ) (_; �R; ; ) (_; �R; "; )

( ; R; ; ) ( ; R; "; ) ( ; �R;_; ) ( ; �R;!; )
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(!; R;!; ) (!; R;_; ) (!; �R; "; ) (!; �R; ; )

("; R; "; ) ("; R; ; ) ("; �R;!; ) ("; �R;_; )

(g) (R;+;+; R) (R;+;$; �R) (R;$;+; �R) (R;$;$; R)

( �R;+;+; �R) ( �R;+;$; R) ( �R;$;+; R) ( �R;$;$; �R)

(R;^;^; R) (R;^; 7 ; �R) (R; 7!; 7!; R) (R; 7!; #; �R)

(R; 7 ; 7 ; R) (R; 7 ;^; �R) (R; #; #; R) (R; #; 7!; �R)

(R;_;_; R) (R;_;!; �R) (R; ; ; R) (R; ; "; �R)

(R;!;!; R) (R;!;_; �R) (R; "; "; R) (R; "; ; �R)

( �R;^; "; R) ( �R;^; ; �R) ( �R; 7!;!; R) ( �R; 7!;_; �R)

( �R; 7 ; ; R) ( �R; 7!; "; �R) ( �R; #;_; R) ( �R; #;!; �R)

( �R;_; #; R) ( �R;_; 7!; �R) ( �R; ; 7 ; R) ( �R; ;^; �R)

( �R;!; 7!; R) ( �R;!; #; �R) ( �R; ";^; R) ( �R; "; 7 ; �R)

(h) (+;+;+;+) (+;+;$;$) (+;$;+;$) (+;$;$;+)

($;+;+;$) ($;+;$;+) ($;$;+;+) ($;$;$;$)

(^;^;^;^) (^;^; 7 ; ") (^; 7!; 7!;^) (^; 7!; #; ")

(^; 7 ;^; 7!) (^; 7 ; 7 ;!) (^; #; 7!; 7!) (^; #; #;!)

(7!;_; 7!; 7!) (7!;_; #;!) (7!; ;^; 7!) (7!; ; 7 ;!)

(7!;!; 7!;^) (7!;!; #; ") (7!; ";^;^) (7!; "; 7 ; ")

( 7 ;^;^; 7 ) ( 7 ;^; 7 ; ) ( 7 ; 7!; 7!; 7 ) ( 7 ; 7!; #; )

( 7 ; 7 ;^; #) ( 7 ; 7 ; 7 ;_) ( 7 ; #; 7!; #) ( 7 ; #; #;_)

(#;_; 7!; #) (#;_; #;_) (#; ;^; #) (#; ; ;_)

(#;!; 7!; 7 ) (#;!; #; ) (#; ";^; 7 ) (#; "; 7 ; )

(_;_;_;_) (_;_;!; #) (_; ; ;_) (_; ; "; #)

(_;!;_; ) (_;!;!; 7 ) (_; "; ; ) (_; "; "; 7 )

( ;^; ; ) ( ;^; "; 7 ) ( ; 7!;_; ) ( ; 7!;!; 7 )

( ; 7 ; 7 ;_) ( ; 7 ; "; #) ( ; #; #;_) ( ; #;!; #)

(!;_;_;!) (!;_;!; 7!) (!; ; ;!) (!; ; "; 7!)

(!;!; 7 ; ") (!;!;!;^) (!; "; ; ") (!; "; ";^)

(";^; ; ") (";^; ";^) ("; 7!;_; ") ("; 7!;!;^)

("; 7 ; ;!) ("; 7 ; "; 7!) ("; #;_;!) ("; #;!; 7!)
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