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EQUIVALENCE OF BASES IN NON-ARCHIMEDEAN BANACH SPACES

P.K. Jain and N.M. Kapoor"

1. Introduction

In [5, 6], it has been shown that a non-archimedean (n.a) Banach space of
countable type has a basis. Very recently, the authors have obtained a necessary
and sufficient condition for a general n.a. Banach space (countable or uncountable
type) to have a basis and derived certain criterion for a basis to be orthogonal in [1]
whereas a close connection between the existence of bases and projections has been
studied in [2]. Once a n.a. Banach space is known to hawe a basis, it is natural to
study its uniqueness. The notion of equivalence of bases serves a very useful tool
for the study in this direction. In this paper we obtain a necessary and sufficient
condition for two bases to be equivalent and study the stability properties of bases.
Finally, we consider the idea of Block basis for the space.

2. Notation and Terminology

Let K be a n.a. non-trivial valued field which is complete under the metric
of valuation of rank one. Throughout, by E we shall mean n.a. Banach space over
the field K with n.a. norm || ||. Let E’ denote the dual of E. For general properties
of n.a. Banach spaces we refer to [3, 5, 7].

Let X C E\ {0} be any system of vectors. We may write
X ={zx: A € A},

where A is an index set of any cardinality. Let X be the set of all finite subsets
of A directed by inclusion. A system X is said to be summable to z in E if
lim, ¥ycoxy = z, 0 € 3 exists, the convergence being in the n.a. norm topology
of E, where lim, y, denotes the limit of a net {y,:0 € £} in E. Further, a system
X is a basis for F if to each = in E there exists a unique system {ay: A € A} of
scalars such that the system {a zx: A € A} is summable to z i.e.

(2.1) z = lim Z axcy, o €N,
A€o
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Clearly, with each basis {z} there is associated a unique family {3} of linear
functionals on E such that f)(z) = ay, where z is given by (2.1). Thus, without
ambiguity, we may write a basis {z,} as {z, f»} as and when we need so. If for a
basis {zy, fa} the family {f\} is in E’, then the basis is said to be Schauder.

A double system {zy, fo}, zx € E, fx € E' is called a biorthogonal system if
fu(xy) = 0xyu, where 6y, denotes the Kronecker symbol.

3. A critarion for equivalent bases

DEFINITION 3.1. Two bases {z»} and {y,} for n.a. Banach spaces E and F’
over K are said to be equivalent if for a family {a)} in K,

{axz} is summable < {a)y,} is summable.
THEOREM 3.1. Let E and F be n.a. Banach spaces over K. Then bases

{zx} and {y»} for E and F, respectively, are equivalent if and only if there is a
topological isomorphism T of E onto F such that Txyx = yx, X € A.

The proof of this theorem requires the following lemma the proof of which is
simple and is omitted.

LEMMA. Let X = {xy, fo} be a basis for E. Let
E={{f\(z):A € A}, = € E},
be a n.a. normed space over K whith the n.a. norm
el = sup{llaxzall: A € A},

where a = {ax: A € A} € E. Then E is a n.a. Banach space over K which is
topologically isomorphic to E, and

E QAT

A€o

<

> Baa

AEo

(0 € %),

for all {ay}, {82} in K such that | ay |<| B | on A.

PROOF OF THE THEOREM. Suppose first that the bases {z)} and {yr}
in £ and F are equlvalent By lemma, E and F are, respectlvely, topologically
isomorphic to E and F and, further, E =F. Let I: E — F be the identity map.
Let {a(™} C E converge to « such that {Ia(™} c F converges to 3. Then

la—a®ll <z, 18- Tal]; <,

for all n > ng = ng(e), € > 0. Therefore, by the definitions of || || and || || we
have
lax —a” | llzall <&, | By — Tal™ | [lyall <,
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for all n > ng, where @ = {@,} etc. Thus

lax — By | <max{| ay —al" |, | B —Ia{" |}

< max{el|z»|| ", ellyall~'Y),

for all n > ng. This verifies that a« = (. Therefore, I is closed and so it is
continuous.

Now, take T' = T, 7 Tg, where Tg and T are topological isomorphisms of
E to E and F to F, respectively. Clearly, T is a topological isomorphism such that
Txyx =yx, A € A.

The proof of the converse part is simple and the details are omitted.
COROLLARY. FEwvery basis in n.a. Banach space is Schauder.

4. Stability properties

Bases have certain stability properties: If we perturb each element of a basis
by a sufficiently small amout we still get a basis. The perturbed basis is equivalent
to the original one and inherits from it many of its nice properties. A few results
in this direction are the following.

THEOREM 4.1. Let {zx,yr} be a basis for a subspace of E and {yx: X € A}
be a system of vectors in E with

sup{[| fall lzx —wyall: A € A} < 1.

Then {yx} is a basis system® which is equivalent to {x\}.

For consiseness the proof of this theorem is ommitted.
THEOREM 4.2. Let {zx, fa} be a basic system in E. Assume also that there

is a projection P from E onto sp{xy}. Let {yx: X\ € A} be a system of vectors in E
such that

(4.1) ||P||1i§n{2||fxll ||m>\_y>\||} <1
A€o
Then {yx} is a basic system and Sp{y,} is complemented in E.

ProOOF. Define a mapT: E — E by

Tz =z — Pz + lim Z r(Px)yx.
A€o

2{yx: X € A} is said to be a basic system in E if {y,} is a basic for sp{y}.
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By the hypothesis 7" is a well defined one-to-one linear transformation. Also, we
note that

(I = D)zl = lim || Y fa(Pz)(@x —ya)

A€o
< lim max{|[A[l P[] llz[l [lex = yall: A € o}

< {tim Y A lex = yallHIP ]

A€o

< l=[l,

In view of (4.1). Therefore, ||Tz|| < ||z|| and so T is continuous. Further, we
observe that T'(sp{z,}) = 3p{y»} and Tz) = yx, A € A. Therefore

(42) 1—‘71 <hm2a>‘y)\> = limZakaly)\ = limZaA.xA.

AEo PNTo AEC

Thus T maps 3p{zy} onto 3p{yx}. The TPT~" is the projection of E on 3p{yx}.
Finally, {y»} is a basis for sp{yx} follows from (4.2).

5. Block Basis

DEFINITION 5.1. Let {xy: A € A} be a basis for a n.a. Banach space E over
the field K and {o,:a € A} be any collection of mutually disjoint sets in ¥. Then,
if {ax: A € A} in K is such that {y,} in E, defined by

Ya = E QN\T ),

A€o

never attiains zero on A, {y,} is said to be a block basis with respect to {z»}.
It is easy to check that {y,} is a basis for sp{y,}.

THEOREM 5.1. Let {xy, fo} be a basis for E. Let {yx} be a family in E such
that {S,}, where S, = 3y o, Yx, is bounded away from zero and lim, f\(S,) = 0,
X € A. Then there ezists a subfamily {y,, } of {yr} which is a basis for sp{y,,}
and is equivalent to a block basis with respect to {x)}.

PROOF. Let {0,:a € A} be a collection of mutually disjoint sets in ¥. By
the hypothesis, there exists € > 0 and a family {o}:b € B} in ¥ with o} C 09 such
that ||Ss|| > ¢, Vo € ¥ and

I3

Z f)x(Sth)xA SM, M,

AEA~GT,

< , Vbe B,

where M7 > 1 will be fixed later on and My = 0(oy).
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Consider a subfamily {yyr:px € Upepop ~ 0o} of the family {yx: A € A}.
Then, for a y,, in this subfamily, we note that

e<lypll = || D fultp)zu+ D Fulvp)u

HETa HEA~T,

IN

) Z fu(sab)l'u )

HEA~T,

max ‘ Z fu(ym)mu

HETq

Z fu (SﬂbN{m}) Ty

nEA~GT,

Z fu(ypr)zp

HETq

IN

+¢e/2,

which gives

(5.1) Z Julyp)zul| > /2.
HET,
Also for py € o, ~ ¢, we have
Ups = O Fulyp)Tul| < s
Px e HAIDPX 122 8M1M2’

which implies

(5.2) >

PAEOTL~O0

< VheB.

Ypx — Z fu(ypx)xu ’M,

HEO,

Define a family {z,p, } as

Rapy = Z Ju(yp) Ty

MEo,

Clearly {zqp,} is a block basis with respect to {z,}, and hence is a basis for
5p{zapy}- Therefore, there exists a biorthogonal family {z;, } in the dual of

5P{Zap, }- Then ([5], p. 75)

. 1z, (2l o oM
Izl = sup {WO # e b < oL,
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in view of [[1], Th. 1] and (5.1). Consequently, (5.2) verifies

sup{|zap, [ 1ps = Zapa I} < 1.

Hence, the result follows by Theorem 4.1.
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