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LOGARITHMIC MEAN OF AN ENTIRE DIRICHLET SERIES

s S. K. Vaish and S. C. Gupta

1. Let f(s)= > a, exp (s},), where s=c+if,
n=1 ‘
)\,,+1>)\.,,, 3=0, lima,=o0 and lim sup logn _ 0,

n—»o n—>00

represent an entire Dirichlet series. The Ritt order p (0<<p<< @) of f(s) is

' loglog M (o)
: (o2

M@)={|f(c+it)|: - 0 <t< }. The logarithmic mean of f(s) is defined as:

defined [4, p. 78] as the limit superior of [ ], as o—o0, with

T
1.1) L(c)=1im{i flog]f(c—}-it)[dt}.
T—>c0 2 T ' ) .
; -7
Since log L (o) is an increasing convex function of ¢[1, p. 13] we may write

(1.2) logL(c)=log L (x,) + [ U(x)dx, >0,

Go

where U(o) is a positive real valued indefinitely increasing function of o
(see [3], equation (4), p. 73).

Our aim in this paper is to study some of the growth properties of & (o)
and L (o) relative to an auxiliary function. Varios constants have been defined
and a number of relations involving constants have been obtained.

2. For 0<p< o0, let us set

@.1) lim S _Y©) _a

=, 0<bga< o,
oo inf e ¢(e%) b h
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and _
2.2) lim sup logL (o) _¢

i , 0<d<e< o,
’ osw inf e o (e®) d
where ¢ (¢°) satisfies the following two conditions:

(i) ¢(x)>0 is continuous for x>>e%, and
(i) ¢ (Ix)~9(x), as x—>o0, for every constant />0.

Now, we prove

Theorem 1. The constants a, b; ¢, d as defined by (2 1) and (2.2)
satisfy the following relations

(2.3) b<pd<pc<a,
@.4) oc=>2 eblazp,

4
2.5) o d<b { 1 +1og (%)]ga,
and 4 " : B :
{2.6) ‘ atpd<epc.

P'roof<From Q2. 1) We heve, for any e>0 ‘an‘d c}do,

en -9 @<U@<(te &) e o (e?).
Also “for h<0 we have ‘
A
o+—
X ‘
2.8 logL{o+—)=logL (c,)- | LU ax.
{2.8) og (c+p) og (c)+{f+f] (x) dx

Using left-hand inequality of (2.7) in (2.8), we get

h
ot —-
h 3 . G .. 'p
logL(c+——)>0(1)+‘(b—e)f e°"<p(e")dx+U(c)j dx
e’ ’ 0 . ‘
, o

+O()+(b- E)j X0~ 1<p(x)dx+

€%

hU(o)

Now

[erewan 2o,

Go



Logarithmic mean of an entire ‘Dirichlet series 299

for every positive B (see [2], lemma 5, p. 54), and so we get

. PC o
1ogL(c+£)>0(1)+M(e )+ v,
P ‘ e e
Therefore v
By -
logL(c+—)
0 >i[0(1)+ b—s h U) }
p(c+i) et P 9 e 9 (e7)
e */ 0 (e®) :
Taking limitis and using (2.1) and (2.2) we get
(2.9) c>ih{—l’—+ih},
; ’ o T el e
. and
(.10 | d;ih{_b.__,_ﬁ.h}.
: ' €Tlp P

It can be seen that the maxima of the rlght hand sxde express1ons in (2. 9)

and (2.10) occur at h=1 ~£ and 2=0, respectively. Substltutlng, h— 1 —---b-.—
a a
in (2.9) and h 0 in (2.10), we get

2.11) pc>—e”/">b and
o T e :
@12  ed=b,
the last inequality in (2.11) follows from the fact that e*>ex for x=0.
Again, on using right-hand inequality of (2.7) in (2.8), we obtain
‘ L o 0+£1 .
h : Chy [
;logL(c+,—)<&0(l)+(a+s)f e""cpk(e")dx—i-(]‘(c-/l-,f) f dx
qO‘

.‘450‘,‘(1),%(,“8) [ S 1C) a2 U(c%—h—) |

. P e/
€%
bo
~0(1)+ (f’i)ﬁ (e) U(G-l-'ﬁ),

P P 1%
and so we have
(2.13) c<—1 {-£+ihehJ,
ele o
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and

(2.14) d<i{~‘i+!’—heh].
L : o o

It can also be seen that the minima of the right-hand side expressions in

(2.1‘?;) énd 2.14) occur at h=0 and h=log (%), respectively. Substituting '
h=0 in (2.13) and h=1og(%) in (2.14), we get |
(2.15) pc<a, and

(2.16) 0 d<b [1 +log (-%)}ga,
since 1+logx<exp (logx).

Combinig (2.12) and (2.15), since pd<<pc, we get (2.3), (2.4) and (2.5)
follow from (2.11) and (2.16), respectively.

" To prove (2.6), we note that
0+L
(4

Ue)<e [ U@)dx.
Add'ng‘ plogL (o) on both sides of the above inequality and using (1.2), we geﬁ
VplogL(c,)+U(o)<plogL(c+—l~).
e

Dividing throughout by e°° ¢(e°) and taking limits, we get (2.6). This completes
the proof of the theorem.

Remark: In the relation '(2.4) actually b<% ebla if g#b, and in the
, e

relation (2.5) b[l—{-log (%)]<a if a#b. Thus the equality in the relations

(2.4) and (2.5) will occur only if a=b. Moreover, from (2.4).

£ eplagpe
€

or,

(2.17) a+b<epc.

A comparison of (2.6) and (2.17) shows that (2.6) is a refinement of (2.17).
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Theorem 2. If f(s) is an entire function of Ritt order p(0<p< ©),

lo
then lim _Ve) exists, if and only if, lim logL (o) exists, in which case
o €7 (&) oo e (%)

m U(o) — o lim log L (o)

(2.18)
o0 e°® o] (e°) a—wm e°° @ (e")
Proof. If lim —-U(G—) exists, then lim M exists follows from
a0 €7 ¢ (¢7) oe ¢ g (¢7)
{2.3). We, therefore, suppose that

m log L (o) _
s €% ()

(2.19)

First let, 0 <c<< oo, then for any ¢>0 and 620, we have
(2.20) (c—e) e p(e”) <log L (o) <(c +5) 9 (e).
Hence for any 1>4>0, we get

o+h

hU(c)<f U (x) dx

c+h

~fU(x)dx fU(x)dx

—logL (o + ) —logL (v)
<(c+e)ePCrN (e +F) — (c —&) e*° ¢ ()
=c(l+ph+0(MH))(1+0(1)) e ge°)—ce™ ¢ (e%

+ 0 (e”® @ (e%)).
Hence

Lim sup L())<c (e + Hh),

where H is a constant. Since 4 is arbitrary and so making 2 —+ 0, we find that

2.21) lim supﬂ<pc.
e € (%)
By considering {log L (¢) —logL (c —k)} and proceeding as above, we get
. U
(2.22) lim sup »&2 pc.
o> €79 (e%)

Thus, for 0<c< oo, the relations (2.21) and (2.22) give us

{2.23) lim sup ———— U@ =pc.
oo e°° @ (%)
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If ¢=0, then (2.21) gives hm——(l)——o and if c= c0, then taking an
oo & g (&)
arbitrarily large number M i place of c—e and procedlng as above, we

U

get lim = 0
o0 €770 (ec)

The equality (2.18) follows from (2.19) and (2.23).
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