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OF THEIR SPECTRA
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Abstract. The purpose of this note is to indicate by some examples
the possibilities of constructing strongly regular graphs and block-designs using
the theory of graph spectra.

In [2] and [3] we gave an idea as how to construct interesting graphs
using the theory of graph spectra. One could start from graphs with known
spectra and perform some graph operations on them in order to obtain graphs
with the spectrum, which implies the graph properties we want.

A regular graph is strongly regular if the number of common neighbours
of any two distinct vertices depends only on the fact whether they are adjacent
or not.

In this note we shall construct some infinite families of strongly regular
graphs and symmetric balanced incomplete block-designs (BIBD) starting from
complete graphs and performing on them an n-ary operation® called NEPS [1].

Definition 1. Let B be a set of n-tuples (B,..., B,) of symbols 0
and 1, which does not contain n-tuple (0,..., 0). NEPS with the basis B of
the graphs G,,..., G, is the graph, whose vertex set is equal to the Cartesian
product of the vertex sets of the graphs G,,..., G, and in which two vertices
(x5...,x,) and (y;,...,»,) are adjacent if and only if there is an n-tuple
By ..., B in B such that x;=y; holds exactly when 8,=0 and x, is adjacent
to y, in G, exactly when §,=1.

The complete graph K, on n vertices has the spectrum consisting of
eigenvalues n—1 and —1 with the multiplicities 1 and n—1, respectively.
Next to complete graphs, according to the number of distinct eigenvalues, are
strongly regular graphs. They have 3 distinct eigenvalues and any regular
connected graph with 3 distinct eigenvalues is strongly regular.

The parameters of a strongly regular graph are the degree r, the number
e of common neighbours of any two adjacent vertices and the number f of
common neighbours af any two non-adjacent vertices. The distinct eigenvalues

D This operation appears also in a previous paper by the author and R. P. Lugié¢ but
it is due to the author (for det.ils see [1]).
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A Ay, Ay (M>A,>1,) and the parameters are connected by the following
relations
r=2%, e=A+xh+A+MA, f=A+0,.

Bipartite graphs with 4 distinct digenvalues are graphs on points and blocks
of a symmetric BIBD, where the adjacency means the incidence of points and
blocks, and again, the mentioned spectral property characterizes these graphs.
If a symmetric BIBD has parameters v, k, A, the corresponding eigenvalues
are +k and +}k—A with the multiplicities 1 and v—1, respectively [3].

The eigenvalurs of NEPS can be expressed through the eigenvalues of
the starting graphs [1]. If A (i;= 1, ... m;) are the eigenvalues of G, (i=1, ..., n),
then the NEPS with the basis B of graphs G,,...,G, has the eigenvalues

Ay ooosiy Gg=1,...,my, j=1,...,n), where
1) Mivv o= S8 0
[y

and B=(B,,...,8).

In virtue of (1), the number of distinct eigenvalues of a NEPS can be
expected to be much greater than the number of distinct eigenvalues of starting
graphs. In exceptional cascs it turn- cut to be possible that a NEPS of complete
graphs contains only 3 or 4 distinct eigenvalues which leads to the construction
of strongly regular graphs or pcssibly of symmetric BIBD’s. We introduce now
some special cases of NEPS, which will be useful in the constructions.

Definition 2. The odcd (oven) sum of graphs is a NEPS with the
basis containing all the n-tuples with an odd (even) number of I’s.

Definition 3. The mixed sum of graphs is a NEPS with the basis
containing all the n-tuples in which the number ¢f 1’s is ccngruent to 1 or 2
modulo 4.

Example 1. The cdd sum of two graphs K, ‘s a strongly regular
graph with the eigenvalues 2n—2, n—2, — 2. It is iscmorph:c to the line graph
L(K, ,) of a complete bipartite graph K, ,

In Theorems 1 and 2 we construct- two more infinte series of strongly
regular graphs by means of the NEPS.

Theorem 1. The odd sum F, of n (nz=2) copies of the graph K, is a
strongly regular graph with the eigemvalues 2271 (—1)r—t 2n—1 2n—1 _gn—1

Proof. The distinct e'genvalues of K, are 3 and —1. Let S, be the
elementary symmetric functcn cf order p cf varables x,,...,x, and let
these variables take the values 3 cr — 1. If k var ables take value 3 and if
the remaining n—k ones take value — 1, the value of S, is equal to the coef-
ficient of x"~ in the polynomal P, (x)=(x—3)*(x+ 1)"~*. According to (1),
the eigenvalues of the odd sum are gven by .ZS:‘ where the summation goes
over all odd numbers i not greater than n. If P, (X)=g,x"+a, x" '+ -- - +
+a,_,x+a,, we have

Akdif_(a,+a,+..-)=—;-«—1)"Pk(—1)—Pk(1)). k=0,1,....n.
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A, are the eigenvalues of F, and we immediately get A, =(-— 1)k+12n-1
(k=0,1,...,n—1) and A,=22""14(—~1)»"127~' which proves the theorem.

F, is a regular graph of degree 22"~'+(—1)"-12"-! on 4" vertices. Any
two distinct vertices have 227-24(—1)"~!2"~! common neighbours. F, can be
visualized in the following way. The 4" n-tuples of 4 distinct symbols are the
vertices and two n-tuples are adjacent if they differ in an odd number of
coordinates. '

The even sum of graphs F, and K, is a regular bipartite graph with 4
distinct eigenvalues +(22"~'+(—1)"~127-1), £ 27! Hence, we have constructed
a symmetric BIBD with the parameters

V=b=4", r:k:22n~l+(_l)n—12n—1, )\=22n-2+(_1)n—12n-—1.

The Seidel spectrum of F, consists of only two numbers, 2”—1 and
—2"—1, and the corresponding switching class represents a regular two-graph
[6]. The complement of symplectic two-graph has the same eigenvalues [5],
(6] and, according to [4], the two two-graphs coincide.

The graphs F, and the corresponding block-designs have been constructed
in the literature in many different ways (cf, e.g., [4]) and the construction
given above is still a new one.

Theorem 2. The mixed sum H, of 4s(s>1) copies of the graph K, is
a strongly regular graph with the eigenvalues 2451 —(—1)$22s—1, 22s-1 _225-1

Proof. Eigenvalues of K, are 1 and —1. In order to obtain the eigen-
values of the mixed sum of n=4s copies of K, consider the polynomial

@) Q) =(x=1),(x+ 1) =byx"+b, x" 1+ ... +b,  x+b,.
Define «,, «,, @,, a; by the formulas
g=by+b,+bg+ .- +b,, o, =b +bs+by+ - +b,_,,
wy=by+bs+by+ -+ +b, ,, ay=by+b,+b,+ - +b, ;.

The values of —«,+a, for k=0, 1, ..., n represent the eigenvalues of
H,. First we have
O (D)= + o, 4o, +ay, Ocr(=D=0y—a,+a,—a,,
Qi (i) =xg—ioy —oy+iay, Ox(—D=ag+io ~—a,—ia,.

Further we obtain
def
—a1+az=%(2Qk(—-1)—<1 1) Q) — (1= O (— ) = A,

X .
Using (2) and (3) we get Ak=(—1)s"+(2)2““1 k=0, 1, ..., 45-1)
and A, =2%-1_(—-1)*225-1  which proves the theorem.
The Seidel spectrum of H contains the eigenvalues 22*—1 and —22*—1
and we have again a regular two-graph with the same eigenvalues as with F,,
of Theorem 1.
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H; has 16* vertices, degree 24s~!—(—1)*22#-1 and any two distinct
vertices have 24~2—(—1)22"-! common neighbours. H, is the well-known
Clebsh graph on 16 vertices with the eigenvalues 10, 2, —2. H can be realized
as the graph whose vertices are 4s-tuples of two symbols, two vertices being
adjacent if the number of coordinates in which they differ is congruent to 1
or 2 modulo 4.

The even sum of H, and K, again gives a block-design graph. The eigen-
values are +(24-'—(—1)7225-1), +225-1, and this corresponds to a BIBD
with parameters v=>b=16°, r=/k=2%s"1_(—=1)225-1 ) =245-2_(_1)s22s-1,

Graphs F,, and H,, have the same spectrum and it would be interesting
to know whether they are isomorphic. If yes, then the graph equation O, ,(G) =
=M, ,(H), where 0,(G) and M, (G) denote the odd and the mixed sum of n
copies of the graph G, has a solution G=K,, H=K,. Are there any other

solutions?
* % %

The author is thankful to J. J. Seidel and S. K. Simi¢ for their useful
suggestions, and to L. Basti¢ for some numerical experiments done or a computer.
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