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COMMON FIXED POINT OF CONTINUOUS MAPPINGS IN
METRIC SPACES

Cheh-Chih Yeh

ABSTRACT. The paper deals with a class of selfmappings defined on a
complete metric space. As a consequence it is shcwn that such a class
of mappings has a unique fixed point under suitable restriction.

Recently, Singh [4] extended Jungck’s result [2] and proved the follow ng
interesting result:

Theorem 1. Let S and T be two continuous and commuting selfmappings
of a complete metric space (X, d) satisfying the following conditions:

@ SXCTX);
(b) d(Sx, Sy)<ad(ITx, Ty)+b[d(Tx, Sx)+d(Ty, Sy)]
+c[d(Tx, Sy)+d(Ty, Sx)]
Jor all x, y in X, where a, b and c are nonnegative real numbers satisfying
0<a+2b+2c<l.
Then S and T have a unique common fixed point.

Taking b=c=0, we have Jungck’s theorem [2].

The purpose of this paper is to generalize Singh’s result by using ano-
ther method. For related results, we refer to Jungck [1] and Raktoch [3].

Theorem 2. Let E, F and T be three continuous selfmappings of a
complete metric space (X, d) satisfying the following conditions:

(C)) ET=TE, FT=TF, E(X)CT(X) and F(X)CT(X);
(C;) d(Ex, Fy)<a(d(Tx, Ty)) d(Tx, Ty)
+b(d(Tx, Ty)) [d(Tx, Ex)+d(Ty, Fy)]
+c¢(d(Tx, Ty)) [d(Tx, Fy)+d(Ty, Ex)]
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SJor all x, y in X, where a, b and ¢ are monotonically decreasing functions Jfrom
R+=[0, ) into [0, 1) satisfying

P I re a(®)+2b(t)+2c(t)<1
or all t&R*,

Then E, F and T have a unigue common fixed pomnt.

Proof. Let x, be a point in X. Let xléX be such that.Tx1=Ex0 and
let x,&X be such that Tx,=Fx,. In general, we can chose X,,,, and x,,,,
such that

M Txypi1=EXyps TXppir=Fxppy,
for n=0, 1,.... We can do this since (C,) holds. It follows from (C,) that
Ad(TXp415 TX;p4,) =d(EXyys Fxypyy)
<a(d(Txyps Tx3541)) d(TXyp, TX2pyy)
+0(d(Txyns Txpe DA (Txy05 Exy ) +d (Txyp,0, Fxy )l
+e(@(Txyps Txpps ) A (T30, FXppii) +d (T, 1 Ex,,)]
for n=0, 1, 2,.... This implies
d(TXyn415 TXyp45)
a(@d(T%0, Txony 1) +5 (@ (Txy0, Ty )+ (d(TX,,,
1=b(d(Tx;ns Txpps))—¢(d(TXyn, TXy04))
<d(Tx2n’ Tx271+1)'
Similarly, we can prove
Ad(Txyp420 TXp ) <d(TXpp01, TX,pss)
Thus {d(Tx,, Tx,,,)} is decreasing. Let
lim d(Tx,, Tx,.)=k

and suppose that k>0. Put
a(k)+bk)+c(k) _h
1-b(k)—c(k)
Then d(Tx,, Tx,,,)=>k implies

< sznﬂ))d(szm Txyn41)

@ (d(T%0r Ty ) +5(d Txpy T0 )+ (@(T5y, T,.)
1—-b(d(Tx,, Tx,.;))—c(d(Tx,, TX,.))
for n=0, 1, 2,.... Thus
d(Tx,, Tx,, )<hd(Tx,_,, TX)< - - -<h"d(Tx,, Tx,)
Since h&(0, 1),
(@) lim d(Tx,, Tx,,,)=0.
e

<h
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Next, we show that {Ix,}s—0 is a Cauchy sequence. It is enough to
show that {Tx,,}neo is a Cauchy sequence. Since

d(Tx,ps TX,m)<d(T%yns Txyps ) +A(TXpp41s TXym)
and
lim d(Tx,,, Tx,,,1)=0,

n—>o0

it is sufficient to show that d(TX,,.q» TX,m)—>0 as m, n—>co. It follows
from (C,) that

d(Txyp4ys TX,p) =d(Exyp, Fx;m_y)
<a(d(Txyps Txym_1)) d(TX30 TXymey)
+b(d (T3, szm—l)) [d(Txyns Txypi)) +d(Txymoy> Txym)]

Th +c(d(Txyps Txym_y)) [A(TX30, Tx, ) +d(TXymys TXppu1)]
us

(3) d(Tx2n+1’ Tx2m)
a(d(Tx,,, TxXym_y)) +b(d(Tx,5, Txym ) +¢(@(TX,ns TXym—1))
1—a(@d(Tx, Txym_)—2¢(d(Txz, TXyp_y))
x [d(Tx,,, TXyns) +A(TXm_y > Ix, )]
For any £>0, there exists an N such that
) max {d(Tx,,, Txyq11) d(TXym—y5 Tx,m)}
_l_min{s[l——a(s)—Zc(e)] ’ 25]
2 a@®+b(E)+c(e)
if a(@+b(e)+c(s)#0;
€ if a(e)+b()+c(e)=0

<

for all m, n>N.
For those m, n such that d(Tx,,, Tx,,_)=>¢, we have, by (3) and (4),

a(@®)+b()+c(e)
1—a(e)—-2c(e)

since @, b and ¢ are monotonically decreasing functions.
For those m, n such that d(Tx,,, TX,,_,)<¢, we have, by (2),

d(Txypsy> TXm)< [d(Txyn> Txyp4y) +d(TXypm_ys Tx, )] <e,

d(Txy41> TXm)<d(Txy0415 Tx,,) +d(TX,, Txy ) +d(TXy 1> Tx, m<e

for m, n large enough.

Thus {Tx,}m-0 is a Cauchy sequence. By the completeness of X, {Tx,}n0
converges to a point x in X. It follows from (1) that {Ex, 3neo and {FX,,, }neo
also converge to x. Since E, F and T are continuous, we have

E(Tx,,) > Ex, F(Tx;,,,)—> Fx.
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From (C))
E(Tx,n)=T(Ex,,), F(Tx;p,1) =T (Fxy,,,)
for all n=0, 1, 2,.... Taking n— o0, we have
(5) Ex=Tx=Fx
and

6 T(Tx)=T (Ex)=E (Tx)=E(Ex)=T(Fx)=F(Tx)=F (Ex)=F (Fx)
By (C,). (5) and (6),
d(Ex, F(Ex))<a(d(Tx, T(Ex))d(Tx, T (Ex))
+b(d(Tx, T(Ex))[d(Tx, Ex)+d(T(Ex), F(Ex))]
+c(d(Tx, T(Ex))[d(Tx, F(Ex))+d(T(Ex), Ex)]

=[a(d(Ex, F(Ex)))+2c(d(Ex, F(Ex)))]d(Ex, F (Ex)).
Th
* [1-a(d(Ex, F(Ex))—2c(d(Ex, F(Ex)))d(Ex, F (Ex)<0.

This means
) Ex=F(Ex).

It follows from (6) and (7) that Ex is a common fixed point of E, F and T.

Let u, v be two points of X such that Eu— Fu=Tu=u and Ev=Fy=Ty=v,
Then, by (C,),

d(u, v)=d(Eu Fv)<a(d(Tu, Tv)) d(Tu, Tv)
+b(d(Tu, Tv))[d(Tu, Eu)+d(Tv, Fv)]
+c¢(d(Tu, Tv))[d(Tu, Fv)+d(Tv, Eu)]
=la(d(u, v))+2c(d(u, v)]d (@, v).

Hence u=v. Therefore our proof is complete.

Remark 1. Taking E=F, b(t)=c(t)=0and a is a fixed real number
in our Theorem 2, we get Jungek’s theorem [2].

Remark 2. Let a(t), b(r) and c(¢) be fixed real numbers in Theo-
rem 2. If E=F then Singh’s result [4] is a special case of our Theorem 2.

Remark 3. Let T be the identity mapping, b(t)=c(t)=0 and E=F,
then Corollary of Rakotch [3] is a special case of our Theorem 2.

Corllary 1. Let E, F and T be three continuous selfmappings of a
complete metric space (X, d) satisfying (C,) and the following condition

(C5) there exist two positive integers m and n such that
d(E™x, F*y)<a(d(Tx, Ty))d(Tx, Ty)
+b(d(Tx, Ty))[d(Tx, Emx)+d(Ty, F" »]
+c(d(Tx, Ty))[d(Tx, F*y)+d(Ty, Em x)]
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Jor all x, y in X, where a, b and ¢ are monotonically decreasing functions from
R+ into [0, 1) satisfying
a@®)+2b(@)+2c(t)<1

Then E, F and T have a unique common fixed point.

Proof. It follows from (C,) that E™ T=TE™, FrT= TF", E"(X)CE(X)C
T(X) and FF(X)CF(X)CT(X ). By Theorem 2, there exists a unique point x
in X such that
x=Tx=Em"x=Fnx,
Also
T(Ex)=E(Tx)=Ex=E(E™x)=E™ (Ex).

This means that Ex is a common fixed point of T and E™ Similarly, Fx is
a common fixed point of 7 and F". The uniqueness of x implies

Ex=Fx=Tx=x.
This completes our proof.

Corollary 2. LetTand T, (i=1, 2,..., k) be continuous selfmappings
of a complete metric space (X, d) satisfying the following conditions:

(C) T,T,=T,T,, TT,=T,T for i, j=1, 2, ..., k;
(C) EX)CT(X) where E=T, T, ... Ty
(Co) for E=F, the condition (C,) holds.
Then T and T; (i=1, 2, ..., k) have a common unique fixed point.

Proof. By Corollary 1, E and T have a unique common fixed point
x in X. Thus Ex=Tx=x. Then
T, (Ex)=T;(ITx)=T;x.
This together with the conditions (Cy and (C,) implies
E(T;x)=T(T;x)=T,x.

Hence T,x (i=1, 2,..., k) are common fixed points of E and T. By the

uniqueness of the common fixed points of E and T, we have T (X=X

REFERENCES

(11 G. Jungck, An iff fixed Dpoint criterion, Math. Magazine, 49 (1976), 32—34.

[2] G. Jungck, Commuting mappings and fixed points, Amer. Math. Monthly, 83
(1976), 261—263.

[31S. L. Singh, On conmon fixed points of commuting mappings, Math. Seminar
Notes, 5 (1977), 132—134.

[4] E. Raktoch, A note on contractive mappings, Proc. Amer. Math. Soc., 13 (1962),
459—465.

Mathematical Institute
Kobe University
Kobe, Japan



	21.tif
	22.tif
	23.tif
	24.tif
	25.tif

