PUBLICATIONS DE L’INSTITUT MATHEMATIQUE
Nouvelle série tome 27 (41), 1980, 135—137

ON 0-MINIMAL BI-IDEALS OF SEMIGROUPS

Dragica N. Krgovi¢
(Communicated March 24, 1978)

In this paper the concept of a degenerate bi-ideal of a semigroup S
(S=S% has been introduced. If B is a O-minimal bi-ideal of S, then either B
is a degenerate bi-ideal or bSb=B for every b in B\{0}. As a corollary, we
have a result of K. Kapp (Theorem 1). Also, as a consequence of some results
for 0-minimal bi-ideals of S, we have: if S#S5° then a non-empty subset B
of § is a minimal bi-ideal of S if and only if B is a minimal right ideal of
some minimal left ideal of S. Corollary 3 gives a characterization of a com-
pletely O-simple semigroups by a non-degenerate O-minimal bi-ideal.

The reader is refered to [1] and [2] for all concepts not defined in
the paper.

A bi-ideal B of a semigroup S(S=S° is called degenerate if B={0, b}
with 55 b= {0}.

Lemma 1. Let $=5° and let B be a 0-minimal bi-ideal of S. Then
either bSb =B for every b in B\{0} or B is degenerate.

Proof. Let b&B\{0}. Then bSbCB and bSbh is a bi-ideal of S. The-
refore, either 5Sb={0} or bSb=B. Let bSh={0}. If b?=b then b°=b. This is
impossible, since b3 bSb. Let b>& B\{0, b}. Thus {0, b, b*}C B, {0, b2} S {0, b*}=
={0}. Therefore, {0, b} is a bi-ideal of S properly contained in B. This is
impossible because B is a O-minimal bi-ideal of S. We have b*=0 and
B={0, b} with bS'b={0} so that B is a degenerate bi-ideal.

It is easy to see that the following s atements holds:

Lemma 2. A subset B of a semigroup S=S° is a non-degenerate
0-minimal bi-ideal of S if and only if B=bSb for every b in B\{0}.

Lemma 3. The following conditions on a semigroup S with zero 0
are equivalent:

1) § is a group with zero O.
ii) aSa=S for every a&S\{0}.
iil) a,Sa,=S for every a,, a,&S\{0}.

As a consequence we have a result of K. Kapp [3].
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Theorem 1. Let S=S° and let B be a O-minimal bi-ideal of S. Then
either B>={0} or B is a group with zero 0.

Proof. Ascum> B*#{0}. Let a=B\{0}). By Lemma 1, aSa— B. Since aBa
is a bi-ideal of S contained in B, it follows that either aBa—{0} or aBa=B.
Assume that aBa = {0}. Thus {0} =aBa=a (aSa)a = a? Sa>. According to Lemma 1,
we have a®*=0. Then B?=(aSa)(aSa)=aSa’Sa={0}. This is impossible. The-
refore aBa=B. By Lemma 3, B is a group with zero.

S. Lajos [4] showed that a subset B of a semigroup S without zero is
a bi-ideal of S if and only if B is a right ideal of some left ideal of S. Now
we give an analogous statement for minimal bi-ideals of a semigroup S, as a
consequence of some results for O-minimal bi-ideals of a semigroup with zero 0.

Lemma 4. Let S=S5° and let B be a non-degenerate (degenerate) 0-mi-
nimal right ideal of some O-minimal left ideal L of S. Then B is a non-dege-
nerate (degenerate) 0-minimal bi-ideal of S.

Proof. If L is a degenerate O-minimal left ideal of S then B =L and B
is a degenerate O-minimal bi-ideal of S. Let L be a non-degenerate 0O-minimal
left ideal of S. Let B be a degenerate O-minimal right ideal of L. Then
B=1{0, b} with bL={0} and Sb-L. Therefore bS'b={0} i.e. Bis a degenerate
0-minimal bi-ideal of S. Let B be a non-degenerate O-minimal right idecl
of L. Then Sh=L and bL=B for every b= B\{0}. Thus B=5Sh for every b
in B\{0}. By Lemma 2, B is a non-degenerate 0-minimal bi-ideal of S.

Lemma 5. Let S=S° Let B be a non-degenerate O-minimal bi-:deal
of S and b= B\{0}. Then

i) B=5bSb.

i) If L is a left ideal of S contained in Sb, then L?={0} or L=Sb.
1i) If R is a right ideal of Sb contained in B, then R>={0} or R=B.
Proof. i). By Lemma 1, B-bSh.

i) Let LCSh and SLC L. Thus BLCbSb=B and bL is a bi-ideal of S
contained in B. It follows that AL ={0} or bL=B. If bL={0}, then S5L = {0}.
Since LS5 we have L?2={0}. If bL=B, then bL_CL implies BCL. Thus
S6CSLCL ie. L=Sh. :

iii) Let RC B and RSbCR. Since RSh is a bi-ideal of S, contained in B,
it follows that RSh={0} or RSh=B. If RSh={0} then RB={0}. Since RC B
we have R?={0}. If RSb=B then RSbCR implies BC R i.e. B=R.

Corollary 1. Let $S=S° and let B be a 0-minimal bi-ideal of S
such that B is a group with zero 0. Let b= B\{0}. Then

i) B=5Sb.

i) If L is a left ideal of S contained in Sb, then either L?={0} or L=Sb.

iit) B is a O-minimal right ideal of Sb.

According to Lemma 2.34 [1] and Lemma 5 we have
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Corolary 2. Let S=S5° an let B be a non-degenerzte O-minimal bi-
-ideal of S. Let b B\{0}. Then

i) B=bSb.

ii) If P is a O-simple subsemigroup of S such that SbCP then Sb is a
0-minimal left ideal of S.

iii) If 7 is a O-simple subsemigroup of S such that BCTCSbh then B
is a O-minimal right ideal of Sb.

By Lemma 4 and Corollary 1 we immediately obtain the following
theorem.

Theorem 2. Let SS8° and @ #B_S. Then B is a minimal bi-ideal
of S if and only if B is a minimal right ideal of some minimal left ideal of S.

Nov we describe a completely O-simple ideal of a semigroup S=S° by
0-minimal bi-ideals.

Theorem 3. Let M be an ideal of S=S°. Then M is completely 0-simple
if and only if M?{0} and M is O-minimal ideal of S which contains at least
one non-degenerate O-minimal bi-ideal of S.

Proof. < Let M be a 0-min‘mal ideal of S such that M?>#{0}. Assume
that M contains a non-degenerate O-minimal bi-ideal B of S. Let b B\{0}.
Then M is O-simple (Th. 2.29 [1]) and SbC M, bSC M. According to Corollary
2, Sh and bS are O-minimal left and O-minimal right ideals of S, respectively.
Therefore, M is completely O-simple (Cor. 2.50 [1]). = Let M be a completely
O-simple ideal of S. Then M?%{0}, M is a O-minimal ideal of S and M
contains at least one non-degenerate 0-minimal bi-ideal B of M. Let b&B\{0}.
According to Corollary 2, M and Mb are 0-minimal right and 0-minimal
left ideal of S, respectively, and bMMb—=>bMb—= B. Therefore B is a 0-minimal
bi-ideal of S [2].

Corollary 3. Let S be a semigroup with zero 0. Then S is completely
O-simple if and only if S is O-simple and S contains at least one non-dege-
nerate O-m'nimal bi-ideal of S.
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